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Preface

This book originates from a third-year course on Monte-Carlo methods at
Ecole Polytechnique – University Paris Saclay. A version in French, with
less material, is published by Editions de l’Ecole Polytechnique.

In fact, several Monte-Carlo methods exist. They all use random
simulations, but they can be quite different in their techniques and
objectives. It is not possible to present and analyze in detail all the existing
methods in only one course. For this reason, I have made two choices.

1. The core of the book is related to the simulation of stochastic
processes in continuous time and their link with partial differential
equations. Although this link between Brownian motion and the
heat equation goes back a century, the computational probabilistic
aspects developed later. Progress in data-processing in the 1980s
facilitated the task of researchers and engineers to test the
algorithms, to improve them, to develop new ones, to strive to
numerically simulate complex systems, and to increase the
accuracy or the speed of simulation.

The Monte-Carlo methods for the simulation of stochastic
differential equations have many applications in biology (Wright-
Fisher model), finance (valuation of options), geophysics (porous
media), random mechanics (moving solid under random forces),
fluid mechanics (Navier-Stokes equation for vorticity), etc. In Part
B, we will study some related methods of simulation.

Since the end of the 1990s, important progress has been made in
the field of non-linear processes in connection with problems of



control or modeling of interaction. This is connected to topical
issues, in research and in applications (chemistry, ecology,
economy, finance, neurosciences, material physics, etc); we devote
Part C of this book to those non-linear processes. Part A gathers
the basic tools of simulation and analysis of algorithm
convergence.

2. In addition, because there are many Monte-Carlo methods, we
wish to give to the unfamiliar reader a short overview (certainly
incomplete though). This is the objective of the introductory
chapter, which starts with a history and continues with the brief
presentation of three typical Monte-Carlo problems: numerical
integration and computation of expectation, simulation of complex
distributions, and stochastic optimization. References are given
progressively to enable readers to refer to published works
handling one subject or another, according to their interest and
needs. In this brief overview, we emphasize the ideas and not the
rigorous supporting mathematics: Markov chains and discrete time
martingales constitute the main probabilistic concepts for
analyzing problems on simulation of complex distributions and
stochastic optimization, see for instance [20], [32] and [26].

The problem of numerical integration and computation of
expectation EX by the Monte-Carlo method is developed in this
book thoroughly. A focus is made on the case where X is a path
functional of a stochastic process in continuous time, possibly with
non-linear dynamics.

Synopsis. The book is organized in three parts of progressive difficulty.

Part A: Toolbox for Stochastic Simulation. The practice of
random simulation requires the ability to simulate appropriate
random variables. It is studied in Chapter 1. The convergence of the
empirical mean of simulations towards the unknown expectation is



studied in Chapter 2: we review the asymptotic tools (law of the
large numbers, central limit theorem) and nonasymptotic ones
(concentration inequalities, in a pointwise or uniform version).
These tools are essential for suitably quantifying the statistical error
of the Monte-Carlo method. Chapter 3 tackles the question of
acceleration of convergence (variance reduction methods). We
emphasize the methods of importance sampling, whose application
to the evaluation of rare events is spectacular.
Part B: Simulation of Linear Processes. Chapter 4 presents a very
minimal background in stochastic calculus so that we can introduce
and study stochastic differential equations and their simulation.The
link with partial differential equations is then given, via Feynman-
Kac formula, representing the solution to PDE as an expectation of a
functional of stochastic process. We also give representations of
sensitivities as expectations. Chapter 5 tackles the question of
simulating stochastic differential equation: exact simulation is not
possible in general and we study the discretization by Euler scheme.
We then extend these techniques to the problem of simulating exit
time. In Chapter 6, we study the related statistical errors, the
methods of variance reduction, and the multi-level Monte-Carlo
methods.
Part C: Simulation of Non-Linear Processes. The objective of the
last part is to study non-linear dynamics, a field which is currently
developing quickly, with a focus on their simulation. We present
three generic non-linearities: backward equation and control,
branching process, and mean-fields interaction. In Chapter 7, we
define the solution to the backward stochastic differential equation.
The link with semi-linear PDEs is established, extending the results
of Part B. We present another interpretation of certain equations
using branching diffusion. Then we study the time discretization of
the backward process, which results in solving a dynamic
programming equation. Chapter 8 is devoted to its resolution by the
method of empirical regression (supervised learning), establishing



the link with certain advanced statistical tools studied in Part A. The
error analysis is fully carried out, displaying the adjustment of the
convergence parameters. The resolution of the dynamic
programming equation by empirical regression has many
applications beyond the framework of backward stochastic
differential equations, in the context of machine learning, optimal
stopping [107], and robust control, with applications to non-linear
finance [67], optimal decision and optimal investment for instance.
Chapter 9 introduces the McKean-Vlasov stochastic equation whose
non-linearity naturally translates an asymptotic interaction with a
cloud of stochastic differential equations. A simulation algorithm
results from this, which is different from the dynamic programming
of Chapter 7.

At the end of each chapter, we provide some exercises of a theoretical or
programming nature. Solutions and complementary material are available
on the website

http://montecarlo-polytechnique.blogspot.com

Throughout this book, we emphasize the main algorithms, the most
important convergence phenomena, and the essential tools, ranging from
the most basic to the most advanced. Certain aspects of Parts A-B-C are
generally not taught at the level of a master’s program, but we have made a
quite significant pedagogical effort to demystify them and make them
available (in a simplified but not denatured form) to master’s students.
Proofs of results are usually given, some only outlined, but we often choose
the simplest presentation and we try to use the arguments requiring fewer
mathematical prerequisites.

Nevertheless, this is a quite demanding textbook of applied mathematics,
covering a broad spectrum of advanced and sometimes very modern tools
of probabilities, statistics and partial differential equations, with systematic
computational concerns regarding numerical efficiency. Moreover, we
encourage readers to implement the algorithms in order to develop their

http://montecarlo-polytechnique.blogspot.com/


own computational intuition: this is certainly an important skill for
mastering and understanding the theory. Moreover, the reader should keep
in mind that even if an algorithm converges theoretically quicker than
another, it may be that its execution time is much longer, and that it is
actually less efficient: thus, comparing a convergence speed or an error
variance is not all that is required; computational time and memory
requirements may be significant features, which can be assessed only by
implementing the method on a computer.

Our presentation of algorithms assumes that the implementation is made
sequentially on a machine with a single processor. It is clear that the
implementation on parallel architecture could be performed alternatively,
and this is also an active field of research.

Last, it is difficult to be very original on such a classic subject on Monte-
Carlo method and this Ecole Polytechnique course took, as a starting point,
that of my predecessors (in particular L. Elie, C. Graham, B. Lapeyre, D.
Talay). I would like to thank my colleagues who have encouraged me to
transform my lecture notes into a published book. I especially thank P. Del
Moral, S. De Marco, M. Gubinelli, and B. Jourdain for their feedback on a
first version of this book. Thank you also to U. Stazhynski for his assistance
in the translation from the French version to the English one.

Emmanuel Gobet, Paris Saclay


December 2015
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Frequently used notation

|x| and x ⋅ y: Euclidean norm and scalar product for x, y ∈ Rd.

Id: Identity matrix.

AT: the transpose of the matrix of A.

Tr(A) and det(A): trace and determinant of a square matrix A.

:= defines the left term as equal to the right term.

C k(Rd,Rq): the set of k-times continuously differentiable functions from 
Rd to Rq.

C k
b

(Rd,Rq): the same set restricted to bounded functions with bounded
derivatives.

∇f: gradient of f ∈ C 1(Rd,Rq) defined by (∇f)i,j = ∂xjfi for 1 ≤ i ≤ q and 1
≤ j ≤ d (note that when q = 1, ∇f is a row vector).

∇2f: Hessian of f ∈ C 1(Rd,R) defined by (∇2f)i,j = ∂ 2
xi,xj

f.

log(x): natural logarithm of x (in Neper basis, this is the only logarithm
used).

P(B) and E(X): probability of B and expectation of X.

P(B|A) and E(X|A): the same but conditionally given A.



Some probability distributions:

– Bernoulli distribution B(p), see page 33.
– Exponential distribution E xp(λ), see page 33.
– Gamma distribution Γ(α,θ), see page 39.
– Gaussian distribution N (m,σ2), see page 35.
– The cumulative distribution function of the standard Gaussian

distribution is

N (u) := ∫
u

−∞

e− 1
2 x

2

√2π
dx.

– Geometric distribution G (p), see page 34.
– Poisson distribution P(θ), see page 33.
– Rademacher distribution, see page 119.
– Student distribution with k degrees of freedom, see 42.
– Uniform distribution on [a, b], denoted by U ([a, b]).

d
= means the equality in distribution between two random variables or
between two probability distributions or between a random variable and a
probability distribution (by a slight abuse of notation).

L2: quadratic norm (to simplify, we use very little the Lp-norm for p ≠ 2).

Probabilistic convergences:

−XM

a.s.
→

M→+∞
X: almost sure convergence of XM to X as M → +∞,

i.e.,

P(XM →
M→+∞

X) = 1.



−XM

Prob.
→

M→+∞
X: convergence in probability of XM to X as M → +∞,

i.e., for any ε > 0

P(|XM − X| > ε) →
M→+∞

0.

– XM

L1
→

M→+∞
X: convergence in L1 of XM to X as M → +∞, i.e.,

E|XM − X| →
M→+∞

0.

– XM
M→+∞

X: convergence in distribution (i.e. weak convergence)

of XM to X as M → +∞, i.e., for any bounded continuous function φ
with compact support

E (φ (XM)) →
M→+∞

E (φ (X)).

For the most important basic notions of probability theory, we refer the
reader to [80] for example. Some reminders and important results can be
found in Appendix A.



Introduction: Brief Overview of Monte-
Carlo Methods



A Little History: From the Buffon Needle to Neutron
Transport

How can we measure complex state spaces by random exploration?
Generally, Monte-Carlo methods refer to algorithms using random simulation.
A simple example is the following: consider a set A on the plane, say, the
interior of the square [−1, 1]2 and let us randomly and repeatedly throw a bead
of infinitesimal size on the square, so that the throws are uniformly distributed
and independent. Denote by nA

M 
 the number of beads which fall on the set A
after M throws: the larger the surface of A, the larger is the empirical
frequency fA

M =
nA
M

M
 of the event “a bead falls on A”. Precisely, as M goes to

infinity, the empirical frequency converges to the ratio between the area of A
— denoted by |A| — and the area of the square [−1, 1]2, i.e., with probability
1,

lim
M→+∞

fA
M =

|A|

4
.

This result is simply the strong Law of Large Numbers, which validates the
frequentist axiomatic of probability: the ratio |A|

4
 is the probability for a

uniform variable on the square to be in A. This simple experiment allows us to
calculate — if only we are ready to repeat it infinitely many times — the area
of A, even if A has complicated geometry. If A is the disk with center in the
origin with radius 1, then we get a simple way for evaluating π.



Figure 1 Set A (dark gray) that looks like a Koch snowflake and beads randomly fallen on the square

(light gray).


Take an example of a graph with each vertex colored using one of 20
available colors. How can we determine the number of all colorings for which
any two neighbors have different colors? This is a classic problem
 of graph
coloring, which has applications in telecommunications: when we want to
allocate rather different frequencies (to avoid interferences), each vertex is a
frequency transmitter and an edge specifies that the frequencies allocated to
the ends must be different.

Figure 2 Petersen graph with differently colored neighbor vertices (among 3 possible colors).




If the network has K vertices, the number of possible colored graphs is K20

and it quickly becomes impossible to enumerate all the graphs when K is about
a hundred or more. Alternatively, rather than calculating the number of graphs
having all the pairs of neighbors with different colors, we can evaluate their
proportion p among the K20 possible graphs. For that, let us generate a
sequence of random graphs, such that the color of each vertex is chosen
uniformly among the 20 possible colors and independently of the others. After
a large number M of draws, the proportion of admissible graphs becomes close
to the proportion p, and it even converges to p as M → +∞.

These two examples sketch out how random simulation can provide a
simple way for evaluating — certainly with error due to finiteness of the
number of draws — deterministic and possibly very complicated quantities.
One of the main questions concerns the quantification of the computational
error of this probabilistic algorithm, and we will return to it later. In these two
examples, if the area of A is small or if the number of admissible graphs is
small, it is clear that the method will be less efficient due to the large number
of wasted draws, and it may be no longer relevant to produce uniform draws.
Instead we can try to properly give weights to the results of the experiment.
This method is called importance sampling and it will also be studied in the
sequel.

The advantage of Monte-Carlo methods relies on its capacity to explore
high-dimensional spaces of configurations to get some information. Recently,
they have been used to design software1 for the game of go, which can be
played with a human player and can even beat champions2; in this case, the
space of possible configurations is approximately of the size 10600!

The Buffon needle. Historically, one of the first examples of random
simulation made for numerical computation, which was less trivial than the
previous ones, is described by the experiment of the Buffon needle, proposed
by the count with the same name in 1733. It consists
of randomly throwing a
needle on a floor composed from parallel laths of width l, the needle having
length a ≤ l, and observing if the needle intersects one of the grooves of the
parquet (i.e., if it touches two different laths or not). We can show that the



probability of this event is p = 2a
πl

: so, independently repeating the
experiment a large number of times, we get the convergence of the frequency
of touching a groove to p, which again gives a way of calculating π.

Figure 3 Georges Louis Leclerc, count of Buffon (1707–1788).


Atomic bomb and the development of the computer. It was only in the
middle of the 20th century when the numerical methods based on random
simulation experienced an unprecedented development. From 1943, the USA,
being dragged into the war, made efforts to develop a weapon of a new type, a
nuclear weapon. The research was done secretly in the Los Alamos National
Laboratory, in New Mexico, conducted by a large number of top-level
scientists, including Noble Prize winners in physics. A physicist, Nicholas
Metropolis, was among the researchers. The first nuclear testing in July 1945
in Alamogordo,
and later the devastating nuclear bombing of Hiroshima and
Nagasaki in August 1945, hastened the end of the Second World War and gave
the USA a certain confidence in mastery of nuclear weapons. The return to
peace marks the start of massive atomic weapons production, largely
supporting the activity in the Los Alamos laboratory.



Figure 4 Nicholas Constantine Metropolis (1915–1999).


Concurrent with this upheaval, another revolution was coming, the one in
computer science. At the beginning of 1946, the first completely electronic
computer was ready: this is the ENIAC, which weighted no less than 30 metric
tons, and which was capable of performing 100,000 additions per second. It
was first proposed to Ballistics Research Laboratory of Aberdeen (Maryland)
for the computation of ballistics tables, then to Los Alamos through John von
Neumann,3 a



Figure 5 A technician changing one of the 19,000 tubes of the ENIAC (Electronic Numerical Integrator

Analyzer and Computer).


mathematician who collaborated with both laboratories. The first
computational

Figure 6 John von Neumann (1903–1957).


project on thermonuclear reactions was launched, gathering Metropolis, von
Neumann and Enrico Fermi. A mathematician, Stanislaw Ulam4, participating
in one of the presentations of the project in 1946, is impressed by the speed of
computations and the quality of the available numerical results: he understands
immediately that the appearance of modern computer will lead to a new era in
experimental mathematics. Ulam has a great interest in randomness, both in



Figure 7 Stanislaw Marcin Ulam (1909–1984).


his hobbies, he devotes himself to games involving randomness (solitaire,
poker), and in his research. He knows very well the methods of stochastic
sampling, thus he proposes to von Neumann to use ENIAC for neutron
transport computations based on random simulation. The studied model is a
model of neutron diffusion in a fissile medium. Later, he realizes that Fermi
already used the ideas of random sampling in the 1930s. One day, Metropolis
proposes the name Monte-Carlo for this method, joking about the uncle of
Ulam who borrowed money to go to Monte-Carlo (a neighborhood in Monaco
known for its famous casino). The name Monte-Carlo method remained. This
was followed by numerous studies on Monte-Carlo methods in Los Alamos,
with a program code that still exists — Monte-Carlo N-Particle (MCNP)
transport code — and the methods rapidly spread all over the world. The
interested reader is referred to the following historical articles, summaries or
accounts: [116, 140, 11, 72, 114, 35].

In 2000 [29], the Society for Industrial and Applied Mathematics (SIAM)
selected the Monte-Carlo method among the 10 algorithms which have most
influenced the development and practice of the engineering sciences during
the 20th century.



Three Typical Problems in Random Simulation

⊳ Problem 1 – Numerical Integration: Quadrature, Monte-Carlo and
Quasi Monte-Carlo Methods

Consider a problem of numerical computation of the following integral

I = ∫
[0,1]d

f (x)dx

(1)

where f : [0, 1]d ↦ R is an integrable function. If the integral is in Rd, it is
always possible to make, as a preliminary step, a change of variable such that
the domain of integration becomes [0, 1]d.

The Monte-Carlo method. The evaluation of I by Monte-Carlo method is
based on generating independent random variables (U1,…,Um,…) uniformly
distributed on [0, 1]d. Of course, the simulation of Um can be made via the
generation of d independent random variables uniformly distributed on [0, 1].
Then the Monte-Carlo estimator is written as

IM :=
1

M

M

∑
m=1

f (Um).

(2)

The law of large numbers (see Section 2.1) assures that with probability 1,

lim
M→+∞

IM = E (f (U1)) = ∫
[0,1]d

f (x)dx.

(3)



Moreover, if we suppose that f is square integrable ∫[0,1]d f
2(x)dx < +∞,

then the central limit theorem (Theorem 2.2.1) gives a convergence rate (in
distribution) equal to √M : indeed, denoting σ2 = Var (f(U1)), we have

√M (IM − I)
M→+∞

N (0,σ2).

(4)

It is remarkable that the convergence rate does not depend on the dimension d,
which becomes especially interesting if d is large (or even infinite). Moreover, 
σ2 = E(f 2(U1)) − (E(f(U1)))2 can also be written as an expectation and
evaluated using the same draws: this allows us to construct a completely
explicit error estimation. We will return to this later.

Deterministic discretization methods. The rectangle and trapezoid methods
and their different versions consist of putting N points in each of the d
directions, regularly placed with ad hoc weighting. If the function f is
Lipschitz, the accuracy is of order N−1: so, for the computational cost 
C = N d (number of space points), the accuracy is C −1/d, showing significant
sensitivity to the dimension d (the famous curse of dimensionality). With more
regularity on f and using integration methods of higher order, the accuracy can
be improved, lowering the effect of dimension, without removing it.

Quadrature formulas. Let us start by describing the case d = 1. The
approximation is written as

∫
1

0
f (x)dx ≈

N

∑
n=1

wnf (xn)

where (wn, xn)1 ≤ n ≤ N are the weights/points of Gauss-Legendre quadrature of
degree N. These 2N parameters are such that the calculation is exact for the
polynomials of degree at most 2N − 1. If the integral is written instead as 



∫
R
f(x) 1

√2π
e− x2

2 dx, we use the Gauss-Hermite quadrature, whereas we use

the Gauss-Laguerre quadrature if the weights in the integral are e−x1x≥0, etc.
We refer the reader to [48, Chapters 3 and 6] or [15]. If the function f is very
close to a polynomial (thus very regular), the approximation is generally
excellent.
For a multi-dimensional computation, we tensorize the formula of dimension
1. Here the method is again sensitive to dimension.

It is worth mentioning that in general,5 there does not exist a simple way to
pass from a formula with N points to a formula with N + 1 points: thus, adding
points to increase the expected accuracy requires that we restart the calculation
from the beginning.

Quasi Monte-Carlo methods. The convergence equation (3) of the Monte-
Carlo method tells us that the empirical distribution of the points (Um)1 ≤ m ≤ M

converges, with probability 1, to a uniform distribution on the cube [0, 1]d. We
could complain that this completely random method fills the cube not
efficiently enough, leaving too many holes, although it obviously finishes with
the complete filling of the cube; see Figure 8. Quasi Monte-Carlo methods
contain nothing random
because they are based on a deterministic sequence of
points, which fills the cube in a more regular manner. Unlike the methods of
quadrature or discretization, mentioned earlier, one point can be added without
recalculation of the first M points.



Figure 8 1000 independent random points uniformly distributed on the square [0, 1]2.


Discrepancy. Let us describe more quantitatively how a sequence (xm)m ≥ 1 fills
the cube [0, 1]d, comparing the proportion of points in [0, y1]×…×[0, yd] with
respect to the uniform measure.

Definition 1 The discrepancy of the sequence (xm)m ≥ 1 is defined by

DM ((xm)m≥1) = sup
y∈[0,1]d

|
1

M

M

∑
m=1

1xm∈[0,y1]×⋯×[0,yd] − y1 × ⋯ × yd|.

The sequence is equidistributed if lim
M→+∞

DM((xm)m≥1) = 0.

One can show that a sequence of independent random variables distributed
uniformly on [0, 1]d is equidistributed with probability 1, with discrepancy

asymptotically bounded by C√ log(log(M))
M

. The rate cannot be improved (law
of iterated logarithm, see Theorem 2.3.3).

We say that a sequence has a low discrepancy if its discrepancy is
asymptotically smaller than that of a sequence of independent uniform random
variables. However, the discrepancy of any sequence must fulfill



DM ((xm)m≥1) ≥ Cd

(log M)max(1, d2 )

M

for infinitely many values of M, giving a lower bound on what is possible in
the best case. Let us give examples of a low-discrepancy sequence.

– Irrational winding of a torus (torus algorithm). These sequences are
of the form

xm = (Frac (m α1), ⋯ , Frac (m αd))

where Frac(y) is the decimal part of y and (αi)1 ≤ i ≤ d is a free family in 
Q. We can take for example αi = √pi, where pi is the i-th prime
number. For this sequence, for any ε > 0 we have

DM ((xm)m≥1) ≤
cε

M 1−ε
,

which improves the convergence of the random sequence and gets
close the best possible bound. Figure 9 shows how the sequence
regularly fills the square in dimension 2.



Figure 9 The first 1000 points of the sequence of the torus algorithm in dimension 2 (α1 = √2, 

α2 = √3).


– Van Der Corput sequence. Let p be an integer greater than 1 and write
m in the form of its unique p-adic decomposition:

m = a0 + ⋯ + arp
r,

with r ≥ 0, ai ∈ {0,…,p−1} and ar > 0. We set then

ϕp (m) =
a0

p
+ ⋯ +

ar

pr+1
.

– Halton sequence. This is a multi-dimensional generalization of the
Van Der Corput sequence, taking for (p1,…,pd) the first d prime
numbers, and setting

xm = (ϕp1
(m), ⋯ ,ϕpd (m)).



For this sequence, we have

DM ((xm)m≥1) ≤
1

M

d

∏
i=1

pi log (piM)

log (pi)
∼

M→+∞
C

(log (M))d

M
.

(5)

There exist other low-discrepancy sequences, as those of Faure and Sobol,
for which the construction is complicated; see [122]. The estimation of the
discrepancy allows us to estimate the convergence rate for integrating f using
an equidistributed sequence.

Proposition 2 (Koksma-Hlawka inequality) Let f be a function of finite
variation in the sense of Hardy and Krause, with variation V(f): then, for any
M ≥ 1, we have

|∫
[0,1]d

f (x)dx −
1

M

M

∑
m=1

f (xm)|≤ V (f)DM ((xm)m≥1).

We will not go into detail on the calculation of V(f), which is generally
complicated: in dimension d, in the case when the function f is d-times
continuously differentiable, we have

V (f) =
d

∑
k=1

∑
1≤i1<⋯<ik≤d

∫
[0,1]d

|
∂ kf (x)

∂xi1
⋯ ∂xik

|dx.

The Koksma-Hlawka inequality proves that we can achieve the convergence
rate close to M for the numerical computation of I with a low-discrepancy
sequence, while the rate is √M  if we use the random sequence (see the
convergence (4)). In Figure 10, we check these results for the calculation of



the integral of f(x) = exp(x1+x2+x3). The exact value equals I = (exp(1) − 1)3 ≈
5.073. Clearly, the low-discrepancy sequence converges faster in this example.

The above expression of V(f) shows that to benefit from a low discrepancy
of (xm)m ≥ 1 in large dimension, the function f must be
more and more regular,6

which limits the practical use of the above error bound. However, in view of
the definition of discrepancy, the convergence of the error to 0 is guaranteed as
soon as the function f is Riemann-integrable.

Figure 10 Estimation of ∫[0,1]3 exp(x1 + x2 + x3)dx with the random sequence and the sequence of the

torus algorithm in dimension 3 (α1 = √2,α2 = √3,α3 = √5), as a function of the number M of

points (from 1 to 1000).


Finally, the low-discrepancy sequences offer the possibility of faster
convergence than the random sequences, but without explicit error control. To
learn more, see [24].

Behavior as the dimension increases. In the example of graph coloring (see
page 4), the dimension d of the uniform random variable (i.e., the dimension
of the variable of integration) can be very large (equal to the number of
vertices of the graph) and may exceed several hundreds random variables. For
simulating a process, as seen later we will also have very high dimensions of
simulation. In fact, it is difficult to find efficient low-discrepancy sequences in



high dimensions: we clearly see in the bound (5) that the impact of the
dimension on the discrepancy is exponential. This heuristic is confirmed
numerically for all known sequences.

How do we account for the high-dimensional situation? It is tempting to try
to gather several consecutive terms of a low-discrepancy sequence of
dimension d0 to build a sequence of higher dimension d > d0: if the initial
sequence in [0, 1]d0  is (xm)m ≥ 1, the new sequence can be defined by 
x̃m = [x2m−1,x2m] with values in [0, 1]2d0 . This construction works naturally
for independent random variables, but unfortunately, for deterministic
sequences, this procedure does not work because the new sequence (x̃m)m≥1

has no reason to have a low discrepancy and even to be equidistributed. In
Figure 11, we consider again the calculation of ∫[0,1]3 exp(x1 + x2 + x3)dx taking
the sequence of the torus algorithm in dimension d0 = 1, decomposed into
groups of 3 (x̂m = [x3m−2,x3m−1,x3m]) to make a sequence of dimension d
= 3. We observe a fast convergence, but to a wrong value.

Figure 11 Estimation of ∫[0,1]3 exp(x1 + x2 + x3)dx with the random sequence and the sequence (x̂m)m≥1

of the torus algorithm in dimension 1 extended to dimension 3.


Another way to get a sequence of dimension d is to complete a low-
discrepancy sequence of dimension d0 < d with d−d0 independent random
variables having the uniform distribution on [0,1]. Unfortunately, this



procedure generally leads to the loss of benefits from a low discrepancy of the
first d0 components and does not provide the desired accuracy. Even so, there
are situations where this can work well, in particular, when certain directions
of integration contain most of the variability of the function f. Instead of
developing a theory, we consider a simple example illustrating this idea: for d
= 5, consider f(x) = exp(x1 + x2 + x3 + 0.001(x4 + x5)). Then a good choice is to
take (xm = [x1,m,…,x5,m])m ≥ 1, a low-discrepancy sequence in dimension 3, for
the first three components ([x1,m,x2,m,x3,m])m ≥ 1, and then to take independent
random variables to complete the last two coordinates.

Conclusion. For the numerical integration, it is commonly accepted that if the
dimension is low, the discretization and quadrature formulas are the most
efficient, and also that it is preferable to use a Quasi Monte-Carlo method for
medium dimensions, while for high dimensions, the Monte-Carlo method has
the advantage. The latter, in addition, offers the advantage of a priori error
controls, with a rate √M , which is universal enough (robust to the regularity
of the function or other specificities of the problem).

We can always represent an integral in the form of an expectation using a
probabilistic interpretation of the Lebesgue measure dx, but an expectation
cannot always be written in the form of an integral with an explicit density
function. In the latter case, a Monte-Carlo method can be the only approach to
the numerical integration.

Finally, we remark that a low-discrepancy sequence is biased while a
Monte-Carlo method gives an unbiased estimator of the sought quantity:
indeed, the empirical mean (2) fulfills E(IM) = I. To recover this property
for a low-discrepancy sequence, we can randomize the sequence in the
following way: if U is a random variable uniformly distributed on [0,1]d, then
the m-th term of the new sequence is

xU
m = (Frac (U1 + xm,1), ⋯ , Frac (Ud + xm,d)).

We can easily check that the property of low discrepancy is preserved.
Moreover, the Quasi Monte-Carlo estimator is unbiased:



using the translation invariance of the Lebesgue measure. See [102] for more
details.

⊳ Problem 2—Simulation of complex distributions: Metropolis-
Hastings algorithm, Gibbs sampler

The prototype of a complex distribution is the Gibbs distribution (called also
the Boltzmann distribution). In Example 5 later, we give another illustration of
a complex distribution coming from Bayesian statistics.

The Gibbs distribution describes the law of a physical system and is written
in the form

π (x) =
1

ƵT

e− 1
T
U(x)

where x ∈ X  is a configuration of the system, U(x) is its energy (or
potential), T represents temperature; the probability π appears naturally as the
distribution of the thermodynamic equilibrium of the system with parameters
U and T.

The constant ƵT  is the renormalization constant for the distribution π. The
problem is that in applications, the number of configurations (cardinal of X )

E( 1
M

M

∑
m=1

f (xU
m))

= 1
M

M

∑
m=1

∫
[0,1]d

f (Frac (u1 + xm,1), ⋯ , Frac (ud + xm,d))du

= ∫
[0,1]d

f (u)du = I



is often extremely large and, as a consequence, the calculation of ƵT  is very
difficult numerically, or even out of reach.

Example 3 (statistical physics, interactions, social networks) The Ising
model is a model in statistical physics, which is a simplified representation of
a magnetic system following the Gibbs distribution. In dimension 2, for
example, the particles are disposed on a regular grid of size N × N, and have a
spin −1 or +1 representing their orientation. The energy of the configuration 
x ∈ X = {−1, +1}N 2

 has the form

U (x) = −
1

2
∑
i∼j

Ji,jxixj −∑
i

hixi

where (Ji,j) is the interaction force, (hi) is the exterior magnetic field, and i ∼ j
means that i and j are two neighbor sites. If Ji,j > 0, the interaction is
ferromagnetic and it prefers identical spin orientations. Note that the
calculation of ƵT  requires the evaluation of 2N2

 configurations, impossible in
practice as soon as N become larger than ten.

The Potts model is similar: the number of possible values per site are greater
than 2.

This type of model is also inspired by the modeling of social networks with
the interactions between friends, friends of friends …see [144].

Example 4 (Markov fields, images) The Gibbs distribution is also very
common in image modeling by Markov fields, where the N×N magnetized
particles are replaced by 256×256 pixels and the spins are replaced by the
levels of gray, see [51]. This allows us to solve difficult problems of image
restoration or segmentation.

For numerical experiments (for example, in the Ising model, in order to
develop intuition on the phase transitions and on the critical temperature at
which they appear), the capability to simulate configurations with the
distribution π becomes a crucial question.



Acceptance-Rejection method. The sampling method by acceptance-
rejection — seemingly first proposed by Von Neumann in 1947; see [35] —
allows us to generate a random variable with a given distribution starting from
the simulation of another random variable, that is easier to generate, and a
uniformly distributed random variable. If π is the target distribution defined on
a discrete space X  (as in the Ising model, for example), the simplest version
of the acceptance-rejection sampling method consists of the following steps:

1. Generate a configuration Y randomly and uniformly on X  (with
probability π′(Y ) = 1

Card(X )
).

2. Then accept this simulation with probability π(Y )
cπ′(Y )  where c is a

constant greater than maxx∈X π(x)/π′(x).

We iterate this procedure until the first acceptance and the random variable at
the output has the distribution π; for the justification, see Section 1.3.2 and
Proposition 1.3.2.

The implementation of this algorithm faces two problems: the first is the
time of simulation, which is in expectation equal to c, a constant that can be
very large if π is very different from the uniform distribution (for the Ising
model, this undesirable case corresponds to a low temperature and strong
interactions). The second problem is the major one: as noted before, in
applications it is often possible to access the values of π only up to the
constant ƵT ; and thus the acceptance-rejection method cannot be
implemented.

Metropolis-Hastings algorithm. Metropolis and his co-authors [115]
proposed an algorithm in 1953 that allows an approximate simulation of π,
considering π as the stationary distribution of a Markov chain (Xn)n

representing the successive steps of the algorithm. After waiting long enough,
Xn has a distribution close to π. Later, Hastings [74] gave a generalization. The
Metropolis-Hastings algorithm name remains. See [106, Chapter 5].

We take a transition kernel7 q(x,y) > 08 of a Markov chain defined on X ,
which is easy to simulate: this kernel will serve for proposing moves from one



configuration to another. We start from an arbitrary initial configuration x0.
The algorithm is written as follows.

Algorithm 1: Metropolis-Hastings algorithm.


The intermediary step is based on the acceptance-rejection method (see the
previous paragraph), which allows us to simulate a random variable distributed
with probabilities (for given x)

p (x, y) = q (x, y) min (1,
π(y)q(y,x)

π(x)q(x, y)
), ∀y ≠ x.

The successive steps of the algorithm are thus described by the trajectory of a
Markov chain (Xn)1 ≤ n ≤ N with transition P = (p(x,y))x,y, starting from X0 = x0.
If q is symmetric, then the test for acceptance and the expression of p can be
simplified as p(x, y) = q(x, y) min(1,

π(y)
π(x) ). In this case we avoid the

problem of vanishing q.
We check immediately that π(x)p(x,y) = π(y)p(y,x) (the transition kernel P is

reversible for π): π is thus a natural candidate for the stationary distribution of



(Xn)n. If we suppose irreducibility in addition, we can apply the ergodic
theorem (see for example [138]) and show that, indeed, the empirical
distribution

πN :=
1

N

N

∑
n=1

δXn

(6)

converges to π as N → +∞. To get a random variable with distribution πN, it is
enough then to simulate I, uniformly distributed on {1,…,N}, and to take XI.
With this procedure, for N large enough, we can consider that the random
variable XI has the required distribution π. If the chain is aperiodic, the
convergence is reinforced and we have directly the convergence of XN to π in
distribution.

It is remarkable that the implementation of the algorithm requires only the
knowledge of π via the ratio π(y)/π(x), so the simulation of the Gibbs
distribution is possible (without knowing the normalization constant ƵT ).

Gibbs sampler. The Metropolis-Hastings algorithm is conditioned by the
choice of the transition distribution q proposing the modifications of
configuration. In practice, the choices of q often provide local changes to the
nearest neighbor in the space of configurations, as in the case of a simple
random walk. It is sometimes argued that the propositions are too noisy
regarding the target distribution π. The Gibbs sampler proposed by Geman and
Geman [52] in 1984 is an alternative, exploiting conditional distributions
constructed directly starting from π.

We describe hereafter the version of the random Gibbs sampler. For more
details, ramifications, and references, we refer the reader to [106, Chapter 6].
We keep the notation inspired from the Ising model denoting X  as the space
of possible configurations that are supposed to have a tensored form x =
(x1,…,xd) with xi ∈ E : in the Ising model in dimension 2, d = N2 and 
E = {−1, +1}.We define x−i = (x1,…,xi−1,xi+1,xd), the configuration x for



which the i-th component is removed, and by abuse of notation we write x =
(xi,x−i). We set

π
(i)
x−i (x

i) =
π(x)

∑yi π (yi,x−i)
,

which is interpreted as the conditional probability that the i-th component
equals xi given that the others are x−i. In the Ising model, note that the
calculation of π(i)

x−i(x
i) is immediate as the i-th component takes only two

values and this does not require calculation of the normalization constant ƵT .
In this model and in many other applications, simulation with respect to the
distribution π(i)

x−i(⋅) is easy.
So the final algorithm can be written, starting from an initial configuration 

x0 = (x0
0, … ,xd

0).

Algorithm 2: Random Gibbs sampler.


We then obtain a sample (X1,…,XN) (with strongly dependent elements)
having the empirical distribution πN (defined as in (6)) that converges to π, as
N → +∞.



The two previous algorithms are particular examples of Markov chain
Monte-Carlo methods — commonly called MCMC, see [5, Chapter 13] —
which generally implement a simulation of an ergodic Markov chain (Xn)n,
whose stationary distribution is the target distribution π. An important problem
that we have not discussed in this short presentation is to find an algorithm
together with its tuning that gives the highest possible speed of convergence.

During recent years, MCMC methods have undergone a lot of developments
and applications in statistics (see for instance [129], [26]), uncertainty
quantification [87], simulation of rare events [130], etc. We finish by giving an
example in statistics.

Example 5 (Bayesian statistics) Suppose that we have access to observations
X = (X1,…,Xd) coming from a parametric model depending on an unknown
parameter θ (eventually multidimensional) to be estimated.

For a given parameter θ, the distribution of the observations is given by
pθ(X). A classic approach by likelihood maximization yields θX = arg
maxθpθ(X) to estimate the unknown parameter. With a number of observations
going to infinity and under certain conditions, the estimator is consistent: θX

→ θ in probability.
The Bayesian approach is different. It assumes an uncertainty on the

parameter θ, becoming thus random and following some known a priori
distribution p(θ). Hence, pθ(X) becomes a conditional probability p(X|θ),
which we suppose also to be known. The a posteriori distribution is written
using the Bayes formula

p (θ|X) =
p(θ,X)

p(X)
=

p(X|θ)p(θ)

p(X)
.

(7)

Thus the goal is to produce simulations according to this distribution, for
example, to calculate the Bayes estimator E(θ|X) via an empirical mean.

Unfortunately, in very few situations is the distribution p(θ|X) simple, and
most often sampling according to this distribution is very delicate. In fact, in



the representation (7), we retrieve common features with the Gibbs
distribution:

– The numerator p(X|θ)p(θ) is explicit and known.
– As for the denominator, p(X) is a normalization constant, and difficult

to obtain in usual situations because (X,θ) lives in spaces of very high
dimension.

The Gibbs sampler thus offers a method for simulating θ based on the
observations X.

⊳ Problem 3—Stochastic optimization: simulated annealing and the
Robbins-Monro algorithm

Here we present two algorithms, showing how stochastic simulation allows us
to resolve optimization problems of either a deterministic or stochastic nature.
We will speak about stochastic algorithms rather than Monte-Carlo methods.
For general information, we refer the reader to [32] and [14]. For the first
algorithm (simulated annealing), the space of the optimization variable is
finite, extremely large in applications, and the minimization function has a
general form. For the second algorithm (Robbins-Monro), the optimization
variable is in Rd and the minimization function is continuous and locally
convex near the minima.

Simulated annealing algorithm. Certain combinatorial optimization
problems are known to be difficult to solve exactly; here are some standard
examples.

– Traveling salesman: Which is the shortest closed path to connect N
given points? This is the problem of a salesman who has to visit a list
of towns and return to the initial point.

– Graph coloring: How do we color the vertices of a given graph with as
few colors as possible so that the neighbor vertices have different



colors? The application in telecommunications is mentioned at the
beginning of the introduction.

More generally, for a function U : X ↦ R+ (or R−), consider the problem of
minimization:

Find an element of Umin = {x ∈ X : U(x) = infy∈X U(y)}.

For example, in the case of the traveling salesman, 
X = {(x1, … ,xN) : xi ≠ xj, i ≠ j} is a space of all possible paths of
length N passing through different towns and U(x) = ∑N

i=1 d(xi,xi+1) is the
length of the path (with the convention xN+1 = x1).

We can easily check that the Gibbs distribution of temperature T given by

π (x) =
1

ƵT

e− 1
T
U(x)

converges to the uniform distribution on Umin as the temperature T goes to 0.
This heuristic works in the Metropolis-Hastings algorithm if we couple the
simulation of the Markov chain (Xn)n with a scheme of decreasing
temperatures (Tn)n, giving rise to the simulated annealing algorithm, see [71].
When the transition probabilities (q(x,y))x,y are symmetric, the algorithm
becomes

Algorithm 3: Simulated annealing algorithm.




Under certain hypotheses andtaking logarithmic decreasing temperatures Tn

= clog(n), we can show that the distribution of Xn converges to the uniform
distribution on Umin, see [20, Chapter 7, Section 8]. The choice of the
transition kernel q is made separately for each case and it requires a certain
practice in order for the algorithm to be efficient.

Searching for level sets.

⊳ Simple version. Consider the general problem of searching level sets of a
continuous function F : θ ∈ Rq ↦ F(θ) ∈ Rq, i.e., for a level a ∈ Rq, the set

Ta = {θ ∈ Rq : F (θ) = a}.

If F = DΦ is the gradient of a function Φ and a = 0, this amounts to searching
the minima/maxima of Φ.

The resolution by an algorithm of Newton-Raphson type is a classic
iterative procedure which takes the form

θn+1 = θn − γn+1 (F (θn) − a),

built from a sequence of steps (γn)n ≥ 1, for example, given by the inverse of the
Jacobian F′(θn) for the Newton method or by finite differences in the case of
the secant method.

Now suppose that (F(θn))n is not evaluated exactly, but with noise, whose
measure is modeled by a sequence of random variables (Yn)n with zero mean.
Then we need to replace F(θn) in the previous algorithm by its noisy version
F(θn)+Yn. We get the simplest form of the Robbins-Monro algorithm, which
provides a sequence (θn)n ≥ 1 converging to θ* ∈ T , with an initialization θ0

arbitrary enough. Among the required hypotheses, we suppose that the steps
are positive and fulfill the two conditions

(8)



∑
n≥1

γn = +∞, ∑
n≥1

γ 2
n < +∞,

leading to choices of steps of type γn = n−α with α ∈ ( 1
2 , 1].

⊳ Advanced version. If F is written as an expectation F(θ) = E(f(θ,Y )),
then the application of the previous version for approaching F(θ) by an
empirical mean 1

M
∑M

m=1 f(θ,Ym) over a large number M of independent
simulations of the random variable Y, is not the simplest way. In fact, it is
enough to replace F(θn) by f(θn,Yn) (only one simulation!) where (Yn)n ≥ 1 is a
sequence of independent random simulations having the same distribution as
Y. The convergence of the Robbins-Monro algorithm in its general version is
based on the following classic result, which we present under improved
hypotheses [104, Theorem 1].

Theorem 6 (Robbins-Monro algorithm) Let f : Rq × Rd ↦ Rq be a
measurable function, let Y be a d-dimensional random variable such that
f(θ,Y) is integrable for any θ ∈ Rq and define F(θ) = E[f(θ,Y )]. Moreover,
we suppose

i) for a ∈ Rq fixed, F separates the level set Ta = {θ ∈ Rq : F(θ) = a},
i.e., for any θ* ∈ Ta and θ ∈ Rq, we have 〈θ−θ*,F(θ)−a〉>010;

ii) for a certain constant C ≥ 0, we have E(f 2(θ,Y )) < C(1 + |θ|2) for
any θ ∈ Rq.

Define

θn+1 = θn − γn+1(f(θn,Yn+1) − a), n ≥ 0

with θ0 chosen arbitrarily.
Then for a sequence of steps (γn)n satisfying (8), there exists a random

variable θ* ∈ Ta such that



θn
a.s.
→ θ*.

The proof uses martingale techniques. There are a lot of ramifications of the
above result, and we will mention some of them.

– We can determine the convergence rate of θn−θ* and study the
convergence in distribution of the renormalized error: see [32, Chapter
2] for example.

– We can average the results (θn)n (Polyak-Ruppert averaging procedure)
to allow an acceleration of convergence while relaxing the constraints
on decreasing the steps: see [98, Chapter 11] and [8].

– In the case f(θ, y) = [∇θφ(θ, y)]T and a = 0 (i.e., searching for
minima of E(φ(θ,Y ))), the previous algorithm is also known as the
stochastic gradient algorithm. Besides, we can replace the gradient by a
finite difference of the function φ. This approach, which avoids the
calculation of derivatives for φ, is known as the Kiefer-Wolfowitz
algorithm; see [98, Chapter 1].

– Recently, variants of this algorithm have been designed to include a
variance reduction effect; see [132].

Notes

1http://www.wired.com/2014/05/the-world-of-computer-go/

2the computer program AlphaGo developed by Google DeepMind beat the world champion Lee Sedol

in March 2016.

3Source of the photo: Los Alamos National Laboratory. “Unless otherwise indicated, this information

has been authored by an employee or employees of the University of California, operator of the Los

Alamos National Laboratory under Contract No. W-7405-ENG-36 with the U.S. Department of

Energy. The U.S. Government has rights to use, reproduce, and distribute this information. The

public may copy and use this information without charge, provided that this Notice and any

statement of authorship are reproduced on all copies. Neither the Government nor the University

http://www.wired.com/


makes any warranty, express or implied, or assumes any liability or responsibility for the use of this

information.”

4Source of the photo: Los Alamos National Laboratory

http://www.lanl.gov/history/wartime/staff.shtml. “Unless otherwise indicated, this information has

been authored by an employee or employees of the University of California, operator of the Los

Alamos National Laboratory under Contract No. W-7405-ENG-36 with the U.S. Department of

Energy. The U.S. Government has rights to use, reproduce, and distribute this information. The

public may copy and use this information without charge, provided that this Notice and any

statement of authorship are reproduced on all copies. Neither the Government nor the University

makes any warranty, express or implied, or assumes any liability or responsibility for the use of this

information.”

5An exception is related to the Clenshaw-Curtis quadrature method, which is based on Chebyshev

polynomials and nodes.

6This is again a form of the curse of dimensionality: the convergence rate is not worsened by increasing

dimension provided that the functions are more and more regular.

7Probability of going from the state x to y.

8Strict positivity is assumed to simplify the presentation.

9In reference to metallurgical techniques of slow cooling of metal to optimize its mechanical properties.

10In a problem of searching for extrema where F = [∇Φ]T, the sense of the inequality is connected

with a local convexity property of Φ and the algorithm provides (at the limit) the minima of Φ.

11It happens to be √γn under certain hypotheses.

http://www.lanl.gov/history
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Chapter 1

Generating random variables

Computer generation of random variables, no matter how complex it can be, is based on the
generation of very simple distributions and further applications of suitable transformations. The
basic distribution is the uniform law on [0, 1].

1.1 Pseudorandom Number Generator

In practical implementation of algorithms, a random number generator (RNG) is represented by a
deterministic sequence of real numbers (u1,…,um,…) between 0 and 1 in the double-precision
format. According to a programming language and libraries used, one can call a random number
generator using the command drand48 in C, random in C++ and Java, rand in MATLAB®, grand in
Scilab, and numpy.random.rand in Python, with different call parameters. In the following we
denote it as simply rand.

On the first call of the generator we obtain the value u1; on the second call, u2. Indeed, the seed of
the generator—i.e., the index of the first number returned—is equal to 1 by default. Here, there is
nothing random because the sequence (u1,…,um,…) always remains the same. This is very
convenient in the first stage of writing a simulation program, where generating truly random results
makes finding coding errors difficult (one cannot easily reproduce errors). As a second step, it is
recommended to change the seed in a random manner, using for example the time of the computer
used (a priori, always different).

The generator is qualified to be random if the sequence (u1,…,um,…) — despite being
deterministic — has random behavior, similar to that of the sequence of uniformly distributed
random variables. To verify this, one can use numerous statistical tests that allow rejection of the
hypothesis of independence or the adequacy with respect to a given distribution. An interested reader
can refer to [5, Chapter 2].

In practice, a generator is cyclic and after L calls it again returns the initial value, etc. Obviously it
is important to ensure that the period L of the generator that is used is large enough compared with
the number of calls to be made: in practice, most of the currently available generators satisfy this
constraint.

A classic example of a generator is the linear congruential generator: for three parameters a, b
and L, it is written as



xm+1 = axm + b modulo L, um =
xm

L

to achieve the maximal period equal to L. For a long time a popular choice was a = 75, b = 0 and L =
231−1 = 2147483647.

The Mersenne Twister1 generator is more recent, robust, and rapid, with a period equal to
219937−1, which is more than sufficient for applications.

1.2 Generation of One-Dimensional Random Variables

To get acquainted with the myriad of simulation algorithms for a given random variable, the reader
can refer to the encyclopedic work of Devroye [31]. Our presentation will rather follow [10], where
the random variables are defined directly via the algorithms generating them from the uniform
distribution.

1.2.1 Inversion method

The first approach is based on inversion of the cumulated distribution function (c.d.f.). This method
was first proposed by Von Neumann in 1947 [35]. In the sequel, U stands for a random variable
uniformly distributed on [0, 1].

Proposition 1.2.1 Let X be a real random variable with a c.d.f. F(x) = P(X ≤ x), for which the
generalized inverse (called the quantile) is defined by F−1(u) = inf{x : F(x) ≥ u}. Then

F −1 (U)
d
= X.

Conversely, if F is continuous, then F(X)
d
= U([0, 1]).

PROOF:

A standard argument shows that the function F is increasing, continuous from the right, and with left limits. Similarly, the quantile
F−1 is increasing, continuous from the left, and with right limits. Moreover, we have the following general properties (easy to
prove):

a) F(F−1(u)) ≥ u for all u ∈]0, 1[.
b) F−1(u) ≤ x ⇔ u ≤ F(x).
c) F(F−1(u)) = u if F continuous at F−1(u).

Then from b) we deduce that P(F −1(U) ≤ x) = P(U ≤ F(x)) = F(x) which justifies the first assertion. Under the continuity

hypothesis for F, the application of c) gives F(X)
d
= F(F −1(U)) = U , which proves the second statement. ▫



Definition and Proposition 1.2.2 (exponential distribution) Let λ > 0. Then

X = −
1
λ

log (U)

has an exponential distribution with parameter λ (denoted by ε xp(λ)) which has the density 
λe−λx

1x≥0.

Definition and Proposition 1.2.3 (discrete distribution) Let (pn)n ≥ 0 be a sequence of positive real
numbers satisfying ∑

n≥ 0

pn = 1. Let (xn)n ≥ 0 be a sequence of real numbers. Then

X = ∑
n≥0

xn1p0+⋯+pn−1≤U<p0+⋯+pn

is a discrete random variable such that P(X = xn) = pn for n ≥ 0.
A few simple examples:

– The Bernoulli random variable B(p) corresponds to the case (p0, p1) = (1−p, p) and (x0, x1) =
(0, 1).

– The binomial random variable Bin(n, p) is written as a sum of n independent Bernoulli

random variables B(p): P(X = k) = ( )pk(1 − p)n−k for 1 ≤ k ≤ n. Its generalization is

the multinomial distribution.
– The Poisson distribution P(θ) corresponds to xn = n and pn = e−θ θn

n!  for n ≥ 0.

The geometric distribution is also discrete but can be generated in a simpler way.

Definition and Proposition 1.2.4 (geometric distribution) Let (Xm)m ≥ 1 be a sequence of i.i.d.
variables distributed according to B(p). The random variable X = inf{m ≥ 1 : Xm = 1} follows the
geometric distribution with parameter p (denoted G (p)): P(X = n) = p(1 − p)n−1 for n ≥ 1. We
also have

X
d
= 1 + ⌊Y ⌋ where Y

d
= E xp (λ)

with λ = −log(1−p), and therefore

1 + ⌊
log (U)

log (1 − p)
⌋

d
= G (p).

n

k



Definition and Proposition 1.2.5 (Cauchy distribution) Let σ > 0. Then

X = σ tan (π(U −
1
2
))

is a Cauchy random variable with parameter σ, whose density is σ
π(x2+σ2) 1x∈R.

Definition and Proposition 1.2.6 (Rayleigh distribution) Let σ > 0. Then

X = σ√− log U

is a Rayleigh random variable with parameter σ, whose density is x
σ2 e

− x2

2σ2 1x≥0.

Definition and Proposition 1.2.7 (Pareto distribution) Let (a, b) ∈ ]0, +∞[2. Then

X =
b

U
1
a

is a Pareto random variable with parameters (a, b), whose density is aba

xa+1 1x≥b.

Definition and Proposition 1.2.8 (Weibull distribution) Let (a, b) ∈ ]0, +∞[2. Then

X = b(− log U)
1
a

is a Weibull random variable with parameters (a, b), whose density is a
ba
xa−1e−(x/b)a

1x≥0.

As for the Gaussian distribution, there is no explicit expression for the c.d.f. and its inverse.
However, there exist some excellent approximations for this function, which allow us to use the
approximate inversion method.

Definition and Proposition 1.2.9 (Gaussian distribution, from [118]) Let us define the function 
u ∈]0, 1[↦ N

−1
Moro(u) by



N
−1

Moro (u) =

with

a0 = 2.50662823884, a1 = −18.61500062529, a2 = 41.39119773534,
a3 = −25.44106049637, b0 = −8.47351093090, b1 = 23.08336743743,
b2 = −21.06224101826, b3 = 3.13082909833,
c0 = 0.3374754822726147, c1 = 0.9761690190917186,
c2 = 0.1607979714918209, c3 = 0.0276438810333863,
c4 = 0.0038405729373609, c5 = 0.0003951896511919,
c6 = 0.0000321767881768, c7 = 0.0000002888167364,
c8 = 0.0000003960315187.

Then N −1
Moro is an approximation2 of the inverse function for N , where N  is the c.d.f. of the

standard Gaussian distribution: N (u) = ∫ u

−∞
1

√2π
e− x2

2 dx.

Thus for μ ∈ R and σ ≥ 0,

X = μ + σN −1
Moro (U)

approximately follows the Gaussian distribution N (μ,σ2) with mean μ and variance σ2.

1.2.2 Gaussian variables

It is possible to generate a Gaussian random variable directly, without approximation, with the help
of the Box-Muller transform. It is based on the following result.

Proposition 1.2.10 Let X and Y be two independent standard Gaussian random variables. Define (R,
θ) as the polar coordinates of (X, Y):

X = R cos (θ), Y = R sin (θ)

with R ≥ 0 and θ ∈ [0, 2π[. Then R2 and θ are two independent random variables; the first one has
the distribution of ε xp( 1

2 ), the second one is uniformly distributed on [0, 2π].

⎧⎪⎨⎪⎩ ∑3
n=0 an(u − 0. 5)2n+1

1 + ∑3
n=0 bn(u − 0. 5)2n

, 0. 5 ≤ u ≤ 0. 92,

8

∑
n=0

cn(log (− log (1 − u)))n, 0. 92 ≤ u < 1,

−N −1
Moro (1 − u), 0 < u ≤ 0. 5



Algorithm 1.1: Generation of two independent standard Gaussian random variables by the Box-Muller method.


To get a random variable distributed as N (μ,σ2), it is enough to multiply x by the standard
deviation σ and then to add the mean μ.

The Marsaglia algorithm is another version of the simulation algorithm that avoids the use of
trigonometric functions (this part is considered to have longer running time); see [5].

1.3 Acceptance-Rejection Methods

1.3.1 Generation of conditional distribution

To obtain a simulation of Z given an event A, it is enough to repeatedly and independently generate
(Z, A) and reject the results when A doesn’t occur. In the next statement, Z can be multi-dimensional.

Proposition 1.3.1 Let Z be a random variable and A be an event with non-zero probability. Consider
(Zn, An)n ≥ 1 the sequence of independent random elements having the same distribution as (Z, A).
Denote ν = inf{n ≥ 1 : An occurs}: then, the r.v. Zν has the distribution of Z conditionally to A.

Proof:

For any Borel set B, we have

▫

P(Zν ∈ B) = ∑
n≥1

P (Zn ∈ B;Ac
1; ⋯ ;Ac

n−1;An)

= ∑
n≥1

(1 − P (A))n−1
P (Zn ∈ B;An)

=
P(Z ∈ B;A)

P(A)
= P (Z ∈ B|A).



The previous algorithm has a random duration ν: this random variable is distributed as G (P(A)).
Thus, the more likely is A, the faster the simulation is (with expected duration equal to 1

P(A) ).

Let us give a simple example of the application of this result: to generate a random variable X that
is uniformly distributed on a compact set D ⊂ R

d, it is enough to generate the random variable Z
uniformly on a cube containing D (easy to do), and retain the first simulation that falls into D.
Indeed, it will be distributed as Z|{Z ∈ D}, whose density is 
𝓏 ↦ 1𝓏∈cube

∣cube∣
1𝓏∈D

P(Z∈D) = 1𝓏∈D

∣cube∣P(Z∈D) = 1𝓏∈D

∣D∣ , i.e., the same as that of X.

1.3.2 Generation of (non-conditional) distributions by the acceptance-rejection method

Here we suppose that the random variable of interest X (possibly multidimensional) has a known
density f, but the direct generation of X is complicated. The principle of the method consists of
generating another random variable Y with density g and to accept the result of Y as realization of X
with a probability proportional to the ratio f(Y)/g(Y). This idea was proposed by Von Neumann in
1947 [35]. The property can be stated precisely as follows.

Proposition 1.3.2 Let X and Y be two random variables with values in Rd, whose densities with
respect to a reference measure μ are f and g respectively. Suppose that there exists a constant c(≥1)
satisfying

c g(x) ≥ f(x) μ − a.e.
(1.3.1)

Let U be a random variable uniformly distributed on [0, 1] and independent of Y. Then, the
distribution of Y given {c U g(Y) < f(Y)} is the distribution X.

PROOF:

Indeed, setting A = {c U g(Y) < f(Y)} for any Borel set B in Rd, we have

as μ−a.e., if g(y) = 0, then f(y) = 0. The choice B = R
d leads to c P(A) = 1 , and thus P(Y ∈ B ∣ A) = ∫B f(y)μ(dy) for all B.

▫

Next, for the effective simulation of the above conditional distribution we apply the Proposition
1.3.1, and this leads to the following algorithm.

P(Y ∈ B   A) = P(Y∈B;A)
P(A)

= 1
P(A) ∫

{(y,u):y∈B,c u g(y)<f(y)}
g (y) 1g(y)>0 1[0,1] (u) μ (dy) du

= 1
P(A) ∫

B

g (y) 
f (y)

c g (y)
 1g(y)>0 μ (dy)

= 1
c P(A) ∫

B

f (y) 1g(y)>0 μ (dy) = 1
c P(A) ∫

B

f (y) μ (dy)∣



Algorithm 1.2: Acceptance-rejection method.


While implementing the acceptance-rejection method, it is rather easy to find, for a given density
f, another density g and a number c that verifies c g(x) ≥ f(x) for all x. However, the choice of g is
sufficient if the constant c is small, such that the expected number of rejections remains small (on
average, c = 1

P(A)  calls) and therefore the algorithm works fast.

Example 1.3.3 (simulation of Beta distribution) A random variable with the Beta distribution 
B(α,β) (with α > 0 and β > 0) has density

1
B(α,β)

xα−1(1 − x)β−1
10<x<1.

Suppose that α ≥ 1 and β ≥ 1 so that this density is bounded. We can then use the acceptance-

rejection method with Y
d
= U([0, 1]). The acceptance-rejection constant is equal to

cα = sup
0<x<1

1
B(α,β)

xα−1(1 − x)β−1 =
1

B(α,β)
(xα,β)α−1(1 − xα,β)β−1

where xα,β = α−1
α−1+β−1 .

Example 1.3.4 (simulation of Gamma distribution) A random variable with the Gamma
distribution Γ(α, θ) (with α > 0 and θ > 0) has density

1
Γ(α)

θαxα−1e−θx
1x≥0,



where Γ(α) = ∫ +∞
0 xα−1e−xdx is the gamma function.

– If α = 1, this coincides with the distribution of ε xp(θ).
– If α is a non-zero integer, a random variable following the Γ(α, θ) distribution can be written

as a sum of α independent random variables with the distribution ε xp(θ): the simulation
scheme follows immediately.

– If α is not an integer, it can be useful to use the acceptance-rejection method. Let us illustrate
this without considering optimality. To simplify, suppose that θ = 1 and α ∈ (n, n + 1) with n
≥ 1. Take for Y a random variable that follows Γ(n, 1

2 ). We check then that the acceptance-
rejection constant is equal to

This constant increases rapidly as α → +∞. For more efficient procedures, see [31, Chapter 9].

1.3.3 Ratio-of-uniforms method

The ratio-of-uniforms method, introduced by Kinderman and Monahan in [91] and further developed
in [124], is aimed at generating a multi-dimensional random variable X simply as a ratio of random
variables uniformly distributed on a set. The target distribution is assumed to have a density p w.r.t.
the Lebesgue measure on Rd. One feature of the method is that the target density p is required to be
known only up to a constant, i.e.

p(x) = cf(x)

where f is a known integrable non-negative function and the constant c = (∫
Rd f(x)dx)

−1 is
unknown or numerically costly to be computed.

Proposition 1.3.5 Let r > 0 and define

Af,r := {(u, v1, ⋯ , vd) ∈ R
d+1 : 0 < u ≤ [f(

v1

ur
, ⋯ ,

vd

ur
)]

1/(1+rd)
}.

cα = sup
x>0

f(x)
g(x) = sup

x>0

1
Γ(α)

xα−1e−x

1
Γ(n)

2−nxn−1e
− 1

2 x

= Γ(n)
Γ(α) 2αsup

y>0
yα−ne−y

= Γ(n)
Γ(α) 2α(α − n)α−n

e−(α−n).



Then the Lebesgue measure of Af,r is finite and equal to 1
c(rd+1) .

Moreover, let (U, V1,…,Vd) be a random variable uniformly distributed on Af,r, then the
distribution of (V1/Ur,…,Vd/Ur) has a density equal to p.

PROOF:

First, assume that the Lebesgue measure |Af,r| of Af,r is finite, so that the uniform density of (U, V1,…,Vd) is well defined and given
by x ↦ 1x∈Af,r/ ∣ Af,r ∣. Then for a measurable function φ : Rd ↦ R

+, we have

(1.3.2)

A similar computation shows that |Af,r| is finite: indeed,

Plugging this into (1.3.2), we deduce

E (φ (V1/U r, ⋯ ,Vd/U r)) = ∫
Rd

φ (z1, ⋯ , zd)p (z1, ⋯ , zd)dz1 ⋯ dzd.

We are done. ▫

Illustration in dimension 1. We demonstrate the importance of the above method in the case d = 1,
and the arguments are similar for d > 1. In Proposition 1.3.5, r is a free parameter to possibly take
advantage of, here we simply set r = 1.

First we observe that Af,r is bounded under mild conditions on the bounds of f. Indeed, we have
the following:

Lemma 1.3.6 If x ↦ f(x) and x ↦ x2f(x) are bounded, then Af,r is bounded and

Af,r ∈ Ãf,r := [0, sup
x

√f(x)] × [inf
x

x√f(x), sup
x

x√f(x)].

The proof is left to the reader. It includes all bounded densities whose tails are dominated by Cauchy
tails (i.e. all the usual practical examples).

E (φ (V1/U r, … ,Vd/U r))

= ∫
Rd+1

φ (v1/ur, … , vd/ur)
1

|Af,r|
1

0<u≤[f(
v1
ur

,…,
vd
ur
)]

1/(1+rd) dudv1 … dvd

= ∫
Rd+1

φ (z1, … , zd)
1

|Af,r|
10<u≤[f(z1,…,zd)]1/(1+rd)(ur)d dudz1 … dzd

(using the change of variables zi = vi/ur)

= ∫
Rd

φ (z1, … , zd)
1

|Af,r| (rd + 1)
f (z1, … , zd)dz1 … dzd.

Af,r = ∫
Rd+1

1
0<u≤[f( v1

ur
,⋯,

vd
ur
)]

1/(1+rd) dudv1 ⋯ dvd

= ∫
Rd

1
(rd + 1)

f (z1, ⋯ , zd)dz1 ⋯ dzd =
1

c (rd + 1)
< +∞.∣ ∣



For such densities, the nice consequence is that one can easily sample the uniform distribution on
Af,r using the acceptance-rejection method, by taking the uniform distribution on ̃Af,r as a proposal.

Example 1.3.7 (Student distribution with k > 0 degrees of freedom) This density is equal to

p (x) =
1

√kπ

Γ( k+1
2 )

Γ( k
2 )

(1 +
x2

k
)

− k+1
2

1x≥0.

With the ratio-of-uniforms method, there is no need to consider the normalization factor and we can
just take

f (x) = (1 +
x2

k
)

− k+1
2

1x≥0.

For such a choice and for k > 1, we easily check that the supremum of x ↦ x2f(x) on R+ is achieved

at x⋆ :=√ 2k
k−1 , so that Ãf,r = [0, 1] × [−x⋆√f(x⋆),x⋆√f(x⋆)]. Therefore, the algorithm is

written as follows.

Algorithm 1.3: Simulation of a Student distribution (with k > 1 degrees of freedom) using the ratio-of-uniforms method.


1.4 Other Techniques for Generating a Random Vector

When the components of a random vector are independent, the generation can be performed
separately for each component. In the case of non-trivial dependence of the components, a deeper
analysis is required.

1.4.1 The Gaussian vector



We recall that a vector X = (X1,…,Xd) is Gaussian if any linear combination of its components 
∑d

i=1 aiXi (with ai ∈ R) has the Gaussian distribution. A Gaussian vector X is characterized by its

mean m and its covariance matrix K, and we write X
d
= N (m,K).

Generally, Gaussian vectors are generated by affine transforms of independent standard Gaussian
random variables (i.e. distributed as N (0, Id)).

Proposition 1.4.1 Let d0 and d be two non-zero integers, let X be a d0-dimensional Gaussian vector
with the distribution N (0, Id), and m ∈ Rd and L be a d × d0 matrix. Then

m + LX
d
= N (m,LLT),

i.e., m + LX is a d-dimensional Gaussian vector with mean m and covariance K = LLT.
We leave the proof to the reader. Conversely, a covariance matrix K — symmetric non-negative

definite matrix of size d — can always be decomposed, non uniquely, in the form

K = LLT,

which thus allows us to simulate any Gaussian vector using the previous case.
To calculate L, we can use the Choleski algorithm, which provides a lower triangular matrix (with

d0 = d). Its computational cost with respect to the dimension is proportional to d3.
In the case of large dimension, we may wish to speed-up the procedure. For certain matrices it is

possible. For example, if

K = ,

for ρ ∈ [0, 1], we can take the following d × d0 matrix (with d0 = d + 1)

⎛⎜⎝1 ρ ⋯ ⋯ ρ

ρ 1 ρ ⋯ ρ

⋮ ⋱ 1 ⋱ ⋮
ρ ⋯ ρ 1 ρ

ρ ⋯ ⋯ ρ 1

⎞⎟⎠



L = .

In this case we use d + 1 independent standard Gaussian random variables to generate the d Gaussian
random variables with the required covariance. The computational cost is of order d instead of d3

with the usual Choleski method, which produces an important improvement in large dimensions.

1.4.2 Modeling of dependence using copulas

When the variables have the Gaussian distribution, it is natural to model the dependence using the
covariance matrix. However, the level sets of the Gaussian density are ellipsoids and they cannot
account well for the dependencies in the extreme values. The modeling of the dependence is a
delicate and complex question, and is fundamental for applications. It cannot be reduced to a
correlation coefficient only, as in the case of a Gaussian vector.

In fact, the dependence can be modeled intrinsically without taking the marginal distributions into
account, using the notion of the copula. This is a pure measure of dependence, whose foundation is
based on the Sklar theorem [134].

Theorem 1.4.2 Let us consider a random d-dimensional vector X = (X1,⋯,Xd) with joint c.d.f. 
F(x1, ⋯ ,xd) = P(X1 ≤ x1, ⋯ ,Xd ≤ xd). Then there exists a copula function C : [0, 1]d ↦ [0,
1] such that:

F (x1; ⋯ ,xd) = C (F1 (x1); ⋯Fd (xd)).

The copula C is unique if the marginal distributions are continuous.

We refer to [113, Chapter 5] for the detailed properties of copula functions. We can easily verify
that copulas are invariant under strictly increasing transformations of the initial random vector X,
confirming that this is an intrinsic measure of the dependence between X-components. This point of
view splits the modeling of X into the modeling of each marginal distribution on the one hand, and
the modeling of their dependence on the other hand.

Let us give some usual examples of copulas.

1. Independence copula: this is a copula of a vector with independent components, i.e.,
C(u1,…,ud) = u1…ud.

2. Co-monotone copula: this copula corresponds to the case Xi = ϕi(Y) with ϕi increasing,
which gives the copula C+(u1,⋯,ud) = min(u1,⋯,ud).

⎛⎜⎝√ρ √1 − ρ 0 ⋯ ⋯ 0

√ρ 0 √1 − ρ 0 ⋯ ⋮

⋮ ⋮ ⋯ ⋱ √1 − ρ 0

√ρ 0 ⋯ ⋯ 0 √1 − ρ

⎞⎟⎠



3. Fréchet-Hoeffding bounds: the copulas are universally bounded as follows

(u1 + ⋯ + ud − d + 1)+ := C− (u1, ⋯ ,ud) ≤ C (u1, ⋯ ,ud) ≤ C+ (u1, ⋯ ,ud).

4. Gaussian copula with invertible symmetric matrix K: this is the copula of a Gaussian vector 
N (0,K), i.e.,

C (u1, ⋯ ,ud) = ∫
N −1(u1)

−∞
⋯∫

N −1(ud)

−∞

1

(2π)d/2√det(K)
× exp (−

x ⋅ K−1x

2
)dx.

5. Archimedean copula: this copula has the form

C (u1, ⋯ ,ud) = ϕ−1 (ϕ (u1) + ⋯ + ϕ (ud))

where ϕ−1 is the Laplace transform of a positive non-zero random variable Y, i.e., 
ϕ−1(u) = E(e−uY ).

Simulations. We seek to generate a vector (X1,⋯,Xd) with a copula C and given marginal
distributions F1,⋯,Fd. It is enough to

1. generate random variables (U1,⋯,Ud) with uniform marginal distributions and with copula
C;

2. then calculate Xi = F −1
i (Ui).

To generate (U1,⋯,Ud) we can

1. generate an r.v. (Y1,⋯,Yd) with arbitrary continuous marginal distributions and copula C;
2. then calculate Ui = FYi(Yi).

The separation of dependence and marginal distributions permits us to generate random vectors
having the dependence of the Gaussian copula type with marginal distributions that are exponential,
Cauchy, etc. Figure 1.1 shows two samples of bi-dimensional vectors with standard Gaussian
marginal distributions, with a Gaussian copula on the one hand and an Archimedean copula on the
other hand (Y has exponential
distribution): the correlation of the Gaussian copula is such that the
two samples have the same empirical correlation (showing, however, different dependencies).



Figure 1.1 Two samples of random variables in dimension 2, for which the marginal r.v. has distribution N (0, 1). On the left:

Gaussian copula (Gaussian vector) with correlation 33%. On the right: Clayton copula (Archimedean copula with Y distributed as 

ε xp(1)). Sample of size 10,000.


In Figure 1.2, each marginal distribution is exponential with parameter 1 and with random sign

(i.e., obtained by εX where ε = ±1 with equal probability and X
d
= ε xp(1), also known as the

Laplace distribution), with either independent components or a Gaussian copula with correlation
50%. These examples show the variety of possible distributions that we can generate.

Finally, let us mention that the Archimedean dependence admits an ad hoc simulation algorithm;
see [109].

Proposition 1.4.3 (generation with Archimedean copula) Let C be the Archimedean copula
associated with the random variable Y (with the Laplace transform ϕ−1), and suppose that Y > 0 a.s..
Let (Xi)1 ≤ i ≤ d be independent random variables with the uniform distribution [0, 1] and Y be a
random variable independent of (Xi)i. Define

Ui = ϕ−1(−
1
Y

log (Xi)).

Then the vector (U1,…,Ud) has uniform marginal distributions and a copula C.



Figure 1.2 Two samples of random variables in dimension 2, for which the marginal distributions are exponential with random sign

(Laplace distribution). On the left: independent components. On the right: Gaussian copula with correlation 50%. Sample of size

10,000.


To learn more, see [113].

1.5 Exercises

Exercise 1.1 (inversion method)

i) Prove the generation schemes of Propositions 1.2.2, 1.2.4, 1.2.5, 1.2.6, 1.2.7, 1.2.8.

ii) Show that (1 − √U) with U
d
= U([0, 1]) has the triangular distribution on [0, 1] (with

density 2(1 − x)1[0,1]).

Exercise 1.2 (Box-Muller method) Prove Proposition 1.2.10.

Exercise 1.3 (acceptance-rejection method) We propose a variant of Proposition 1.3.2. Let c > 0.
Prove the following statements.

i) Let Y be a d-dimensional random variable with density g and let U
d
= U([0, 1]) be

independent of Y. Then, (Y,cU g(Y)) is a random vector uniformly distributed on

Acg = {(x, z) ∈ R
d × R : 0 ≤ z ≤ cg (x)}.

ii) Conversely, if (Y, Z) is uniformly distributed on Acg, then the distribution of Y has a density
equal to g.



From the above, deduce another proof of Proposition 1.3.2 when the reference measure μ is the
Lebesgue measure.

Exercise 1.4 (acceptance-rejection method) Show that the following algorithm generates a
standard Gaussian random variable.

Exercise 1.5 (acceptance-rejection method) What is the output distribution of the following
algorithm?

Exercise 1.6 (ratio-of-uniforms method, Gamma distribution) Using the ratio-of-uniforms
method, design an algorithm for simulating the Gamma distribution Γ(a, θ) (a ≥ 1, θ > 0) whose
density is

pa,θ (z) =
θaza−1

Γ(a)
e−θz1{z>0}.

Hint: first reduce to the case θ = 1.

Exercise 1.7 (ratio-of-uniforms method) Generalize Lemma 1.3.6 to the multidimensional case.
Make the algorithm explicit in the case of the two-dimensional density p(x, y) proportional to f(x, y)
= (1 + x2 + 2y2)−4/3.

Exercise 1.8 (Gaussian copula) Write a simulation program for generating a bi-dimensional vector
with Laplace marginals and Gaussian copula (like for Figure 1.2).

Exercise 1.9 (Archimedean copula) Prove Proposition 1.4.3.



Notes

1http://www.math.sci.hiroshima-u.ac.jp/m-mat/MT/emt.html

2The error is less than 3×10−9 up to 7 times the standard deviation (i.e. N (−7) ≤ u ≤ N (7)).

http://www.math.sci.hiroshima-u.ac.jp/


Chapter 2

Convergences and error estimates

In this chapter, we discuss the numerical evaluation of E(X) by the empirical mean

XM :=
1

M

M

∑
m=1

Xm

(2.0.1)

where (Xm)m ≥ 1 are independent simulations having the same distribution as X. This is the basic principle of
Monte-Carlo methods for the calculation of expectation.

In particular, we study the convergence in the almost sure sense of the renormalized error √M(XM − EX),
and also different related limit theorems and ramifications arising from them. The computation of the expectation
sensitivity is discussed, too.

We also develop non-asymptotic estimates of the deviation of XM  with respect to EX (concentration
inequalities). Some tools serve as preparation for the empirical regression methods in Chapter 8. The Gaussian
case is analyzed in the light of the logarithmic Sobolev inequalities; these results are used in Chapter 6 to analyze
the statistical error of the Euler scheme.

2.1 Law of Large Numbers

The almost sure convergence of XM  to EX is ensured by the strong law of large numbers.

Theorem 2.1.1 (strong law of large numbers) Let X be a real-valued integrable random variable. Then, with
probability 1,

lim
M→+∞

XM = EX.

PROOF.

There exist several proofs, either supposing that X is of finite variance and carrying out the calculation of the second moment of XM  (see [80,
Chapter 20]).), or using a martingale convergence argument without assuming the extra condition on the variance (see [80, Chapter 27]). Here, we
rather follow the historical proof of Kolmogoroff 93 supposing only that X is integrable.

We start with the general equivalence

E |X| < +∞ ⇔

M

∑
m=1

P(|X| > m) < +∞,

(2.1.1)

which easily follows from the inequality E ∣ X ∣= ∫ +∞
0 P(∣ X ∣> x)dx. Now define

¯

¯

¯

¯

¯

¯



Ym = Xm1|Xm|≤m, Zm = Ym − E (Ym).

From equivalence (2.1.1), we note that

+∞

∑
m=1

P (Xm ≠ Ym) =
+∞

∑
m=1

P(|Xm |> m) =
+∞

∑
m=1

P (|X| > m) < +∞,

which implies, by the Borel-Cantelli lemma (Theorem 1.1 in Appendix), that a.s., the sequences (Xm)m and (Ym)m have only a finite number of
different elements. So with probability 1, if one of the limits limM→+∞ XM  or limM→+∞

1
M ∑M

m=1 Ym exist, and is finite, then the other limit also
exists and the two limits are equal. By the dominated convergence theorem, we prove limm→+∞ E(Ym) = E(X) and hence 
limM→+∞

1
M ∑M

m=1 E(Ym) = E(X). Thus it is enough to show that limM→+∞
1
M ∑M

m=1 Zm = 0 a.s. . In fact, we will prove that

SM := ∑M

m=1
Zm

m
 converges a.s. as M → +∞.

Then, the Kronecker lemma (with am = m) completes the proof of the theorem.

Lemma 2.1.2 (Kronecker [125, Lemma 6.11]) If (am)m is increasing to +∞ and if ∑m ≥ 1xm is a convergent series, then
 1
aM

∑M
m=1 amxm

M→+∞
0.

The idea is to get precise control of the variance of Zm using only that X is integrable. We have V ar(Zm) = V ar(Ym) ≤ E(Y 2
m) = E(X 21∣X∣≤m)

from which

∑
m≥1

Var (Zm)

m2
=

Tonelli
E X 2 ∑

m≥1∨|X|

1

m2
≤ E(X 2 c

1 ∨ |X|
) ≤ cE |X| < +∞.

(2.1.2)

Now we control the fluctuations of (Sm)m. Starting with the Cauchy-Schwarz inequality, we obtain for any x > 0 and any n ≥ 1

((Zm)m are independent and centered).

≥

n

∑
k=1

E (x1max1≤j≤k−1Sj<x,Sk≥x) = xP(max
1≤j≤n

Sj ≥ x).

Comparing the two sides of the inequality, we get x2
P(max1≤j≤nSj ≥ x) ≤ E(S 2

n) = ∑
n

m=1

Var(Zm)

m2
. Adapting these arguments for the

numbers between k and n = +∞, we get

P(max
j≥k

|Sj − Sk| ≥ x) ≤
2

x2
∑
m>k

Var (Zm)

m2 k→+∞
0.

On the one hand, this shows that supj ≥ 1|Sj| takes a.s. finite values. On the other hand, the two a.s. finite random variables L = lim infk→+∞Sk and 
L := lim supk→+∞Sk are equal (thus the sequence (SM)M converges a.s.). Indeed, for all x > 0, and all k ≥ 0,

P(L − L ≥ 2x) ≤ P(max
j,l≥k

Sj − Sl |≥ 2x) ≤ 2P(max
j≥k

Sj − Sk |≥ x).

Taking k → +∞, we deduce that P(L − L ≥ 2x) = 0. ▫

¯

−→

⎛⎜⎝ ⎞⎟⎠√E (S 2
n)√P(max

1≤j≤n
Sj ≥ x) ≥ E (Sn1max1≤j≤n Sj≥x)

=
n

∑
k=1

E (Sn1max1≤j≤k−1 Sj<x,Sk≥x)

=
n

∑
k=1

E (Sk1max1≤j≤k−1 Sj<x,Sk≥x)

−→

–
¯

¯
–∣ ∣¯–



Let us finish with a remark on the assumption E|X|< +∞. It is not only sufficient but also necessary to have the
strong law of large numbers: indeed, if XM  converges a.s., then Xm

m
= Xm − m−1

m
Xm−1 →m→+∞ 0 a.s.. In

particular, P(|Xm|> m infinitely often) = 0 and the independent version of the Borel-Cantelli lemma (Theorem
A.1.1) implies that ∑m≥1 P(|Xm|> m) = ∑m≥1 P(|X|> m) is finite. From (2.1.1), X is integrable.

2.2 Central Limit Theorem and Consequences

2.2.1 Central limit theorem in dimension 1 and beyond

If X is a real-valued square integrable random variable and σ2 = Var(X) , the variance of XM  is equal to σ
2

M
 and

it is natural to study the renormalized error √M(XM − EX), which has constant variance equal to σ2. This
renormalized error converges in distribution to the centered Gaussian distribution with variance σ2. We give the
statement directly in the multidimensional case.

Figure 2.1 Several sets of 1000 simulations for the calculation of E(X) with X having the uniform distribution on [0,1]. On the left, M → XM ; on the

right M → √M(XM − 1
2 ).


Theorem 2.2.1 (central limit theorem) Let X be a d-dimensional square integrable random vector with the
covariance matrix K = (Cov(Xi,Xj))

i,j . Then

√M (XM − E (X))
M→+∞

N (0,K).

PROOF.
A fast proof is based on the Levy criterion (Theorem A.1.3). Suppose E(X) = 0, otherwise we can recenter X.
For u ∈ R

d, define Y = u⋅X: this is a square integrable variable with Var(Y ) = u ⋅ Ku, its characteristic
function is ΦY (v) = E(eivY ), and thus C 2 with Φ′

Y (v) = E(iY eivY ), Φ′′
Y (v) = −E(Y 2eivY ). Using the

independence and the zero mean property of (Xm)m, we get

¯̄̄

¯

¯

¯

¯

=̄⇒

( )



which proves the announced convergence. ▫
In Figure 2.1, we see the normalized errors for several simulation sets: on the left, we observe the a.s.

convergence of XM , on the right the renormalized error doesn’t seem to converge a.s.. On the other hand, its
distribution (not represented) is close to a Gaussian distribution.

This central limit theorem leads to several fundamental remarks.

1. If we want to increase the accuracy of EX by a factor 10, it turns out to be necessary to increase M—and
thus the computational time—by a factor of 102 = 100. This heuristic is valid in the sense of confidence
intervals (for a fixed threshold) discussed later.

2. The error is random and it is hopeless to have a non-trivial control with probability 1. Besides, the error is
asymptotically universally Gaussian: its characterization is thus simple via the determination of only one
parameter, i.e. the covariance matrix K (a real number if d = 1). We will see how it can be estimated using
the same sample. It is remarkable for a numerical method to yield an a posteriori error control.

3. The comparison of the calculation of EX by different Monte-Carlo methods can be done via their
parameters K: the "larger" K is, the more numerically demanding the problem is, and the more significant
the required efforts.

When K is invertible, we can rewrite the previous result to make a limit appear, independent of the model for X,
emphasizing a certain universality and robustness—this will be useful to determine the confidence regions. For
this we need to estimate the covariance matrix K using the sample (Xm)m: we set

From the law of large numbers, Ki,j,M
a.s.

M→+∞
E(XiXj) − E(Xi)E(Xj) = C ov(Xi,Xj)

The factor M
M−1  is a minor improvement, because M is very large in practice, which gives a non-biased estimator

KM, i.e., E(KM) = K. If K is positive and invertible, so a.s. is KM for M large enough, and we can take its square
root, defined as the symmetric positive definite matrix √KM  (abusive notation) such that √KM√KM = KM .
The Slutsky lemma (see Theorem A.1.5 in appendix) applied to Theorem 2.2.1 allows us to prove that

(√KM)
−1

√M (XM − E (X))
M→+∞

N (0, Id).

E(e
i u⋅√M(XM−EX)

) = (E(eiu⋅√M X
M ))

M

= (ΦY ( 1
√M

))
M

= (1 + 1
√M

Φ′
Y (0) + 1

2M
Φ′′
Y (0) + o ( 1

M
))

M

= (1 − 1
2M

Var (Y ) + o ( 1
M
))

M

¯

M→+∞
e− 1

2 Var(Y ) = e− 1
2 u⋅Ku,−→

¯

Ki,j,M = M
M−1

1
M
∑

M

m=1
Xi,mXj,m − ( 1

M
∑

M

m=1
Xi,m)

:=X i,M

( 1
M
∑

M

m=1
Xj,m)

= 1
M−1 ∑

M

m=1
(Xi,m − X i,M)(Xj,m − X j,M).

⎛⎜⎝ 
¯

⎞⎟⎠¯̄−→

=̄⇒



This convergence is interpreted as follows: for any continuous bounded function, we have

lim
M→+∞

E(f((√KM)
−1

√M (XM − E (X)))) = ∫
Rd

f (x)
1

(2π)d/2
e− |x|2

2 dx.

This still holds if f = 1A with a measurable set A in Rd having a boundary of zero Lebesgue measure (a ball, for
example): then

lim
M→+∞

P((√KM)
−1

√M (XM − E (X)) ∈ A) = ∫
A

1

(2π)d/2
e− |x|2

2 dx.

(2.2.1)

2.2.2 Asymptotic confidence regions and intervals

As the normalized error converges in distribution, we cannot expect something better than having estimates in
probability of √M(XM − E(X)).

Figure 2.2 Monte-Carlo evaluation of E(eG/10) = e
1
2

1
102 ≈ 1.005 on the left and E(e2G) = e

1
2 22

≈ 7.389 on the right, where G is a standard Gaussian

random variable. The empirical mean and the confidence intervals of 95% are represented as a function of the number of simulations.


For example, the application of (2.2.1) with a centered ball of radius R (A = B(0,R)) gives

(√KM)
−1

√M (XM − E (X)) ≤ R

(2.2.2)

with probability close to p(R)≔ ∫
B(0,R)

1

(2π)d/2 e
−

∣x∣2

2 dx as M → +∞. This defines a confidence region for the

unknown value E(X), equal to the ellipsoid XM + M −1/2(√KM)B(0,R), at the approximate confidence level1

p(R)2.
In the case d = 1 where KM := σ2

M
 (with σM > 0), this is written as

E (X) ∈ [XM − R
σM

√M
,XM + R

σM

√M
],

(2.2.3)

where p(R) = ∫ R

−R
1

√2π
e− x2

2 dx = 2N (R)− 1. The commonly used value is R = 1.96 giving p(R) = 95%: we

speak then about the confidence intervals (asymptotically symmetric) with the confidence level of 95%. The two

¯

¯

¯∣¯∣¯¯̄



given examples in Figure 2.2 show that the size of the confidence intervals may differ greatly from one case to
another: therefore

providing confidence intervals is essential and must be systematically done in evaluations of
expectation by Monte-Carlo methods.

When do we stop the simulations? In other words, is it possible to choose M adaptively to ensure that the error is
less than a given ε, with a given probability? In fact, it is difficult to find an automatic and robust stopping test.
One way consists of choosing the first M such that R σM

√M
≤ ε, but the statistical fluctuations in the estimation of

σM may lead to wrong stopping signals, sometimes early enough. For references and more detailed discussions, see
[57].

In certain cases (X bounded or equal to a Lipschitz function of Gaussian random variables), non-asymptotic
estimates may be available (see later in Section 2.4) and they can be used to construct a priori stopping tests.

2.2.3 Application to the evaluation of a function of E(X)

Sometimes, the final purpose is not to calculate E(X), but to calculate a certain function f of EX: it is natural to
use the estimator f(XM) (substitution method). For example, for the Buffon needle (see page 5), if XM  is the
empirical frequency of the needles falling on a groove of the parquet, the limit is EX = 2

π
, in the case where a = l,

we want to approach π by 2
XM

.

Several questions appear: What is the bias of the new estimator? What is its convergence rate? What is its
asymptotic variance?

⊳ Convergence rate. If the function is regular, then the delta method also gives a central limit theorem for f(XM).

Theorem 2.2.2 (substitution method) Let X be a square integrable random vector in Rd (its covariance matrix is
K) and f : Rd ↦ R be differentiable at the point EX; then

√M(f (XM)− f (EX))
M→+∞

N (0, ∇f(EX) ⋅ K ∇f(EX)).

PROOF:

We start by assuming that f is of class C2 with bounded derivatives. A Taylor formula gives

√M(f (XM)− f (EX)) = ∇f (EX)√M(XM − EX)+ O(√M XM − EX
2
).

As E(√M|XM − EX|2) = c

√M
, the last term tends to 0 in probability. Then the second one gives the stated limit.

If f is only differentiable, the above decomposition is modified to give a residual of the form √M|XM − EX|o(1), where o(1) tends to 0 as 
|XM − EX|→ 0: we then conclude that this residual term tends to 0 in probability because √M(XM − EX) is bounded in probability (as it is

centered with constant variance) and o(1)
a.s.

M→+∞
0 (due to XM

a.s.

M→+∞
EX). ▫

Hence, as for XM , we have the central limit theorem for f(XM) but the novelty is that the limit variance 
∇f(EX) ⋅ K ∇f(EX) cannot be directly written as the limit of an empirical variance calculated simultaneously

¯̄

¯

¯

=̄⇒

¯̄∣¯∣¯

¯

¯̄

−→̄−→

¯̄



with the empirical mean.
How do we obtain a confidence interval?

– In certain cases, it is easy to estimate the limit variance ∇f(EX) ⋅ K ∇f(EX): for example, first estimate
the matrix K on the sample (Xm)m, then compute the derivatives of f at XM ≈ EX. In the case of the
Buffon needle, K = 2

π
(1 − 2

π
) (variance of the Bernoulli random variable) and f(x) = 2x−1, f′(x) = −2x−2:

the limit variance is then 2
π

(1 − 2
π

)4( 2
π

)−4 = π2(π/2 − 1).

– But we can also bypass these two stages using the sectioning method. This method is generally applied to
probabilistic algorithms whose outputs are centered at μ (the quantity to calculate) and asymptotically
have a Gaussian distribution with unknown (or difficult to calculate) variance σ2.
The principle consists of sectioning the M simulations in n sub-samples of size M/n: to simplify the

discussion, we suppose that M/n is an integer. Then the algorithm produces n independent outputs
(approximately Gaussian), for which we calculate the mean and the variance: we are reduced to the classic
statistical problem of parametric estimation of the unknown parameters of a Gaussian distribution. The
confidence interval involves the Student distribution with n−1 degrees of freedom, see [143, Chapter 10].
The result is stated as follows.

Proposition 2.2.3 (sectioning) Suppose that a probabilistic algorithm A performed with M simulations yields a
one-dimensional estimator AM of μ with an asymptotically Gaussian normalized error:

√M (AM − μ)
M→+∞

N (0,σ2)

for a certain parameter σ2 > 0. Denote (Ai,M/n)1 ≤ i ≤ n the n independent outputs of the algorithm, each one obtained
with M/n simulations, and set

A n,M/n =
1

n

n

∑
i=1

Ai,M/n, Vn,M/n =
1

n − 1

n

∑
i=1

(Ai,M/n − A n,M/n)
2

for the empirical means and variances. Then, for fixed n, the random variable

√n
(A n,M/n − μ)

√Vn,M/n
M→+∞

Student distribution with n − 1 degrees of freedom.

So, approximately, with probability 95%,

μ ∈ A n,M/n − Stud.−1
0.975,n−1

√ Vn,M/n

n
,A n,M/n + Stud.−1

0.975,n−1
√ Vn,M/n

n
,

where Stud.−1(u, k) is the quantile at the level u ∈ [0,1] of the Student distribution with k degrees of freedom.3

¯

=⇒

¯̄̄

¯

¯
=⇒

⎡⎢⎣¯¯¯⎤̄⎥⎦



Note that the effect of accuracy due to M is hidden in

√ Vn,M/n

n
≈

M/n and n large

√
σ2

M/n

n
=

σ

√M
.

Finally, we emphasize that σ2 does not have to be estimated in the sectioning method. In practice it is enough to
take n = 10.

Examples 2.2.4

– The application to Theorem 2.2.2 is made by taking

Ai,M/n = f
n

M

i M
n

∑
m=(i−1) M

n
+1

Xm .

– Consider the problem of finding the zero (supposed to be unique) of the function θ ↦ f(θ,E(X)):
denote it by θ0, i.e., f(θ0,E(X)) = 0.
If we denote θM, the zero of θ ↦ f(θ,XM) and if f is C1, it is not difficult to show the central limit

theorem for
√M(θM − θ0). The sectioning method allows us then to construct an explicit (asymptotic)
confidence interval.

⊳ Bias. While XM  is an unbiased estimator of EX (i.e., E(XM) = EX), a bias may appear in the substitution
method, i.e., E(f(XM)) ≠ f(EX); let us now analyze it.

Proposition 2.2.5 (bias of the substitution method)

i) If f is continuous convex (resp. concave), the substitution method gives a over-estimation (resp. under-
estimation) of the needed quantity.

ii) If f is C 4
b

 and if X has finite moments of order 4+δ (δ ∈ ]0,1]), then 
E(f(XM)) − f(EX) = c1

M
+ c2

M 2 + o(M −2) for two constants c1,c2 depending on the derivatives of f
and moments of X.

Note that the terms of order M−1/2 and M−3/2 disappear in this calculation of expectation, although the convergence
in distribution of XM  to EX holds at rate √M .

PROOF:

The Jensen inequality (see (A.2.1)) gives (for convex f) E(f(XM)) ≥ f(E(XM)) = f(EX). This shows the assertion i). The assertion ii) can be
shown using Taylor expansion: to simplify the writing, suppose that X is one-dimensional and EX = 0 (otherwise, we replace X by X − EX). Then

f (XM) = f (0) + f (1) (0)XM + f (2) (0)
X 2

M

2
+ f (3) (0)

X 3
M

3!
+ f (4) (0)

X 4
M

4!
+ X 4

M ∫
1

0

(1 − u)3

3!
(f (4) (uXM)− f (4) (0))du.

(2.2.4)

Now take the expectation in the above equality, the term with f(1)(0) disappears because E(XM) = 0. The factor with f(2)(0) becomes 1
2
Var(X)

M . As
for the third term, observe that E(X 3

M) = 1
M 3 ∑i,j,k E(XiXjXk) includes only the M non-zero terms i = j = k because of the independence and

centering of (Xm)m: thus this term equals γ1/M2 for a certain constant γ1. A similar observation can be applied to E(X 4
M) and shows that it is equal to

¯

⎛⎜⎝ ⎞⎟⎠¯¯̄¯¯¯¯̄¯̄¯̄̄¯̄
¯

¯

¯



γ2/M2+γ3/M3 for two other constants γ2 and γ3. Hence, these first terms give the announced expansion c1
M + c2

M 2 , plus a term O(M−3). It remains to
show that the expectation of the last term of (2.2.4) is o(M−2): by the Hölder inequality, it is upper bounded by

(E|XM

4+δ

)1/(1+δ/4) (E|IM
1+1/(δ/4))

(δ/4)/(1+δ/4)

where IM stands for the integral term in (2.2.4). An application of the dominated convergence theorem shows that E|IM |1+1/(δ/4)

M→+∞
0. To

estimate E|XM |4+δ, we use the Rosenthal inequality (Theorem A.2.4) which provides a control of the moments for the sum of centered independent
random variables:

E|XM

4+δ

≤ c4+δ(
M

∑
m=1

E|
Xm

M

4+δ

+ (
M

∑
m=1

E|
Xm

M

2

)2+δ/2) = O(
1

M 2(1+δ/4)
).

This finishes the proof. ▫

In the case of a smooth function, the bias converges to 0 at a speed faster than that for the central limit theorem,
which makes it a priori negligible. However, it may happen that for medium values of M, the term c1/M is of the
same order as the statistical error of the central limit theorem: in this case, it is useful to decrease this bias. A
possible approach is to use the jackknife method [36], or a simple version, the Romberg extrapolation, which takes
advantage of clever combinations of the empirical means to erase the bias. Let us take for example an estimator

f̃M := 2f (XM)− f (XM/2)
(2.2.5)

supposing to simplify that M is even. We check that its bias is of order M−2 (under the previous hypothesis):

The variance of f̃M  decreases asymptotically again like 1/M. One can consider other versions of (2.2.5) to
optimize the method, regarding the bias and the limit variance.

For certain convex functions such that f(x) = max(x,a)4 for a given parameter a, in addition to f(XM) it is
possible to construct an estimator biased from below, that allows us to squeeze the sought value (at the level of the
bias). For this, we divide the M-sample in two parts (M is still supposed to be even).

Proposition 2.2.6 (estimators biased from below and from above) Let X1,M = 2
M

∑M/2
m=1 Xi and 

X2,M = 2
M

∑M
m=M/2+1 Xi. Set

fM =max (XM , a), f
– M

= 1X1,M≥aX2,M + 1X1,M<aa.

Then fM  and f
– M

 converge a.s. to max(EX, a) as M → +∞, with

E(f
– M

) ≤max (EX, a) ≤ E(fM).

¯∣ ∣−→

¯

¯∣ ∣ ∣¯̄E(f̃M) = 2 [f (EX) + c1

M
+ c2

M 2 + o ( 1
M 2 )] − [f (EX) + c1

M/2 + c2

(M/2)2 + o ( 1
M 2 )]

= f (EX) − 2 c2

M 2 + o ( 1
M 2 ).

¯

¯

¯

¯̄̄̄̄

¯

¯



PROOF:

The a.s. convergence is almost immediate because X1,M ,X2,M ,XM

a.s.

M→+∞
EX: we must be careful about f– M

 because of the discontinuous

indicator function. If EX ≠ a, then 1X1,M≥a

a.s.

M→+∞
1EX≥a and f

̱

a.s.

M→+∞
EX1EX≥a + a1EX<a = max(EX, a). If EX = a, then 

f
̱
M

= EX + 1X1,M≥a
(X2,M − EX)

a.s.

M→+∞
EX = max(EX, a).

The upper bias of fM  was already shown in Proposition 2.2.5. For f– M
, we use the independence of the two sub-samples and write:

E(f– M
) = E (X)P(X1,M ≥ a)+ aP(X1,M < a) ≤max (E (X), a).

▫

2.2.4 Applications in the evaluation of sensitivity of expectations

We study the Monte-Carlo evaluation of the derivative of E(X θ) with respect to a real parameter θ ∈ Θ ⊂ R,
where

– Xθ = f(Yθ) for a given function f, regular or not;
– Yθ is a random variable depending on θ.

In other words, we want to numerically compute ∂θE(f(Y θ)), supposing that this derivative exists.

⊳ Resimulation method. The derivative is approached using a centered finite difference method

∂θE (f (Y
θ)) ≈

E (f (Y θ+ε)) − E (f (Y θ−ε))

2ε

with a small ε. Then, each expectation is approximated by an empirical mean of the random variables f(Yθ+ε) and
f(Yθ−ε), in the form of (2.0.1). However, it is important to use the same randomness5 to generate Yθ+ε and Yθ−ε: for
example, if Yθ = y(θ,U) for a measurable function6 y(θ,⋅) and uniformly distributed random variables U, we
calculate

∂θE (f (Y
θ)) ≈

1

M

M

∑
m=1

f (y (θ + ε,Um)) − f (y (θ − ε,Um))

2ε
.

(2.2.6)

This little trick allows us to significantly reduce the global statistical error, in comparison with a method where
independent simulations of U are used for the parameters θ+ε and θ−ε.

This method gives a biased estimator of the derivative (because ε ≠ 0) while the following techniques are
without bias.

We also mention that it may happen (namely if one of the functions y(⋅,U) or f(⋅) is not regular) that the variance
1
M
Var(

f(y(θ+ε,U))−f(y(θ−ε,U))
2ε ) of the estimator (2.2.6) tends to infinity as ε → 0. On the contrary, when f(y(⋅,U))

is regular, the variance is approximately equal to 1
M
Var(∂θ[f(y(θ,U))]) and thus depends little on ε.

Finally, the optimal adjustment of ε and M remains an important and delicate question. Unfortunately, there
exists neither a unique answer, nor a robust approach, and the rules depend a lot on the regularity of f and of y(⋅,U).

¯̄̄−→

−̄→−→

¯̄−→

¯

¯̄



We will not go further into the details of this issue and refer the reader to [56] for example.
⊳ Pathwise differentiation method. When the function f is regular and the random variable Yθ is a.s.

differentiable with respect to θ, we can simply differentiate under the expectation sign: we leave the proof to the
reader.

Proposition 2.2.7 (pathwise differentiation method) Suppose that

i) θ ∈ Θ ↦ Y θ ∈ Rd are C 1 a.s. with |∂θY
θ|≤ Y  for all θ ∈ Θ and Y  is integrable;

ii) f : Rd ↦ R is a function C 1 with bounded derivative.

Then, ∂θE(f(Y θ)) = E(∇f(Y θ)∂θY
θ).

As the derivative is again represented in the form of expectation, its evaluation by Monte-Carlo method is
possible: this is why we are interested in such a formula.

Example 2.2.8 (Gaussian random variable) Let G be a standard Gaussian random variable and set 

Y m,σ = m + σG
d
= N (m,σ2): then

a) ∂mE(f(Y m,σ)) = E(f ′(Y m,σ));
b) ∂σE(f(Y m,σ)) = E(f ′(Y m,σ)

(Y m,σ−m)
σ

).

When, in the centered finite difference method, the function y(⋅) is differentiable in θ, we can verify that the two
methods coincide as ε → 0.

⊳ Likelihood method. In certain cases, the a.s. derivative of Yθ does not exist: in this situation, we use the
differentiability of the density of Yθ with respect to θ.

Proposition 2.2.9 (likelihood method) Suppose that

i) Yθ is a d-dimensional random variable having a strictly positive density p(θ,.) with respect to a reference
measure μ (independent of θ ∈ Θ);

ii) (θ, y) ∈ Θ × Rd ↦ p(θ, y) is continuously differentiable with respect to θ and ∣ ∂θp(θ, y) ∣≤ p(y) with 
∫
Rd p(y)μ(dy) < +∞;

iii) f : Rd ↦ R is a bounded measurable function.

Then

∂θE (f (Y θ)) = E(f (Y θ)∂θ [log (p (θ, y))]
y=Y θ

).

Note that no regularity on f is needed and that it is enough that the upper bound p is valid locally uniformly in θ.

PROOF:

Writing the expectation in the integral form, we obtain (the hypothesis allowing the differentiation)

¯̄

¯
¯∣¯



▫

Note that the weight ∂θp(θ,y)
p(θ,y) |y=Y θ  has zero expectation (take f = 1). On the other hand, it is possible that it has

infinite variance, which in this case prevents the calculation of the Gaussian confidence intervals for the resulting
Monte-Carlo method.

Example 2.2.10 (Poisson random variable) Let Yθ be a random variable with the distribution P(θ): in this case
taking for μ the counting measure on N, we have p(θ, y) = e−θ θy

y!  and ∂θ log(p(θ, y)) =
y

θ
− 1. So

∂θE (f (Y
θ)) = E(f (Y θ)(

Y θ

θ
− 1)).

Example 2.2.11 (Gaussian random variable (bis)) Take again the Gaussian example in dimension 1 with 

Y m,σ
d
= N (m,σ2). Suppose that σ > 0, so that Ym,σ has a density

p ((m,σ); y) =
1

σ√2π
e

− (y−m)2

2σ2

with respect to the Lebesgue measure. As its logarithm equals log(p((m,σ); y)) = Cste − log(σ)−
(y−m)2

2σ2 ,

we deduce the formulas

⊳ Conclusion. The interest in such formulas comes from the possibility to evaluate simultaneously E(f(Y θ)) and
its sensitivities by Monte-Carlo method. The pathwise differentiation method can be applied if the random variable
is pathwise regular in the first parameter, while the likelihood method works without regularity on f but under the
condition of having an explicit expression for the density.

In Part B (Section 5), we will see extensions to stochastic processes for which the distributions are not explicit.

2.3 Other Asymptotic Controls

∂θE (f (Y θ)) = ∂θ ∫
Rd

f (y)p (θ, y)μ (dy)

= ∫
Rd

f (y)∂θp (θ, y)μ (dy) = ∫
Rd

f (y)
∂θp(θ,y)
p(θ,y) p (θ, y)μ (dy)

= E(f (Y θ) ∂θp(θ,y)
p(θ,y) y=Y θ).∣

∂mE (f (Y m,σ)) = E(f (Y m,σ)
(Y m,σ−m)

σ2 ),

∂σE (f (Y m,σ)) = E(f (Y m,σ) 1
σ
[ (Y m,σ−m)2

σ2 − 1]).



We complete our description of the picture on the asymptotic convergence results by some complementary and less
common results, which can be skipped at first reading. We do not detail the proofs and refer the reader to the
specialized works [125] [28].

2.3.1 Berry-Essen bounds and Edgeworth expansions

Theorem 2.3.1 (Berry-Essen 1941–42) Let X be a real-valued random variable such that E|X|3< +∞. For a
universal constant A > 0, we have

sup
x∈R

P √M
(XM − EX)

σ
≤ x −N (x) ≤

A

√M

E|X − E (X)|3

σ3
.

Now it is known that the best constant A is in the interval [0.4097,0.4748]. Generally, the speed is optimal: it is
attained if X = ±1 with probability 1

2  (Rademacher variable).
When X has extra finite moments and has a density (implying limsupt→+∞|E(eitX)|< 1), we can even get an

asymptotic expansion in powers of 1
√M

, known as the Edgeworth expansion.

Theorem 2.3.2 (Edgeworth expansion) Let X be a real-valued random variable such that E|X|r< +∞ for an
integer r ≥ 3, and limsupt→+∞|E(eitX)|< 1. Then there exist polynomials Pi(.) such that

sup
x∈R

(1 + |x|)k P √M
(XM − EX)

σ
≤ x −N (x) −

1

√2π
e− x2

2

r−2

∑
i=1

Pi (x)

M i/2
= o(M − r−2

2 ).

2.3.2 Law of iterated logarithm

Theorem 2.3.3 (Hartman-Wintner, 1941) Let X be a real-valued square integrable random variable. Then with
probability 1,

It is surprising to note that the factor √2 log(log(M)) for passing from the CLT deviation to the a.s. deviation is
approximately equal to 1,96 for M = 1000, and only 2,10 for M = 10000. The law of iterated logarithm (valid of
course for M → +∞) finally gives the bounds that are close enough to the confidence intervals given by the central
limit theorem (also valid as M → +∞), when M is several thousand.

2.3.3 "Almost sure" central limit theorem

∣ ⎛⎜⎝ ⎞̄⎟⎠ ∣∣ ⎛⎜⎝ ⎞̄⎟⎠ ∣lim sup
M→+∞

√M

√2 log(log(M))
(XM − EX) = σ,

lim inf
M→+∞

√M

√2 log(log(M))
(XM − EX) = −σ.

¯

¯



The convergence in distribution given in the central limit theorem 2.2.1 can be interpreted as the following
convergence (supposing here that the covariance matrix K is invertible)

E(f(K− 1
2 √M (XM − EX))) = ∫

Rd

f (x)
1

(2π)d/2
e− |x|2

2 dx,

for any continuous bounded function f. We can ask whether the expectation of the left-hand side can be replaced by
a mean on the realizations of √M(XM − EX) := YM . Indeed, we can see Y as an auto-regressive process with
the steps and the noise variables:

YM = YM−1√1 −
1

M
+

XM − EX

√M

whose limit distribution is the Gaussian distribution N (0,K). In this situation, an appropriate version of the
ergodic theorem can be justified and allows us to replace the expectation by a time-average on the path of (YM)M ≥

1. So we obtain a so-called "almost sure" central limit theorem.

Theorem 2.3.4 Let X be a square integrable random vector. For any continuous bounded function f we have

lim
n→+∞

1

ln (n)

n

∑
M=1

1

M
f(K− 1

2 √M(XM − EX)) = ∫
Rd

f (x)
1

(2π)d/2
e−

|x|2

2 dx

with probability 1.

We refer the interested reader to [99].

2.4 Non-Asymptotic Estimates

So far we have investigated statistical error estimates, which are valid asymptotically as M → +∞. With this
approach, the choice of sufficiently large M remains a delicate problem.

An alternative viewpoint consists of looking for non-asymptotic error bounds, that are valid for each value of M.
For a recent reference, see [18]. This is the purpose of this section. We need to reinforce the hypotheses on the
variable X. Later in this chapter, all the random variables X are real-valued.

2.4.1 About exponential inequalities

A concentration inequality of exponential type is a bound of the form (for ε ≥ 0)

P
1

M

M

∑
m=1

(Xm − E (Xm)) > ε ≤ exp(−
Mε2

c (M, ε)
),

(2.4.1)

¯

¯

¯
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or

P
1

M

M

∑
m=1

(Xm − E (Xm)) > ε ≤ 2exp(−
Mε2

c (M, ε)
),

(2.4.2)

for a constant c(M,ε) > 0, which depends on M,ε and on the distribution of the random variables (Xm)m. In this
formulation, the random variables Xm are independent, real-valued, integrable, but they do not necessarily have the
same distribution. We refer to (2.4.1)–(2.4.2) as concentration inequalities since they describe how the random
variables concentrate around their expectations.

Such inequalities can be used in several ways.

1. They allow us to identify a level ε ensuring that the empirical mean 1
M

∑M
m=1 Xm is concentrated around

1
M

∑M
m=1 E(Xm) with fluctuations smaller than ε, with high probability. This leads to a non-asymptotic

confidence interval, of a form similar to that of the central limit theorem.

Proposition 4.1 (non-asymptotic confidence interval) Suppose that (Xm)1 ≤ m ≤ M verifies the inequality
(2.4.2) for all ε > 0, with c(M,ε) = cM independent of ε. Then, with probability at least 1−λ (λ ∈ (0,1)), we
have

−√
cM log (2/λ)

M
≤

1

M

M

∑
m=1

(Xm − E (Xm)) ≤ √ cM log (2/λ)

M
.

PROOF:

The level ε = √cM
log(2/λ)

M  verifies 2 exp(− Mε2

cM
) = λ, which implies the result. ▫

Note that if cM is independent of M, we get a confidence interval with the normalization √M  similar to
the central limit theorem.

2. We can also obtain the bounds in Lp-norm for the absolute fluctuation | 1
M

∑M
m=1(Xm − E(Xm))|. For

this we use the following inequality, valid for any increasing function g ∈ C 1 and any positive random
variable Z:

E (g (Z)) = g (0) + ∫
+∞

0
g′ (z)P (Z ≥ z)dz.

(2.4.3)

Taking g(z) = zp for p ≥ 1 and supposing again c(M,ε) = cM, we get

E
1

M

M

∑
m=1

(Xm − E (Xm)) p ≤

+∞

∫
0

2pzp−1 exp(−
Mz2

cM
)dz = (

cM

M
)
p/2

+∞

∫
0

2pup−1 exp (−u2)d

⎛⎜⎝∣ ∣ ⎞⎟⎠∣ ∣



proving that the error is of order cM/√M  in Lp.

The existence of exponential inequalities as (2.4.1)–(2.4.2) requires, in general, strong integrability conditions on
Xm. Indeed, if c(M,ε) = cM, using (2.4.3) with g(z) = exp(z) and M = 1, we observe, for example, that X1 has finite
exponential moments and even finite quadratic exponential moments. In what follows, we assume one of the
following slightly stronger conditions:

– bounded random variables,
– families of bounded random variables,
– random variables that are sub-linear functions of Gaussian random variables.

2.4.2 Concentration inequalities in the case of bounded random variables

Let us start with a rough bound on the variance (see Proposition A.2.2).

Lemma 2.4.2 Let X be a bounded real-valued random variable, i.e. P(X ∈ [a, b]) = 1 for two finite real numbers
a and b, then Var(X) ≤ (b−a)2

4
.

Now we move to the exponential inequalities; in the case of bounded random variables, there exist several ones,
among which the most famous are due to Bernstein (1946), Bennett (1963), and Hoeffding (1963). Certain
inequalities can be nicely expressed using the variances of (Xm)m, in general not known precisely in our
applications to Monte-Carlo methods. We will state only the Hoeffding inequality, which depends only on the
bound of the random variables (see Theorem A.2.5).

Theorem 2.4.3 (Hoeffding inequality) Let (X1,…,XM) be a sequence of independent real-valued random
variables such that P(Xm ∈ [am, bm]) = 1. Then for any ε > 0 we have

P(
1

M

M

∑
m=1

(Xm − E (Xm))|> ε) ≤ 2 exp (−
2Mε2

1
M

∑M
m=1 |bm − am|2

).

Consider the case of random variables with the same distribution (bm−am = b−a): then by Proposition 2.4.1 with cM

= (b−a)2/2, we deduce that with probability at least 1−λ (λ > 0),

−
(b − a)

2
√ 2 log (2/λ)

M
≤ XM − EX ≤

(b − a)

2
√ 2 log (2/λ)

M
.

Let us compare it with the confidence interval of the central limit theorem at the 95% level (i.e., λ = 0.05): the
standard deviation of Xi being upper-bounded by (b−a)

2
 (Lemma 2.4.2), we compare the usual factor 1.96 with 

√2 log(2/λ) = √2 log(40) ≈ 2.72. Thus without surprise, the confidence interval is slightly enlarged, but it has
the advantage of being valid for all M.

2.4.3 Uniform concentration inequalities

Now we want to reinforce Theorem 2.4.3 considering uniform estimates on a family of random variables of the
form Xm = φ(Ym) with φ taken in a class (or dictionary) G  of bounded functions. These much stronger results will∣¯



be especially useful in Chapter 8 to analyze the numerical solution to the dynamic programming equations using
the Monte-Carlo method (see Section 8.3).

More precisely, the generic case we are interested in is where Xm = φ(Ym) with φ : Rd ↦ R bounded and (Ym)m

≥ 1 are d-dimensional independent random variables with the same distribution μ, and we want to establish
deviation probabilities uniformly on G , namely to quantify the probability of the event

{∃φ ∈ G :
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε} = ⋃
φ∈G

{
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε}.

In the following examples, the set of the functions φ under consideration can be assumed countable, which fixes
the question of measurability of the above event. Unlike Theorem 2.4.3, we prefer to write the expectation 
E(X) = E(φ(Y )) in the form ∫ φ(y)μ(dy) to avoid any ambiguity because the φ that reaches the fluctuation of
size ε is a priori random (it depends on (Ym)m).

Obviously, if the dictionary of functions G  is too rich, it will be impossible to correctly quantify the deviation
probability, but if we restrict, for example, to the case of finite-dimensional vector spaces (up to a few
adjustments), we will be able to provide relevant control. The consequences of these results are to obtain a law of
large numbers, occuring simultaneously and uniformly on the function class G . The pioneers in this subject were
Vapnik and Chervonenkis with their fundamental works in the 1970s and 1980s, followed by many others, in a
domain that is now called statistical learning. For references, see [69], [73].

⊳ The first heuristic. We start with some simple arguments, not optimal, that allow us to better understand how to
tackle this problem. The purpose is primarily pedagogical.

− If G  were finite cardinal (denoted by |G |) and its elements were bounded functions with values in [a,b], we
would write

P(∃φ ∈ G :
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε) ≤ ∑
φ∈G

P(
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε) ≤

applying Theorem 2.4.3. Then, it would not be very difficult to adapt the arguments of Section 2.4.1 to obtain

confidence intervals on 1
M
∑

M

m=1
φ (Ym) − ∫ φ (y)μ (dy) valid simultaneously for all φ ∈ G .

− The finiteness condition for G  is too restrictive in practice. A possible improvement for the case |G |= +∞ is to
suppose that for all ε > 0, we can cover G  in uniform norm at the level ε using n :=N∞(ε,G ) ≥ 1 functions
{φ1,…,φn}, in the sense where for any φ ∈ G , we can find a function φj such that |φ−φj|∞ ≤ ε. The set {φ1,…,φn} is
called ε-cover (Figure 2.3). Then a simple triangular inequality using a ε/3-cover gives

{∃φ ∈ G :
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε} ⊂
N∞(ε/3,G )

⋃
j=1

{
1

M

M

∑
m=1

φj (Ym) − ∫
Rd

φj (y)μ (dy) > ε

∣ ∣ ∣ ∣∣ ∣ ∣ ∣∣ ∣ ∣ ∣



Figure 2.3 An example of ε-cover.


We can take φj also with values in [a,b] and conclude as for (2.4.5):

P(∃φ ∈ G :
1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) > ε) ≤ 2N∞ (ε/3,G ) exp (−
2Mε2

9(b − a)2
).

(2.4.7)

For example, the dictionary G  consisting of the functions with values in [a,b] and piecewise constant on K disjoint
subsets (Ck)1≤k≤K  of Rd (i.e. φ ∈ G ⇒ φ(.) = ∑K

k=1 αk1Ck
(.) with αk ∈ [a,b]) fulfills

N∞ (ε,G ) = (
b − a

2ε
)

K

∨ 1

(2.4.8)

(if ε ≤ (b−a)/2, take regularly spaced αk at distance 2ε).
We will not go further in this direction, because in general, the evaluation of the ε-covering number N∞(ε,G )

is very delicate or even impossible, and this limits the application of (2.4.7). However, these first computations
should appeal to the reader’s curiosity, showing that computing the deviation probability uniformly on G  is not
absolutely impossible, and may be done under the form of a generalized Hoeffding inequality.
⊳ Covering number L1. In the previous analysis leading to (2.4.7), we easily guess that using a covering of G  in

uniform norm to quantify the fluctuations of the average/probability is likely suboptimal. This leads us to measure
the richness (or complexity) of G  evaluating how to cover it by balls of size ε in the sense of L1-norm (with respect
to a certain measure ν on Rd) instead of the L∞-norm sense. The minimal number of balls for this is called the L1-
covering number. The measure ν can also be the empirical measure associated with M points in Rd; this last case is
the most commonly used in the following.

Definition 2.4.4 (covering number) Let G  be a class of functions φ : Rd ↦ R.
Consider M points (ym)1 ≤ m ≤ M in Rd, and denote by νM the associated empirical measure and |⋅|L1(νM) the

associated empirical L1 norm: for any function φ,

|φ|L1(νM) :=
1

M

M

∑
m=1

|φ (ym)|.∣ ∣



An ε-covering (ε > 0) of G  with respect to the norm |⋅|L1(νM) is a finite set of functions φ1, … ,φn : Rd ↦ R such
that for any φ ∈ G , we can find an index j ∈ {1,⋯,n} such that |φ−φj|L1(νM) ≤ ε.

The minimal integer n for which an ε-covering exists is called the ε-covering number and it is denoted by 
N1(ε,G , νM).

More generally, we can replace the empirical measure νM by a probability measure ν on Rd and similarly define
N1(ε,G , ν).

Note that in this definition, the points (ym)1 ≤ m ≤ M can be random and de facto, and we will take them equal to a
Monte-Carlo sample.

In what follows, we will say that G  can be covered for ν if N1(ε,G , ν) < +∞ for any ε > 0. We always
consider the ε-covers of minimal size.

Here the goal is not to be exhaustive7 on G , for which we have explicit control of N1(ε,G , ν). We rather focus
our attention on G  having the form of a properly truncated finite vector space. To proceed to the truncation, we
define the clipping of a function (see Figure 2.4). This is a Lipschitz transformation, which allows us to reduce the
situation to the case of bounded functions.

Figure 2.4 Clipping CL for L = 1.


Definition 2.4.5 (clipped function) For a real-valued function φ and a level L ≥ 0, the clipping of φ at the level L
is defined by

CLφ := −L ∨ φ ∧ L.

By extension, the clipping of a class of functions G  is denoted by CLG  and is given by

CLG = {CLφ : φ ∈ G}.

Quite surprisingly, the clipping of a vector space generated by the functions (φ1,…,φK) admits an upper bound
on the numbers of ε-covers, independent of the measure ν, of the dimension of the space d and of the form8 of the
(φj)j.

Theorem 2.4.6 (robust upper bound for the L1 covering number) Consider

– Φ = Span.(φ1, … ,φK) = {∑K
k=1 αkφk,αk ∈ R} with φk : Rd ↦ R;

– CLΦ the clipping of Φ (for L > 0);
– μ a probability measure on Rd.

Then CLΦ can be covered for μ and for all 0 < ε ≤ L/2, we have

( )



N1 (ε,CLΦ,μ) ≤ (
6L

ε
)

2(K+1)

.

We recognize that this is a difficult result and we refer the reader to [69, Lemma 9.2, Theorems 9.4 and 9.5].9 We
note that the upper bound for the covering number obviously increases with the dimension of Φ and with the
inverse of the covering balls radius. This is similar enough to the estimate (2.4.8) of N∞(ε,G ) when G  consists of
piecewise constant and bounded functions.

⊳ Uniform deviations. With the ε-covers in L1, we can proceed as for (2.4.6) replacing the union over φ ∈ G  by
the finite union on the cover. This is a little more delicate than for L∞ covers. We will not get into details of the
technical computations underlying these ideas, we only give the key asymptotic upper bound (see [69, Theorem
9.1]), similar to the inequality (2.4.7).

Theorem 2.4.7 (uniform deviation probability) Let G  be a countable set10 of the functions φ : Rd ↦ [0,B] with
B > 0. Let (Ym)1 ≤ m ≤ M be a sample of independent random variables with the distribution μ and denote μM as the
associated empirical measure. Suppose that G  can be covered for μM. Then for all ε > 0 we have

P sup
φ∈G

1

M

M

∑
m=1

φ (Ym) − ∫

Rd

φ (y)μ (dy) ε ≤ 8E(N1 (
ε

8
,G ,μM)) exp(−

ε2M

128B2
).

⊳ Applications of uniform control.

* Exponential estimates of uniform deviations. Combining the estimates on the covering number and the
uniform deviation probability, we get a non-asymptotic estimate of the deviation, uniformly on the clipped Φ.

Theorem 2.4.8 (uniform deviation probability on a clipped vector space) Assume the hypothesis and notation
of Theorem 2.4.6 for Φ and CLΦ, with L > 0. Let (Ym)1 ≤ m ≤ M be a sample of independent random variables with
the distribution μ and denote μM as the associated empirical measure. Then, for all ε > 0, we have

P sup
φ∈CLΦ

1

M

M

∑
m=1

φ (Ym) − ∫

Rd

φ (y)μ (dy) ε ≤ 8(
48L

ε
)

2(K+1)

exp(−
ε2M

512L2
).

PROOF:

First, we can take the sup over a countable set by restricting the basis coefficients to be rational, without affecting the definition of the event. Then,
we can apply Theorem 2.4.7 taking the class of functions G := CLΦ + L = {CLφ + L : φ ∈ Φ}, whose elements are non-negative and bounded by
B = 2L. Of course, we have N1(ε/8,G ,μM) = N1(ε/8,CLΦ,μM) and we conclude by applying Theorem 2.4.6 (we verify that the restriction ε/8 ≤
L/2 in this theorem can be relaxed because in the opposite case, the announced upper bound is obvious as the functions φ are bounded by L). ▫

* Uniform law of large numbers. The previous upper bounds allow us to show that 
{P(supφ∈CLΦ

∣ 1
M

∑M
m=1 φ(Ym)− ∫

Rd φ(y)μ(dy) ∣> ε) : M ≥ 1} defines a convergent series, for any ε >

0: so by the Borel-Cantelli lemma, with probability 1, for M large enough we have 
supφ∈CLΦ

∣ 1
M

∑M
m=1 φ(Ym)− ∫

Rd φ(y)μ(dy) ∣≤ ε. We have proved the law of large numbers, uniform on

the class of functions CLΦ.

⎛⎜⎝ ∣ ∣ ⎞⎟⎠⎛⎜⎝ ∣ ∣ ⎞⎟⎠



Corollary 2.4.9 (uniform law of large numbers) With the hypotheses and the notation of Theorem 2.4.8, we have

sup
φ∈CLΦ

1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy)
a.s.

M→+∞
0.

* Uniform L1 distance between the empirical and exact means. The following result is very useful for replacing
an empirical mean by an exact mean, and vice versa, for measuring the induced error in L1. The factor 
√(K + 1) log(4M) is the price that is paid to ensure the uniformity on the function class.

Theorem 2.4.10 (L1 uniform distance between the empirical and the exact mean) With the hypotheses and
notation of Theorem 2.4.8, we have

E( sup
φ∈CLΦ

1

M

M

∑
m=1

φ (Ym) − ∫
Rd

φ (y)μ (dy) ) ≤ 75
L

√M
√(K + 1) log

Proof:

Let Z be the random variable for which we compute the expectation.

Then, by Theorem 2.4.8 and for ε0 ≥ 24 L

√M
, we deduce that

The choice ε0 = L

√M
√512(K + 1) log(4M) verifies (4M)(K+1) exp(−

ε2
0M

512L2 ) = 1 and ε0 ≥ 24 L

√M
. The estimate

E (Z) ≤
L

√M
√512(K + 1) log (4M) +

256L

3√M

follows, which after some elementary computations yields the result. ▫

2.4.4 Concentration inequalities in the case of Gaussian noise

A powerful approach for getting a concentration inequality of exponential type for very general probability
distributions is based on the logarithmic Sobolev inequalities. These tools have experienced some important
developments recently; see [103] and [4]. The case of the Gaussian measure goes back to the seminal work of
Gross [66].

The application to the exponential concentration inequalities is made for random variables Xm of the form

∣ ∣−→∣ ∣E (Z) =

+∞

∫
0

P(Z > ε)dε

≤ ε0 + 8

+∞

∫
ε0

( 48L
ε )

2(K+1)
exp(− ε2M

512L2 )dε

≤ ε0 + 8(4M)(K+1)

+∞

∫
ε0

√Mε
24L exp(− ε2M

512L2 )dε

= ε0 + (4M)(K+1) 256L

3√M
exp(−

ε2
0M

512L2 ).



X = f(Y )

for a Lipschitz function f : Rd ↦ R and a random vector Y in Rd (taking a.s. finite values). The induced
probability measure is denoted by μ. In this section, it is more convenient to use the notation

Eμ (f) = E (f (Y )) = ∫
Rd

f (y)μ (dy),

which is valid as soon as f(Y) is integrable or f is positive.
For the definition of the logarithmic Sobolev inequality, we must introduce entropy.

Definition 2.4.11 (entropy) Let μ be a probability measure on Rd. For any measurable function f : Rd ↦ R
+,

the entropy of f for μ is defined by

Entμ (f) = Eμ (f log (f)) − Eμ (f) log (Eμ (f)).
(2.4.9)

The measure μ satisfies the logarithmic Sobolev inequality with the constant Cμ ∈ (0,+∞) for the class of functions
A , if

Entμ (f
2) ≤ CμEμ(|∇f|2), ∀f ∈ A ,

(2.4.10)

where ∇f = (∂x1f,…,∂xdf).

In the following, we take for A  the set C 2
b (Rd,R) of bounded functions with bounded derivatives. Note the

following:

1. Entμ(f) is finite if and only if f[log(f)]+ is μ-integrable.
2. Entμ(f) ≥ 0: this easily follows from the Jensen inequality applied to the convex function x ↦ xlog(x). The

entropy is zero if f is μ-a.e. constant.
3. Entμ(λf) = λEntμ(f) for any λ > 0.

If μ satisfies a logarithmic Sobolev inequality, then we can deduce11 an interesting exponential inequality.

Theorem 2.4.12 Suppose that μ satisfies a logarithmic Sobolev inequality with a constant Cμ. Then for any
function f in A  with compact support and such that |∇f|≤1, we have

Eμ (e
λf) ≤ eλEμ(f)+

Cμλ
2

4 , ∀λ ∈ R.

PROOF:

Set H(λ) = Eμ(eλf), which is a finite non-zero quantity, because f has compact support. Let F = e
1
2 λf : as f ∈ A  and with compact support, F2 is

in A . Applying the logarithmic Sobolev inequality, we get

( ) ( ) ( ) ( ( ))



In other words, the derivative of K(λ) = 1
λ log(H(λ)) verifies

K ′ (λ) =
1

λ2
(λ

H ′ (λ)

H(λ)
− log (H (λ))) ≤

Cμ

4
.

We check easily that H(0) = 1, H ′(0) = Eμ(f) and K(0) = Eμ(f); consequently,

K (λ) = K (0) + ∫
λ

0
K ′ (u)du ≤ Eμ (f) +

Cμ

4
λ,

which finishes the proof. ▫

Before giving a corollary of the previous theorem, we recall that f is Lipschitz if there exists a constant C ∈ R
+

such that

|f (x) − f (y)| ≤ C|x − y|, ∀x ∈ R
d, y ∈ R

d.

The Lipschitz constant of f is the minimal C verifying this bound: we denote it by |f|Lip..

Corollary 2.4.13 (concentration inequality) Let Y be a random vector in Rd with the distribution μ. Suppose that
μ satisfies a logarithmic Sobolev inequality with constant Cμ > 0. Then, for any Lipschitz function f : Rd ↦ R, we
have

P( f (Y ) − E (f (Y )) > ε) ≤ 2 exp (−
ε2

Cμ|f|2
Lip.

), ∀ε ≥ 0.

(2.4.11)

PROOF:

⊳ Suppose first that f is in A , with compact support and |∇f|≤1. Then the exponential Chebyshev inequality gives (for any λ ≥ 0)

P (f (Y ) − E (f (Y )) > ε) ≤ Eμ (e
λ(f−Eμf−ε)) ≤ e

Cμλ
2

4 −λε.

The upper bound attains its minimum at λ = 2ε
Cμ

, for which it is equal to e− ε2

Cμ . Replacing f by −f, we show the same bound for 
P(f(Y ) − E(f(Y )) < −ε). Combining these two bounds, we obtain

P(|f (Y ) − E (f (Y ))| > ε) ≤ P (f (Y ) − E (f (Y )) > ε) + P (f (Y ) − E (f (Y )) < −ε) ≤ 2e
− ε2

Cμ .
(2.4.12)

For f with |∇f|∞ ≠ 0, replacing f by f/|∇f|∞, we obtain the inequality

P(|f (Y ) − E (f (Y ))| > ε) ≤ 2e
− ε2

Cμ|𝛻f|2∞ , ∀ε ≥ 0.
(2.4.13)

Entμ (F 2) = Eμ (λfeλf) − Eμ (eλf) log (Eμ (eλf))

= λH ′ (λ) − H (λ) log (H (λ))

≤ CμEμ|∇F |2 = CμEμ
λ
2

∇fe
1
2 λf

2

≤ Cμ
λ2

4 H (λ). ∣ ∣∣ ∣



⊳ The rest of the proof is technical and can be skipped at the first reading. Let us extend this inequality to the case where f is no longer C 2, but only
Lipschitz, still with compact support (thus bounded). We can suppose that |f|Lip. ≠ 0, otherwise the inequality is obvious as f is zero. Let V be a
random variable bounded by 1 and with C ∞ density (supported in B(0,1)), set fn = f*ξn, the convolution product of f with the density of V/n:

From these equalities, we easily deduce that fn is bounded by ‖f‖∞, belongs to C ∞ and has bounded derivatives (with a bound that can depend on n),
thus it is in A . Moreover, |fn(x) - fn(y)| ≤ |f|Lip.|x-y| implying that |∇fn| ≤ |f|Lip.. Last, since V is bounded, fn is also bounded with compact support. So,
fn satisfies (2.4.13):

P(|fn (Y ) − E (fn (Y )) |> ε) ≤ 2e
− ε2

Cμ|f|2Lip. , ∀ε ≥ 0.
(2.4.14)

It remains to pass to the limit on the left-hand side. We note that ∣ fn(x)− f(x) ∣≤ ∣ f ∣Lip.
1
n . From this we deduce that fn(Y ) − E(fn(Y ))

converges uniformly (hence a.s.) to f(Y ) − E(f(Y )) as n → +∞, in particular, |fn(Y ) − E(fn(Y ))| converges in distribution to 
L := |f(Y ) − E(f(Y ))|, i.e., limn→+∞ P(|fn(Y ) − E(fn(Y ))|> ε) = P(|f(Y ) − E(f(Y ))|> ε) possibly except for ε ∈ D , the set of the
discontinuity points for the c.d.f. of L. Summarizing,

P(|f (Y ) − E (f (Y ))| > ε) ≤ 2e
− ε2

Cμ|f|2Lip. , ∀ε ∉ D.
(2.4.15)

But D  is at most countable and both above sides are continuous from the right w.r.t. ε: if ε ∈ D , it is enough then to take a sequence (εk)k ≥ 1 outside 
D  that decreases to ε to get the result (2.4.15) at that ε ∈ D .

⊳ Let us proceed now to the extension to bounded Lipschitz f, but not necessarily with compact support. Actually, we can exhibit a sequence (fn)n ≥ 1

of functions with compact support, bounded uniformly in n, Lipschitz with the same constant as |f|Lip., and converging pointwise to f. Then the
convergence and boundedness ensure that fn(Y ) − E(fn(Y )) converges a.s. to f(Y ) − E(f(Y )), which finally leads to (2.4.11) by arguing as
before.

⊳ The extension to unbounded Lipschitz f is similar. Set fn = −n∨f∧n whose Lipschitz constant is bounded by that of f, thus fn satisfies the inequality
(2.4.11) with |fn|Lip. ≤ |f|Lip.. Following the previous arguments, it is enough to show that fn(Y ) − E(fn(Y )) converges a.s. to f(Y ) − E(f(Y )):

obviously, fn(Y)
a.s.

n→+∞
f(Y). Let us show that the convergence also holds in L1, by showing the uniform integrability of (fn(Y))n (see Theorem

A.1.2 in the appendix). It is enough to prove that

sup
n≥1

E (f 2
n (Y )) < +∞.

(2.4.16)

As in the proof of (2.4.4) with p = 2 and M = 1, we deduce from (2.4.11) for the current fn that

sup
n≥1

E(fn (Y ) − E(fn (Y ))2 =sup
n≥1

[E (f 2
n (Y )) − (E (fn (Y )))2] < +∞.

(2.4.17)

Let us show now that supn≥1|E(fn(Y ))|< +∞. Combining the inequality (2.4.11) for fn with Proposition 2.4.1 (with M = 1, λ = 1
4

, 

c(M, ε) = Cμ∣ f ∣2
Lip.), we can assert that with probability greater than 3

4 , we have

fn (Y ) − E (fn (Y ))|≤ √Cμ|f|2
Lip. log (8).

For K large enough, |fn(Y)| ≤ |f(Y)| ≤ K with probability greater than 3
4 . Then with probability greater than 1

2 ,

|E (fn (Y )) |≤|fn (Y ) − E (fn (Y )) |+|fn (Y )| ≤ K+√Cμ|f|2
Lip. log (8).

fn (x) = ∫
Rd

f (u)ndp (n (x − u))du

= ∫
Rd

f (x − v)ndp (nv)dv = E (f (x − V /n)).

−→ ∣



As both sides of the above inequality are deterministic, this gives an upper bound on |E(fn(Y ))| that is always true (and not with probability 1
2 ) and

uniform in n, as stated. Combining with (2.4.17), we conclude the proof of (2.4.16). ▫

An important example of a measure μ satisfying the logarithmic Sobolev inequality is the Gaussian measure 
γd(dx) ≔

1

(2π)d/2 exp(− 1
2 ∣ x ∣2)dx. For other measures (Bernoulli, Boltzmann), see [103].

Theorem 2.4.14 (Gaussian distribution in dimension 1) The Gaussian measure γ1 in dimension 1 satisfies the
logarithmic Sobolev inequality with the constant Cγ1 = 2.

PROOF:

The tools that we are using now anticipate those presented in Chapter 4, and the proof below can be skipped at the first reading.

If f is zero, the logarithmic Sobolev inequality is obviously true. Now take f2 in A  and non-zero. We employ a proof based on the stochastic calculus
exploiting that W1 has the distribution γ1.

⊳ To start, suppose that E(f 2(W1)) = 1. Set u(t,x) = E(f 2(W1)|Wt = x): u is positive for all t < 1. The Ito formula gives

Mt = u (t,Wt) = 1 + ∫
t

0
u′
x (s,Ws)dWs = 1 + ∫

t

0
2E(ff ′ (W1) Ws)dWs.

Note that Entγ1(f
2) = E(M1 log(M1)). Then

Mt log (Mt) = ∫
t

0
2 (log (Ms) + 1)E(ff ′ (W1) Ws)dWs +

1

2
∫

t

0

[2E(ff ′ (W1)|Ws)]2

E(f 2 (W1)|Ws)
ds.

By carefully localizing the processes and passing to the expectation in the previous decomposition, we get

Entγ1 (f
2) ≤ 2∫

1

0
E[

(E (ff ′ (W1)|Ws))2

E(f 2 (W1)|Ws)
]ds. ≤ 2∫

1

0
E

E (f 2 (W1) Ws)E((f ′)2 (W1) Ws)

E(f 2 (W1)|Ws)
ds (Cauchy-Schwarz) = 2E((f ′)

2
(W

⊳ If E(f 2(W1)) ≠ 0, then taking g = f/√E(f 2(W1)) brings us back to the previous case: indeed, because E(g2(W1)) = 1 and 

Entγ1(f
2) = E(f 2(W1))Entγ1(g

2) ≤ E(f 2(W1))Cγ1E(∣ ∇g ∣2(W1)) = Cγ1E(∣ ∇f ∣2(W1)) ▫

The strength of a logarithmic Sobolev inequality lies in its natural capacity to pass without difficulty to higher
dimensions, using tensorization.

Lemma 2.4.15 (tensorization) Let n ≥ 2. If each μi (for 1 ≤ i ≤ n) satisfies the logarithmic Sobolev inequality with
the constant Cμi, then the product measure μ⊗n  — associated with the distribution of (Y1,…,Yn), i.e. a vector with
independent components with i-th component having the distribution μi, — satisfies again the logarithmic Sobolev
inequality with constant Cμ⊗n = max1≤i≤n Cμi

.

PROOF:

Beforehand, let us present an equivalent characterization of the entropy,

Entμ (f) =sup {Eμ (fg) : Eμ (eg) = 1}.
(2.4.18)

This equality is clear if Eμ(f) = 0 (f = 0 μ-a.e.).
In the case Eμ(f) > 0, as both sides of (4.28) are linear in f, it is enough to prove the equality when Eμ(f) = 1, i.e. the case for which 

Entμ(f) = Eμ(f log(f)). Let f ≥ 0, verifying Eμ(f) = 1.

∣∣⎡⎢⎣ ∣ ∣ ⎤⎥⎦



– On the one hand, the function g = log(f)1f>0 − c1f=0 verifies Eμ(eg) = 1 for a certain explicit c. For this choice, we have flog(f) = fg,
which shows that the left-hand side in (2.4.18) is less than the right-hand side.

– On the other hand, let us start from the inequality12 uv ≤ ulog(u)−u+ev for u ≥ 0 and v ∈ R; it implies 
Eμ(fg) ≤ Eμ(f log(f)) − Eμ(f) + Eμ(eg) = Entμ(f) for any g such that Eμ(eg) = 1. This finishes the proof of (2.4.18).

Now take g such that Eμ⊗n(eg) = 1, and write

g =
n

∑
i=1

gi := g− log (∫ egdμ1 (x1)) +
n

∑
i=2

log
∫ egdμ1 (x1) ⋯ dμi−1 (xi−1)

∫ egdμ1 (x1) ⋯ dμi (xi)
.

Each gi, defined as above, verifies ∫ egidμi(xi) = 1. Denoting by ∇i the gradient with respect to the i-th variable, we deduce

In view of (2.4.18), the result is proved. ▫

Taking μi = γ1, we immediately deduce that γn satisfies the logarithmic Sobolev inequality with constant 2.

Corollary 2.4.16 (Gaussian distribution in dimension n) The Gaussian measure γn in dimension n satisfies the
logarithmic Sobolev inequality with the constant Cγn = 2.

We are now in a position to state an important result, giving an exponential concentration inequality for empirical
means while calculating EX when X = f(Y), with a Lipschitz function f of a standard Gaussian random vector Y.

Theorem 2.4.17 (concentration inequality in the Gaussian case) Let (Y1,…,YM) be a sequence of independent
random vectors, having the standard Gaussian d-dimensional distribution. Then for any Lipschitz function 
f : Rd ↦ R, we have

P(
1

M

M

∑
m=1

f (Ym) − E (f (Y ))|> ε) ≤ 2 exp (−
Mε2

2|f|2
Lip.

).

PROOF:

Apply Corollary 2.4.13 to the distribution of (Y1,…,Ym) verifying the logarithmic Sobolev inequality with constant 2 and to the function 

g(y1, … , yM) = 1
M ∑M

m=1 f(ym). Its Lipschitz constant is bounded by ∣ f ∣Lip. /√M  since

|g (y1, ⋯ , yM) − g (y′
1, ⋯ , y′

M)|≤
1

M

M

∑
m=1

|f|Lip. ym − y′
m ≤

|f|Lip.

√M

M

∑
m=1

|ym − y′
m|2.

This finishes the proof. ▫

With such an inequality in hand we can deduce non-asymptotic confidence intervals as in Proposition 2.4.1. This
will be useful when simulating stochastic differential equations in Chapter 6.

2.5 Exercises

Eμ⊗n (f 2g) =∑
n

i=1
Eμ⊗n (f 2gi) =∑

n

i=1
Eμ⊗n (Eμi

(f 2gi))

≤∑
n

i=1
Eμ⊗n (Entμi

(f 2)) ≤∑
n

i=1
Cμi

Eμ⊗n(Eμi
( ∇if

2))

≤ max
1≤i≤n

Cμi
∑

n

i=1
Eμ⊗n( ∇if

2) = max
1≤i≤n

Cμi
Eμ⊗n(|∇f|2).∣ ∣∣ ∣∣ ∣ ∣ ⎷



Exercise 2.1 (central limit theorem with various rates) Let (Xm)m ≥ 1 be a sequence of i.i.d. random variables
having the symmetric Pareto distribution with parameter α > 0, whose density is

α

2|z|α+1
1|z|≥1.

Set XM := 1
M

∑M
m=1 Xm.

i) For α > 1, justify the a.s. convergence of XM  to 0 as M → +∞.
ii) For α > 2, prove a central limit theorem for XM  at rate √M .
iii) For α ∈ (1,2], determine the rate uM → +∞ such that uMXM  converges in distribution to a limit.


Hint: to distinguish the cases α = 2 and α ∈ (1,2), use the Levy criterion (Theorem 1.3) with the
representation of the characteristic function

E (eiuX) = 1 + α|u|α ∫
+∞

|u|

cos (t) − 1

tα+1
dt.

Exercise 2.2 (substitution method) We aim at estimating the Laplace transform

φ (u) := E (euX) = eσ
2u2/2

of a Gaussian random variable X
d
= N (0,σ2), using a sample of size M of i.i.d. copies of X. The parameter σ2

is unknown. Which procedure is the most accurate?

i) Computing the empirical mean φ1,M(u) := 1
M

∑M
m=1 e

uXm ;


or

ii) Estimating σ2 by the empirical variance σ2
M

, then estimating φ(u) by φ2,M(u) := e
u2

2 σ2
M .

We will compare estimators using related confidence intervals.

Exercise 2.3 (central limit theorem, substitution method) Consider the setting of Proposition 2.2.6, with the
estimation of max(EX, a).

i) Assume a > EX. Prove that both the upper estimator fM  and the lower estimator f
– M

 converge to 
max(EX, a) in L1 at the rate M.

ii) Assume a < EX. Establish a central limit theorem at rate √M  for fM − max(EX, a), for 
f
– M

− max(EX, a), and for the pair (fM − max(EX, a), f
– M

− max(EX, a)).
iii) Investigate the case a = EX.

Exercise 2.4 (sensitivity formulas, exponential distribution)Let Y
d
= ε xp(λ) with λ > 0 and set 

F(λ) = E(f(Y )) for a given bounded function f.

i) Use the likelihood ratio method to represent F′ as an expectation.

¯

¯

¯
¯

¯

¯
¯



ii) Use the pathwise differentiation method to get another representation for smooth f (use the formula from
Proposition 1.2.2).

iii) By integrating by parts, show that both formulas coincide.

Exercise 2.5 (sensitivity formulas, multidimensional Gaussian distribution) Extend Example 2.2.11 to the
multidimensional case for the sensitivity with respect to the mean E(Y ) and to the covariance matrix E(Y Y T)
(assumed to be invertible).

Hint: for the sensitivity w.r.t. elements of E(Y Y T), one has to perturb the matrix E(Y Y T) in a symmetric way to
keep it symmetric.

Exercise 2.6 (sensitivity formulas, resimulation method) We aim at illustrating the benefit of using Common
Random Numbers (CRN) in (2.2.6) and the impact of the smoothness of f on the estimator variance. We consider

the Gaussian model Y
d
= N (θ, 1).

i) Denote by (G1, … ,GM ,G′
1, … ,G′

M) i.i.d. copies of N (0, 1) and consider a smooth function f, bounded
with bounded derivatives. Compute the variance of the estimator with different random numbers

1

M

M

∑
m=1

f (θ + ε + Gm) − f (θ − ε + G′
m)

2ε

as ε → 0 (M fixed).
ii) Compare it with that of the CRN estimator

1

M

M

∑
m=1

f (θ + ε + Gm) − f (θ − ε + Gm)

2ε
.

iii) Analyze the variance of the CRN estimator when f(x) = 1x≥0. What is its dependency w.r.t. ε → 0?

Write a simulation program illustrating these features.

Exercise 2.7 (concentration inequality, maximum of Gaussian variables)

i) Use the Gaussian concentration inequality of Corollary 2.4.13 to establish the Borell inequality (1975): for
any centered d-dimensional Gaussian vector Y = (Y1,…,Yd), we have


P( max
1≤i≤d

Yi − E(max
1≤i≤d

Yi)|> ε) ≤ 2 exp (−
ε2

2σ2
), ∀ε ≥ 0

where13 σ2 = max1≤i≤d E(Y 2
i ).

Hint: first assume that (Yi)i are i.i.d. standard Gaussian random variables. To prove the general case, use
the representation of Proposition 1.4.1.

ii) We consider the case d → +∞ and assume that σ2 = max1≤i≤d E(Y 2
i ) is bounded as d → +∞. Assuming

that E(max1≤i≤d Yi) → +∞, and deduce that∣



max1≤i≤d Yi

E(max1≤i≤d Yi)

Prob.
1

d→+∞
.

Application: in the standard i.i.d. case, since E(max1≤i≤d Yi) ∼ √2 log(d) as d → +∞ (see [49]), we
obtain a nice deterministic equivalent (in probability) of max1 ≤ i ≤ dYi.

Notes

1We refer to probably approximatively correct bounds (PAC bounds).

2p(R) = P(χ2
d ≤ R2), where χ2

d is the χ2 random variable with d degrees of freedom (sum of d squares of independent standard Gaussian random

variables).

3Recall that Stud,−1
0.975,n−1 = 2.262 is n = 10, 2.093 is n = 20 and converges to 1.96 if n → +∞.

4These functions appear in certain problems of optimal stopping in financial engineering, namely for pricing American options.

5That is we resimulate with the same random numbers (also known as Common Random Numbers) modifying only the parameter.

6We can always write the measurable function in dimension 1 using the inversion of the c.d.f.

7For more details, see [69].

8So this is valid for global or local polynomials, Fourier basis or wavelets, etc.

9For the reader who reads carefully the indicated references, we mention that we use an extra upper bound 2e x log(3e x) ≤ ( 11x
5

)2 for x ≥ 4, which

allows us to simplify the final upper bound without sacrificing accuracy.

10Restricting to a countable set ensures that the studied supremum still defines a random variable.

11This trick is known as the Herbst argument.

12This can be justified by observing that firstly, u ↦ gv(u) = ulog(u)−u+ev−uv (v is fixed) is convex, secondly g′
v(e

v) = 0, and finally gv(u)≥gv(ev)≥0.

13Observe that the constants do not depend much on the dimension, thus passing to infinite dimension is possible.

−→



Chapter 3

Variance reduction

In the previous chapter we saw that the confidence intervals for controlling the error in Monte-
Carlo computations have a length proportional to the standard deviation of the sampled
random variable X. Reducing the variance (either by modifying the simulation procedure, or
transforming the problem) may help to accelerate the convergence of the Monte-Carlo method.
Decreasing the variance by a factor 10 is equivalent—asymptotically—to decreasing the
number of simulations (and hence the computational time) by a factor of 10 to achieve a given
accuracy. In this chapter we study some techniques of variance reduction, with a particular
focus on importance sampling.

3.1 Antithetic Sampling

The method is based on the Chebyshev covariance inequality.

Lemma 1.1 Let Y be a real-valued random variable. Consider a non-increasing function 
f : R↦ R and a non-decreasing function g : R↦ R. Suppose that f(Y) and g(Y) are square
integrable. Then the covariance between f(Y) and g(Y) is non-positive:

E[f(Y )g(Y )] ≤ E[f(Y )]E[g(Y )].

PROOF:

Let Y′ be an independent copy of Y. Set C := Cov(f(Y ) − f(Y ′), g(Y ) − g(Y ′)) .
On the one hand, E(f(Y ) − f(Y ′)) = E(g(Y ) − g(Y ′)) = 0, which implies C = E([f(Y ) − f(Y ′)][g(Y ) − g(Y ′)])

. From the monotonicity of f and g, we deduce that C ≤ 0.
On the other hand, C = Cov (f(Y ), g(Y )) + Cov (f(Y ′), g(Y ′)) = 2Cov (f(Y ), g(Y )). It readily follows that 

C = 2Cov (f(Y ), g(Y )) ≤ 0. ▫

In particular, if f is monotone, then

Cov[f(Y ), f(φ(Y ))] ≤ 0,



for any given non-increasing function φ. Concerning its use in Monte-Carlo methods, this
inequality is interesting if φ(Y) and Y have the same distribution, giving thus the possibility to
save one generation of Y by simply taking φ(Y) (antithetic variable).

Example 1.2

1. If Y is uniformly distributed on [0,1], then φ(Y)≔ 1 − Y
d
= Y .

2. If Y is a centered Gaussian random variable , then φ(Y)≔ −Y
d
= Y . More

generally, for any random variable with a symmetric distribution (−Y
d
= Y , the

choice φ(x) = −x is suitable.

3. If Y has the Cauchy distribution with the parameter σ, then φ(Y)≔ σ2

Y

d
= Y .

However, φ(y) = σ2/y is non-increasing only if y is restricted to positive or negative
values. Thus, the method below will work with that φ if f is constant on R+, or R−, or
if f is even.

Generally, we can design an antithetic function φ with the help of the c.d.f. of Y and its
inverse.

Lemma 3.1.3 Suppose that the c.d.f. y ↦ F(y) = P(Y ≤ y) is continuous. Denote by F−1 its
generalized inverse, defined in Proposition 1.2.1. Then φ(y) = F−1(1−F(y)) is a non-increasing
function such that

φ (Y )
d
= Y ;

hence φ(Y) is an antithetic variable associated with Y.

PROOF:

Clearly, φ is non-increasing. By Proposition 2.1, we have

φ (Y ) = F −1 (1 − F (Y )) = F −1 (1 − U)
d
= F −1 (U)

d
= Y

where U is a random variable, uniform on [0,1]. ▫

This construction of antithetic variables allows us to recover the first two cases of Example
3.1.2, but not the one with the Cauchy distribution.



Applications. Suppose we want to calculate E(f(Y )) using a Monte-Carlo method. Which
estimator should we use:

I1,M :=
1

M

M

∑
m=1

f (Ym) or I2,M :=
1

M

M

∑
m=1

f (Ym) + f (φ (Ym))

2
?

Both estimators converge a.s. to E(f(Y )); they require us to simulate the same number of
points Y, thus they have the same computational cost if we assume that the cost of the
numerical evaluation of φ(Y),f(Y),f(φ(Y)) is small compared to the cost of the simulation of Y.
Their accuracy can be analyzed via their respective variance:

Because Cov(f(Y ), f(φ(Y ))) ≤ √Var(f(Y ))√Var(f(φ(Y ))) = Var(f(Y )), we always
have Var(I1,M) ≥ Var(I2,M): the antithetic sampling is at least as good as the usual
sampling. The performance ratio is defined as

Var(I1,M)

Var(I2,M)
=

2

1 + Cor(f(Y ), f(φ(Y )))
:= R ≥ 1.

If f is monotone, from Lemma 3.1.1 we have R ≥ 2: the performance of the antithetic sampling
is at least twice as good as the usual sampling.

Since it always gives better results, this technique is rather popular, even though its gain is
not always significant. Finally, let us mention that the confidence interval must be computed
keeping in mind the dependence of f(Ym) and f(φ(Ym)).

Example 3.1.4 Suppose that Y is uniformly distributed on [0,1] and f(y) = y2. A simple
calculation gives Var(f(Y )) = 1

5 − ( 1
3 )

2
= 4

45  and 
Var(f(Y )) + Cor(f(Y ), f(φ(Y ))) = [ 15 − ( 1

3 )
2
] + [ 13 + 1

5 − 2
4 − ( 1

3 )
2
] = 1

90 ; the
performance ratio is R = 16.

3.2 Conditioning and Stratification

M Var(I1,M) = Var(f(Y )),

M Var(I2,M) = 1
4
[Var(f(Y ) + f(φ(Y )))]

= 1
2
[Var(f(Y )) + Cov(f(Y ), f(φ(Y )))].



We continue considering the problem of the evaluation of EX by Monte-Carlo method.

3.2.1 Conditioning technique

Suppose moreover that for some random variable Z, we know g(z) = E(X|Z = z) explicitly.
Then by generating independent copies of (Z1,…,Zm,…), we obtain a new Monte-Carlo
estimator

1

M

M

∑
m=1

g (Zm).

By the law of large numbers, it converges a.s. to E(g(Z)) = E(E(X|Z)) = EX. The
accuracy of this estimator can be evaluated using the variance that verifies 
Var(g(Z)) ≤ Var(X).1 This conditioning technique provides a systematic variance
reduction. Implementing this approach is not always possible because the efficient evaluation
of the conditional expectation is in general a tough problem (see later in Chapter 8). Here is an
example that works.

Example 3.2.1 Suppose that X = 1U 2
1+U 2

2≤1 for two independent random variables uniformly

distributed on [0,1], which gives EX = π
4 . Then E(X|U1) =√1 − U 2

1 . The variance gain is
equal to

Var(X)

Var(E(X|U1))
=

π
4 (1 − π

4 )

1 − 1
3 − ( π

4 )
2
≈ 3, 38.

3.2.2 Stratification technique

As mentioned before, having an explicit formula for g(z) = E(X|Z = z) is usually restrictive
in practice. An alternative approach based on the conditioning is the stratification technique,2

which assumes that the set of the values of Z is decomposable into k strata S1,… ,Sk such
that

– for each stratum Sj, P(Z ∈ Sj) = pj is known and ∑k
j=1 pj = 1;

– the conditional distribution of X given Z ∈ Sj can be simulated (efficiently enough for
the algorithm to be interesting). Denote by Xj a random variable having this



distribution.

For each stratum we generate Mj independent simulations of Xj, independent of the other
strata. The stratification estimator is

I strat.
M1,⋯,Mk

=
k

∑
j=1

pj
1

Mj

Mj

∑
m=1

Xj,m.

(3.2.1)

If all Mj tend to infinity, it converges a.s. to EX:

I strat.
M1,⋯,Mk

a.s.
k

∑
j=1

pjE (Xj) =
k

∑
j=1

E (X|Z ∈ Sj)P (Z ∈ Sj) = EX.

Here again, it is possible to prove a central limit theorem. Thus the error analysis of this
technique can be in principle reduced to the analysis of its variance: denoting 
σ2
j = Var(Xj) = Var(X Z ∈ Sj), we have

(I strat.
M1,⋯,Mk

) =
k

∑
j=1

p2j
σ2
j

Mj

.

(3.2.2)

There exist several strategies to allocate the computational effort within the strata, under the
constraint on the global computational budget

M =
k

∑
j=1

Mj.

(3.2.3)

⊳ Allocation proportional to the probability of the strata. This strategy corresponds to 
Mj

M
= pj (neglecting the rounding effects), for which

−→ ∣



where I is a discrete random variable defined by {I = j} = {Z ∈ Sj}. As 
E(Var(X|I)) ≤ (X), this strategy always gives variance reduction with respect to the method
without stratification.

⊳ Optimal allocation. After writing equations for minimizing the variance ∑k
j=1 p

2
j

σ2
j

Mj
 under

the budget constraint (3.2.3), we find that the optimal number of simulations per stratum is

M

*
j = M

pjσj

∑k
i=1 piσi

. Then the minimal variance equals

Var(I strat.,opt.alloc.
M1,⋯,Mk

) =
1

M
(

k

∑
j=1

pjσj)

2

.

Owing to the Jensen inequality, we observe that this variance is less than the one obtained
using proportional allocation. However, this strategy cannot be realized directly because it
requires us to know σ′

js, which have to be evaluated beforehand. Besides the optimization of
the number of simulations per stratum, we could also optimize the strata, which is in general a
much more difficult problem.

Example 3.2.2 (stratification of Gaussian vectors) If Y = (G1,…,Gd) is a Gaussian vector, we
can take Z = β⋅Y as a stratification variable: indeed, the distribution of Z is Gaussian with
explicit characteristics and an exact calculation of (pj = P(Z ∈ Sj))j follows. The
conditional simulation of Y given {Z ∈ Sj} can be realized as follows:

1. Simulate Z given {Z ∈ Sj}, using the inversion method (see Proposition 1.2.9).
2. Simulate Y given Z, which by the properties of Gaussian vectors can be reduced to the

simulation of Gaussian variables with a mean and a variance depending on Z.

See Exercise 3.4. For applications, see [55].

3.3 Control Variates

Var(I strat.,prop.alloc.
M1,⋯,Mk

) = 1
M
∑

k

j=1
pjσ

2
j

= 1
M
∑

k

j=1
Var(X Z ∈ Sj)P(Z ∈ Sj)

=
E(Var(X|I))

M
,∣



3.3.1 Concept

Definition 3.3.1 We define a control variate, for a problem of computation of EX, as a
centered square integrable random variable Z, possibly d-dimensional, which can be
simulated jointly with X. For β ∈ Rd, we denote

Z (β) := β ⋅ Z =
d

∑
j=1

βiZi;

Z(β) is again a centered square integrable random variable.

The interest in control variates comes from the fact that adding Z(β) to the simulation of X
does not change the expectation. On the other hand, by optimizing the weight β, we hope to
reduce the variance. The Monte-Carlo estimator of EX with a control variate is thus given by

ICont.Var.
β,M =

1

M

M

∑
m=1

(Xm − Zm (β)).

(3.3.1)

It converges a.s. to E(X − Z(β)) = E(X). The asymptotic variance of the renormalized error
is equal to

MVar(ICont.Var.
β,M ) = Var (X − Z (β)).

If this variance is smaller than Var (X) = Var (X − Z (β))|β=0, the estimator ICont. Var.
β,M  will

asymptotically perform better than the one without the control variate.

3.3.2 Optimal choice

In this approach, the two main questions are:

For a given problem, how can we produce a control variate Z?
When Z is selected, how can we determine the best parameter β?

There does not exist a universal answer to the first question; we rather consider it case by case
according to the problem at hand. The analysis of the second question helps us to better



understand what is a good choice. Minimization of Var (X − Z (β)) reduces to minimization
of E(X − Z(β))2 because the expectation does not depend on β: from this point of view, it
boils down to a classic statistical linear regression problem in data processing. To choose the
variable Z well, we shall find the best explanatory variables to explain the variability of X.

Example 3.3.2 If X = f(U) with U uniformly distributed, Z = U − 1
2

 (here d = 1) is a control
variate. If f is locally linear, this is a priori a good choice of a control variate.

The optimal parameter β comes from the minimization of

E(X − Z (β))2 = E (X 2) − 2β ⋅ E (XZ) + β ⋅ E (ZZT)β,

which is quadratic in β. Supposing that the components of Z are not redundant (E(ZZT)
invertible), the solution is unique and given by

β* = [E (ZZT)]
−1
E (XZ).

This shows that if Z is uncorrelated with X (i.e. E(XZ) = 0), the method will not work better
in comparison to the usual one. On the contrary, the method is much more efficient when the
correlation of X with the components of Z is significant.

The exact calculation of β* is not possible (a priori more difficult than that for EX) and we
can evaluate it numerically using the same simulations:

β
*
M = [

1

M

M

∑
m=1

ZmZ
T

m]

−1
1

M

M

∑
m=1

XmZm.

In practice, the evaluation using a smaller sample may be sufficient to obtain a variance
reduction as expected. Finally, for the evaluation of EX, we calculate ICont. Var.

β∗
M
,M : the

renormalized error of this estimator again satisfies the central limit theorem3 with the limit
variance Var (X − Z (β*)). We leave the proof to the reader.

Example 3.3.3 Take X = exp(U), with U having uniform distribution, and Z = U − 1
2 . The

optimal parameter β* (calculated numerically on 1000 simulations) is approximately 1.69. For
this value, the factor of improvement on variance is



Var(X)

Var(X − Z(β*))
≈

0.24

0.0040
= 60.

We finish by giving some generic examples of control variates.

Example 3.3.4 Consider the case where X = f(G) and G is a standard Gaussian random
variable.

– The Hermite polynomials Hk(x) = (−1)kex
2/2∂ k

x(e
−x2/2) are such that 

E(Hk(G)) = 0. Hence Z = (H1(G),…,Hd(G)) is a control variate.
– Inspired by the explicit Laplace transform, we can also take Z = eλG − e

1
2 λ

2
, for

different λ’s.

Obviously, this can be generalized to other distributions for G, as soon as the new random
variable G has explicit moments or an explicit Laplace transform.

3.4 Importance Sampling

This technique of variance reduction is based on a modification of the sampling distributions,
in order to sample outputs that we consider more relevant for the problem at hand. This
distribution modification is simply a change of probability, which is commonly used in
statistics and probability. In statistics for example, the theory of the estimation by likelihood
maximization is based on the study of the density of a parametric model with respect to a
reference probability measure. This density function, called likelihood, encodes the
dependence of the model with respect to the parameters. In probability, one can find
spectacular applications of the change of probability in the theory of Gaussian spaces and in
the study of martingales. In financial mathematics, this is a basic tool in the valuation of
financial contracts. In the theory of Monte-Carlo methods, this underlies all the algorithms
used to efficiently simulate rare events.

In the sequel, after some general information, we study the changes of probability based on
exponential transformations (known as Esscher transforms). Finally, we provide adaptive
algorithms to determine automatically the optimal parameters of a change of probability.

For discrete random variables, the changes of probability measure are often elementary; thus
we pay more attention to the case of continuous random variables in our presentation.

3.4.1 Changes of probability measure: basic notions and applications to Monte-
Carlo methods



⊳ Definition and general information. Let (Ω,F ,P) be a reference probability space, which
for instance stands for the probabilistic model to simulate.

Definition 3.4.1 A probability measure Q on the space (Ω,F) defines a change of probability
measure (with respect to P), if there exists a positive random variable L such that

Q (A) = E [L1A] if A ∈ F .
(3.4.1)

The random variable L is called the density or the likelihood of Q with respect to P. In general
we denote

Q = L ⋅ P, or dQ = LdP, or
dQ

dP
= L.

We say that the probability measures P and Q are equivalent, if the random variable L is
strictly positive P-a.s., which implies that P is a change of probability measure with respect to 
Q with density L−1.

For Q to be a probability measure (to have mass 1), it is necessary that EP(L) = 1.
Conversely, with the positivity assumption, this condition is sufficient to properly define a
probability measure Q (the axioms of mass 1 and of σ-additivity are thus verified).

When the probability measures are equivalent — which will always be the case in the
following — the density L is often represented in the form el, where l is called the log-
likelihood. In the case of equivalent probability measures, an event which is negligible for P is
also negligible for Q, and vice versa: P(A) = 0 ⇒ Q(A) = EP(L1A) = 0 because 1A = 0 P-
a.s. and conversely, Q(A) = 0 ⇒ P(A) = EQ(L−11A) = 0. Hence, an a.s. equality or an
a.s. limit takes place simultaneously under both probabilities, and it is not necessary to add P-
a.s. or Q-a.s. .

In practice, to calculate an expectation under the new probability measure, we use the
following formulas which allow us to pass from calculations under P to calculations under Q,
and vice versa; this follows from the definition of Q with respect to P. For any measurable
bounded function f (or appropriately integrable)

EQ (f (Y )) = EP (Lf (Y )), EP (f (Y )) = EQ (L−1f (Y )).
(3.4.2)

Example 3.4.2 Suppose that Y is a random variable with density p(.) on Rd — with respect to
the Lebesgue measure — and let q(.) be another probability density on Rd: we suppose in



addition that {x ∈ Rd : q(x) = 0} = {x ∈ Rd : p(x) = 0}.
Then L = q

p
(Y ) well defines the likelihood of a new probability measure Q equivalent to P

: indeed, L is positive and EP(L) = ∫
Rd

q
p
(y)p(y)dy = 1.

The distribution of Y under Q has q as density: indeed, for any bounded measurable function
f, we have

EQ (f (Y )) = EP (Lf (Y )) = ∫
Rd

f (y)
q

p
(y)p (y)dy = ∫

Rd

f (y)q (y)dy.

This example leads to several simple and important remarks.

1. If the components of Y are independent under P (i.e., the density p is written in the
form of a product p(y) = p1(y1)…pd(yd)) and q(y) = q1(y1)…qd(yd) so that

L =
d

∏
i=1

qi

pi
(Yi),

then the random variables (Yi)i are independent under Q and the distribution of Yi

under Q has the density qi(.). This is a common situation.

2. A change of probability measure may not preserve independence: indeed, if the
components of Y are independent under P (p(y) = p1(y1)…pd(yd)), they can be no
longer independent under Q (q is not necessarily written as a product over
coordinates) and vice versa. However, if the likelihood depends on additional random
variables independent of the others, the independence is preserved.

Proposition 3.4.3 (independence) Let Y and Z be two random variables, independent
under P and let L = Φ(Y) be a likelihood defining a new equivalent probability
measure Q. Then, Y and Z are again independent under Q.

PROOF:

For any continuous bounded functions g1 and g2, we directly check

EQ(g1(Y )g2(Z)) = EP(Φ(Y )g1(Y )g2(Z))

= EP(Φ(Y )g1(Y ))EP(g2(Z))

= EP(Φ(Y )g1(Y ))EP(Φ(Y )g2(Z))

= EQ(g1(Y ))EQ(g2(Z)).



▫

3. As the choice of q is very flexible, the mean and the covariance of Y may a priori
change from P to Q. In the Gaussian case, the changes of parameters will be much
easier to identify.

4. If the random variable f(Y) is square integrable under P, it may not be square
integrable under Q. It is easy to find such examples.

⊳ Applications to Monte-Carlo methods. Before going further in the analysis of the effects of
change of probability measure, we give an application to the numerical computation of 
EX = EP(X), in which we indicate explicitly the reference to P to avoid any ambiguity.
Starting from (3.4.2), we derive another Monte-Carlo estimator for EP(X).

Proposition 3.4.4 Let Q be a probability measure equivalent to P, associated with a likelihood
L. Suppose that (L,X) can be simulated jointly under Q and that (Lm,Xm)m ≥ 1 is a sequence of
independent random variables with the same distribution as (L,X) under Q. Then for any
random variable X, integrable under P, we have

I
Imp.Samp.
Q,M =

1

M

M

∑
m=1

L−1
m Xm

a.s.

M→+∞
EP (X) = EX.

(3.4.3)

It is important to note in (3.4.3) that the simulation outputs are no longer equally weighted
with the weights 1/M as before: this is to account for the change of measure that modifies the
likelihood of samples.

We highlight a minor drawback: the evaluation of the expectation of a constant random
variable — say 1 — is no more exact (as a difference with the usual Monte-Carlo method ):
indeed, it is likely that 1

M
∑M

m=1 L
−1
m ≠ 1. Similarly, the empirical average of X ∈ [0,1] may

give an estimator larger than 1, although it converges as M → +∞ to EX ∈ [0, 1].

PROOF:

Let us check that L−1X is integrable under Q. Taking the truncation |X|∧n
n→+∞

|X| and applying (3.4.2), we have

by the monotone convergence theorem and the Fatou lemma. Thus the law of large numbers can be applied to Q: the limit
is EQ(L−1X) = EP(X). ▫

−→

↑⏐EP( X ) = lim
n→+∞

EP( X ∧ n) = lim
n→+∞

EQ(L−1( X ∧ n))

≥ EQ(lim inf
n→+∞

L−1( X ∧ n)) = EQ(L−1 X )∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣



In order to derive confidence intervals, the next stage consists of an application of the
central limit theorem, with a limit variance equal to

VarQ(L
−1 X ) = EQ(L

−2 X 2) − (EX)2 = EP(L
−1 X 2) − (EX)2.

(3.4.4)

⊳ Is this variance smaller than VarP(X) = EP(X
2) − (EX)2? If yes, the importance

sampling gives an asymptotically more accurate Monte-Carlo estimator of EX. But actually
any situation regarding the variance may take place: the new variance can be less, or greater,
even infinite. Indeed, in view of (3.4.4) we observe that supposing X to be square integrable
under P is not sufficient for L−1X to be square integrable under Q; see the example below.

Example 3.4.5 (of the estimator I Imp. Samp.
Q,M  with infinite variance) Let X = exp(Y/3) with Y

distributed as ε xp(1), satisfying

E (X 2) = ∫
+∞

0
exp (2y/3) exp (−y)dy < +∞.

Let q(.) be the density of the distribution ε xp(2): then, L = q

p
(Y ) and

⊳ Guide to a good change of measure. However, there exists an optimal change of probability
measure.

Proposition 3.4.6 Suppose that X is a positive real-valued random variable. Then L = X
EX

defines a new probability measure Q equivalent to P such that the variance of I Imp. Samp.
Q,M  is

zero: only one sample is sufficient to estimate EX.

PROOF:

L is a likelihood with respect to P because it is positive and with expectation 1 under P. Moreover, the sampled random
variable is L−1X = EX, thus constant and I Imp. Samp.

Q,M = EX for all M ≥ 1. ▫

∣ ∣ ∣ ∣ ∣ ∣EQ( L−1X 2) = EP(L−1 X 2)

=

∞

∫
0

exp(−y)
2 exp(−2y)

exp(2y/3) exp(−y)dy = +∞.∣ ∣ ∣ ∣



This result is of course a utopia, because in practice an effective sampling under Q is out of
reach: indeed, without the knowledge of EX, it seems to be very difficult to simulate L and
thus a fortiori (L,X).

Proposition 3.4.6 is very important to understand how to choose L. For example, if X = 1A

for a certain event A with non-zero probability — the goal is thus to calculate P(A) — then we
set

Lε =
1A + ε

P(A) + ε
with ε > 0,

(3.4.5)

to properly define a new probability measure Qε. If ε = 0, we recover the optimal likelihood
given by Proposition 3.4.6. We have Qε(A) = EP(Lε1A) =

P(A)(1+ε)
P(A)+ε

→ 1 as ε → 0. So

under Qε with ε ≪ P(A), A occurs with probability very close to 1: the "optimal" change of
probability measure has the effect of making the event very likely while it is not under P. In
other terms, the changes of probability measure, which will significantly reduce the variance in
the Monte-Carlo evaluation of EX, are those which sample the most important outputs for X.

⊳ The dilemma: explicit likelihood or explicit sampling. For implementing an efficient change
of probability measure, two key elements are necessary:

– an explicit form of the likelihood L, useful to weight the outputs in (3.4.3), with the
likelihood close to optimal;

– an explicit distribution of the simulations under Q, to be able to effectively generate the
sequence (Xm)m ≥ 1.

To fulfill both conditions is delicate in practice. To illustrate this discussion, consider the case
X = f(Y). On the one hand, a good choice of the likelihood L must be approximately
proportional to f(Y): by a numerical or theoretical study of the function f, we may hope to
propose a good candidate L̃(Y ) for the likelihood. We must note that, unfortunately, this
choice does not lead systematically to a simple and tractable procedure to generate Y — thus X
— under Q. By default, an acceptance-rejection method may be used.

Conversely, specifying first the distribution of Y under Q is certainly rather convenient from
the point of view of the simulation of X; but even if L is explicit, nothing ensures that it will be
close to the optimal X

EX
. While not perfect, this is the approach that will be used in general.

That is why a good adjustment of L requires a good deal of intuition and modeling for the
problem. In Paragraph 4 we describe a robust algorithm of the parameter adjustment for
change of probability measure.

Example 3.4.7 (rare event) To illustrate the type of the heuristic we may consider, suppose 
X = 1Y≥y with Y a centered random variable. X is a Bernoulli random variable with



parameter p = P(Y ≥ y) and variance p(1−p). The relative error of a simple Monte-Carlo
method, with probability 95%, equals

1. 96√p(1 − p)/M

p
=

1. 96√1 − p

√p M
.

Suppose now that y ≫ 1, so that p ≪ 1 (rare event): the relative error is of order 1/√p M ,
and the accuracy deteriorates rapidly as the event becomes rarer (a very small proportion of
simulations of Y gives a value greater than y). To guarantee a given relative accuracy, the
number of simulations and the sought probability must evolve inversely proportionally.

Concerning the "optimal" change of probability Qε (defined in (3.4.5)), it shall make {Y ≥
y} appear with large probability. An efficient choice of Q — though not optimal — consists
certainly of making this event more likely, for example Q(Y ≥ y) ≈ 1

2 . Modifying the mean
and/or the variance of Y may achieve this goal.

3.4.2 Changes of probability measure by affine transformations

We continue by describing classic families of changes of probability measures, specifying the
form of likelihood and giving the distributions of new random variables.

The following result shows how to easily modify mean and variance. This is a simple
change of probability measure, which offers the advantage to keep an elementary simulation
under the new probability (affine transformation of the initial random variable) with an explicit
likelihood.

Proposition 3.4.8 Suppose that Y is a random variable in Rd, with the density p(.), positive on 
Rd.

– (Change of mean) For any θμ ∈ Rd, the likelihood

L =
p(Y − θμ)

p(Y )

defines an equivalent probability measure Q under which Y has the same distribution
as Y+θμ under P.

– (Change of mean and variance) More generally, for any θμ ∈ Rd and any square
matrix θσ of size d, the likelihood



L =
1

|det. (θσ)|

p(θ−1
σ (Y − θμ))

p(Y )

defines a probability measure equivalent to Q under which Y has the same distribution
as Y + θμ under P.

PROOF:

In the general case, we remark that by the example (3.4.2), the distribution of Y under Q has the density 
a(y) = 1

∣det.(θσ)∣
p(θ−1

σ (y− θμ)) which leads to the conclusion. ▫

In the case where Y is a standard Gaussian random variable in dimension 1 (

p(y) = 1
√2π

e−
y2

2 ), the result takes the following form.

Corollary 3.4.9 (Gaussian one-dimensional variable) Let Y
law(P)
= N (0, 1).

– (Change of mean) For all θμ ∈ R, the likelihood

L =exp (θμY −
1

2
θ2μ)

leads to Y
law(Q)
= N (θμ, θ2σ).

– (Change of mean and variance) For all θμ ∈ R and θσ > 0, the likelihood

L =
1

θσ
exp (

1

2
(1 −

1

θ2σ
)Y 2 +

Y θμ

θ2σ
−

θ2μ

2θ2σ
)

leads to Y
law(Q)
= N (θμ, θ2σ).

The changes of probability measure with a log-likelihood that is a polynomial of order 2
preserve the Gaussian distribution. This is again true for multidimensional Gaussian vectors.
We establish this for the change of mean only.

Proposition 3.4.10 (multidimensional Gaussian variable) Let (Y1,…,Yd,Z) be a Gaussian
vector of dimension d+1. Under the probability measure Q, having the density



L =exp (Z − EP (Z) −
1

2 P
(Z))

with respect to P, the vector (Y1,…,Yd) is Gaussian, with the same covariance matrix under P
and under Q, and with the expectation vector

EQ [Yi] =P (Yi,Z) + EP [Yi].

Proof:

Instead of working with densities as in the previous proofs, we efficiently use the Laplace transform of the linear
combinations of the random variables. Setting Y = ∑d

i=1 aiYi, which with Z forms a Gaussian vector, we have

The Laplace transform of the vector (Y1,…,Yd) under the probability measure Q is that of the Gaussian vector with the
same covariance matrix as under P, and with expectation given by
EQ[∑

d
i=1 aiYi] = ∑d

i=1 ai (EP[Yi] +P (Yi,Z)). ▫

Table 3.1 Comparison of half-width of confidence intervals of the simple Monte-Carlo method and of that with importance

sampling; for the second, the mean of the Gaussian distribution is adjusted to y.

Example 3.4.11 Consider the computation of EX for X = 1Y≥y, with Y
d
= N (0, 1). We

compare the estimation by the simple Monte-Carlo method and the importance sampling
Monte-Carlo method. The results are obtained with 10,000 simulations. Under the new
probability measure, Y is distributed as N (y, 1) so that Q(Y ≥ y) = 1

2 . The numerical
values are presented in Table 3.1. Beyond y = 4 the simple
Monte-Carlo estimator often returns

EQ[exp(∑
d

i=1
aiYi)]

= EP[exp(Z − EP(Z) − 1
2 P

(Z)) exp(Y )]

= exp[EP(Y + Z) − EP(Z) + 1
2 (P(Y + Z) −P (Z))]

= exp[EP(Y ) +P (Y ,Z) + 1
2 P

(Y )].



0 as none of the 10,000 simulations exceeds y: obviously the estimation of EX is completely
wrong. In the last column, the ratio of the variances is given, providing in this way the factor
of improvement in the computational time — for a given expected accuracy — by using the
importance sampling scheme rather than the simple method. The greater is y, the rarer is the
event and the more significant is the gain; this is a general phenomenon commonly observed
when the importance sampling method is compared to the simple method.

Figure 3.1 Monte-Carlo evaluation of P(|Y |≥ 6) by a naive method and by importance sampling changing the mean θμ = 6 or

the variance θσ = 9: only the empirical means are represented.


In the previous example, increasing the mean of Y gives a good result, because, due to the
form of X = 1Y≥y, we need to sample very large positive values of Y. Now let us consider 
X = 1∣Y ∣≥y, with a special focus on the very positive or very negative values of Y. Changing
the mean does not give good results at all. Even worse, taking y = 6 gives the impression of
convergence but it evaluates only half of the distribution (because 
Q(Y ≤ −6) = P(Y ≤ −12) is extremely small). In Figure 3.1, we plot the empirical means.
In this case, increasing the variance of Y (with θσ = 9) works very well. This illustrates that the
choice of a relevant change of probability measure requires that we first carefully analyze the
considered problem.

3.4.3 Change of probability measure by Esscher transform

A random variable Y with exponential moments allows us to easily define the change of
probability, known as the Esscher transform.

Definition and Proposition 3.4.12 Let Y be a real-valued random variable such that 
E(er|Y |) < +∞) for a certain r > 0. The moment-generating function of Y is defined by

M : θ ∈ R↦ E(eθY ) > 0.



It is finite on an open interval I containing 0:

– M is C ∞ on I, with M (k)(θ) = E(Y keθY );
– its logarithm (θ) = log(M(θ)) is convex.

These properties are classic, and we leave their proofs to the reader. From this we deduce the
following.

Corollary 3.4.13 Let Y be as in Definition 3.4.12. Forθ ∈ I, set L = eθY−Γ(θ): L defines an
equivalent probability measure Qθ under which Y is the random variable having the moment-
generating function

EQθ
(ezY ) = eΓ(θ+z)−Γ(θ).

Its expectation and its variance under Qθ are, respectively,

EQθ
(Y ) = Γ′ (θ), Qθ

(Y ) = Γ′′ (θ).

PROOF:

By the definition of , L is centered at 1 under P; in addition, EQθ
(ezY ) = EP(eθY−Γ(θ)ezY ) = eΓ(θ+z)−Γ(θ). Second, the

moment-generating function uniquely characterizes the distribution of the random variable. Finally, 
EQθ

(Y ) = EP(Y eθY−Γ(θ)) = M ′(θ)
M(θ)

= Γ′(θ) and Qθ(Y ) = EP(Y 2eθY−Γ(θ)) − [ M
′(θ)

M(θ)
]2 = M ′′(θ)M(θ)−[M ′]2(θ)

M 2(θ)
= Γ′′(θ).

▫

In the case where Y is Gaussian, we recover the likelihood changing the mean (Corollary
3.4.9). Here are some other examples that are easy to verify:

– (Exponential distribution ε xp(λ)): we have Γ(θ) = ln( λ
λ−θ

)1θ<λ +∞1θ≥λ and

under Qθ (for θ < λ), Y
d
= ε xp(λ− θ).

– (Poisson distribution P(λ): we have (θ) = λ(eθ−1) and under Qθ, Y has again the
Poisson distribution with the parameter λeθ.

In addition, if we want Y to have a given mean μ (respectively, a given variance σ2) under the
new probability measure, we simply have to choose θ so that ′(θ) = μ (respectively, ′′(θ) = σ2).

The next example is devoted to a random sum of independent random variables, which
serves as a basis for the processes with jumps (compound Poisson process).



Definition and Proposition 3.4.14 (random sum of random variables) Let N be a Poisson
random variable with the parameter λ and let (Zn)n ≥ 1 be a sequence of independent random
variables with the same distribution as Z, and having exponential moments. N and (Zn)n ≥ 1 are
supposed independent. Then the moment-generating function of
Y = ∑N

n=1 Zn is given by

E (eθY ) = eλE(eθZ−1), ∀θ ∈ R.
(3.4.6)

PROOF:

Using the independence of N and (Zn)n ≥ 1, E(eθY ) is equal to

▫

As in Corollary 3.4.13 we can easily deduce explicit changes of probability measure, by
playing with the parameter of N and the distribution of Z. This offers great flexibility. This
shows that, as in the Gaussian models, the models based on the Poisson distribution can be
stable under the change of probability measure.

Proposition 3.4.15 Let Y = ∑N
n=1 Zn with N and (Zn)n ≥ 1 as in Definition 3.4.14. Let 

φ : R↦ R be a measurable function with a linear growth at most.4 Set

L =exp (
N

∑
n=1

φ (Zn) − λEP (e
φ(Z) − 1)) :

L defines a probability measure Q equivalent to P under which Y has the same distribution as

Y ′ =
N ′

∑
n=1

Z ′
n

with

– N′ and (Z ′
n)n≥1 are independent,

∑
k≥0

e−λ λk

k!
E(e

θ∑
N

n=1
Zn

N = k) =∑
k≥0

e−λ λk

k!
E(e

θ∑
k

n=1
Zn)

=∑
k≥0

e−λ [λE(eθZ)]
k

k!
.∣



– N′ is a random variable having the Poisson distribution with parameter 
λ′ = λEP(e

φ(Z)),
– the random variables (Z ′

n)n≥1 are independent and with the same distribution as Z′

with Q(Z′∈ dz) = eφ(z)

EP(eφ(Z))
P(Z ∈ dz)

PROOF:

L is a well-defined likelihood as it is positive with mean 1 under P, using the equality (3.4.6) with θ = 1 and φ(Zn) instead
of Zn (also having exponential moments by the hypothesis on φ).

Then let us calculate the moment-generating function of Y under Q: applying again the equality (3.4.6), we have

We conclude the proof by identifying the law of Y under Q, owing to the form (3.4.6). ▫

Example 3.4.16 Let X = 1Y≥6 with Y following the Poisson distribution with parameter λ =
1. An explicit calculation shows that EX = 0.000594. A simple Monte-Carlo procedure gives,
with 1000 simulations, a confidence interval—at 95 %—equal to [−0.00096,0.00296]. Using
an importance sampling method based on Proposition 3.4.15 with λ′ = 6, the confidence
interval becomes [0.000507,0.000647]. The ratio of variances is approximately 800,
representing an equivalent gain in the computational time.

3.4.4 Adaptive methods

Once the type of change of probability measure is chosen according to the user’s expertise,
nonetheless it remains to adjust several parameters to get a numerically efficient algorithm. We
can obviously tune them by hand but an automatic tuning is beneficial for robustness issues.
This is a question which motivates current research and we present an approach based on [82],
valid in the Gaussian case with a change of the mean.

We want to evaluate EX with X = f(Y1,…,Yd), i.e., a function of a Gaussian Y = (Y1,…,Yd),
with components possibly independent. The change of probability measure is given by
Proposition 3.4.10: this requires us to specify a variable Z that forms with Y1,…,Yd a Gaussian
vector. For example:

– If X depends mainly on the sum Y1+…+Yd, it can be relevant to take Z = θ(Y1+…+Yd)
with a parameter θ ∈ R to optimize.

EQ(eθY ) = EP(LeθY ) = EP(exp(∑
N

n=1
(φ(Zn) + θZn) − λEP(eφ(Z) − 1)))

= exp (λEP(eθZ+φ(Z) − 1) − λEP(eφ(Z) − 1))

= exp(λ′EP (
eθZ+φ(Z)

EP(eφ(Z))
− 1)) = exp λ′∫ (eθz − 1)Q(Z ′ ∈ dz) .

⎛

⎝

⎞

⎠



– If X depends mainly on the two first components Y1 and Y2, the choice Z = θ1Y1+θ2Y2 is
reasonable, with a two-dimensional parameter (θ1, θ2) ∈ R2 to optimize.

– We can also take Z = ∑d
i=1 θiYi = θ ⋅ Y  if we prefer not to account for specific

relations.

We encompass all these different cases in the notation Z = θ⋅W, with θ ∈ Rd′  and W a random
vector of dimension d′ such that (Y,W) is a Gaussian vector.

Without loss of generality, we suppose that W is centered, otherwise we replace W by 
W − EP(W). If we denote by K the covariance of W, the likelihood of Qθ with respect to P is
written as

Lθ =exp (θ ⋅W −
1

2
θ ⋅Kθ).

From Proposition 3.4.10, under Qθ the vector (Y,W) is Gaussian with an unchanged covariance
and a modified mean

writing μ = E(YW T). We suppose that this matrix of size d×d′ is known. Thus to simulate
(Y,W) under Qθ, it is enough to simulate (Y,W) under P and then to add (μθ,Kθ): we use this
remark in the following.

The standard Monte-Carlo estimator is 1
M

∑M
m=1 f(Ym) whereas the importance sampling

Monte-Carlo estimator is (see (3.4.3))

I
Imp.Samp.
Q,M =

1

M

M

∑
m=1

exp (−θ ⋅Wm −
1

2
θ ⋅Kθ)f (Ym + θμ)

where (Ym,Wm)m ≥ 1 have the same distribution as (Y,W) under P. The main problem is still the
choice of the parameter θ minimizing the variance of L−1X under Qθ. From (3.4.4), θ
minimizes

( ( ( ) )

⎧⎪⎨⎪⎩EQθ
(Y ) = (EQθ

(Yi))i = EP (Yi) + E(YiW
T)

:=μi

θ

i

,

EQθ
(W) = EP (W) +Kθ,

⎛⎜⎝ 

⎞⎟⎠



v (θ) = EP(L−1
θ

|X|2) = EP(exp (−θ ⋅W +
1

2
θ ⋅Kθ)f 2 (Y )),

where to avoid the problems with integrability, we suppose that E(f 2(Y )eθ⋅W ) < +∞ for any
θ.

Performing a little differential calculus shows that v is then C 2 and its Hessian is equal to

∇2v (θ) = E((K + (Kθ−W)(Kθ−W)T)× exp (−θ ⋅W +
1

2
θ ⋅Kθ)f 2 (Y )) ≥ 0.

The function v is thus convex, in fact strictly convex as soon as P(f(Y ) ≠ 0) > 0, which we
now suppose. In fact, we can even show in certain cases — namely W = Y — that v is strongly
convex. We note that this reasoning does not require any hypothesis on the regularity of f. The
strong convexity implies the existence of a unique θ* which minimizes the variance of the
importance sampling Monte-Carlo estimator.

To determine it numerically, it is natural to minimize the empirical version of the function
v(θ):

vM (θ) :=
1

M

M

∑
m=1

exp (−θ ⋅Wm +
1

2
θ ⋅Kθ)f 2 (Ym).

By the same arguments as before, we verify that vM is convex in θ and an optimization
procedure of Newton type enables us to find θ*M . Additional work is necessary to show that the
empirical quantities converge a.s. to the expected limits (θ∗M

a.s.

M→+∞
θ∗ and 

vM(θ
∗
M)

a.s.

M→+∞
v(θ∗))), with some additional controls of fluctuations at rate √M

(central limit theorem); for the details of this analysis, we refer the reader to [82].

3.5 Exercises

Exercise 3.1 (antithetic sampling) Describe carefully how to define the confidence intervals
of the antithetic estimator I2,M, where the standard deviation is computed on the sample.

Exercise 3.2 (antithetic sampling, Cauchy distribution) Let Y be a standard Cauchy
variable. Write a simulation program to compare the antithetic transformation Y → −Y and the

−→

−→



semi-antithetic transformation Y → 1/Y for the computations of E(f(Y )) in the three cases

i) f(y) = sin(y),
ii) f(y) = cos(y),
iii) f(y) = (y)

1/4
+ .

In each case, discuss and explain the possible variance improvement in comparison with the
standard procedure.

Exercise 3.3 (stratification, optimal allocation)

i) Prove that the optimal allocation is indeed given by M
*
j = M

pjσj

∑k
i=1 piσi

.

ii) For such a choice, derive a central limit theorem for the estimator I strat.,opt.alloc.
M1,…,Mk

 as M
→ +∞.

Exercise 3.4 (stratification of Gaussian vectors) We aim at describing in detail the
generation of random variables in steps 1 and 2 of Example 3.2.2. We assume that Y is a
standard d-dimensional Gaussian vector and thatβ is normalized to 1, i.e. |β| = 1.

i) What is the distribution of Z = β⋅Y and its parameters?
ii) Assume that Sj = [−xj−1,xj) with −∞: = x0 < … < xj < … < xk : = +∞. Compute 
pj = P(Z ∈ Sj) as a function of the (xi)i. Derive the cumulative distribution function
of Z given {Z ∈ Sj}. Deduce an algorithm to generate such a distribution (assuming
that N −1(⋅) is known).

iii) Compute explicitly the distribution of Y−βZ. Show that it is independent on Z.
iv) Deduce a generation scheme of Y given {Z ∈ Sj}.

Exercise 3.5 (control variates) Establish a central limit theorem for the control variate
estimator ICont.Var.

β∗
M ,M  that uses the optimal empirical weights β*

M  defined in (3.3.2).

Check that the limit variance is (X−Z(β*)).

Exercise 3.6 (importance sampling, Gaussian vectors) Extend the formula of Corollary
3.4.9 to the multidimensional case, by changing both the mean and the covariance.

Exercise 3.7 (Esscher transform, Gaussian and exponential distributions) In Proposition
3.4.15, explicitly characterize the distributions of Z under Q, when we take φ(z) = z and when
under P, Z has either a Gaussian distribution or an exponential one.

Exercise 3.8 (importance sampling, Poisson distribution) Write a simulation program for
computing P(Y ≥ x), by importance sampling, when Y has a Poisson distribution with
parameter 1 and x is large (see Example 3.4.16).



Notes

1We use the classic decomposition Var(X) = E(Var(X|Z)) + Var(E(X|Z)).

2In opinion polls, the method is also known as the quota method.

3This is a little less obvious to show than before, because (Xm − Zm(β
*
M))m are not independent anymore, due to β

*
M

random but converging to β*.

4supx∈R
|φ(x)|
1+|x|

< +∞.



Part B

Simulation of Linear Processes



Chapter 4

Stochastic differential equations and Feynman-Kac
formulas

In this chapter, we make explicit the relations between stochastic processes and partial differential
equations (PDE): namely, the solution to a PDE is written as an expectation of a functional of the process.
We refer to probabilistic representations for partial differential equations, or Feynman-Kac formulas.

Historically, the first studied example is the heat equation, which is connected to Brownian motion. This
random process, whose trajectories are very erratic, was described first by Robert Brown in 1827, then
studied in other contexts by Louis Bachelier in 1900 and Albert Einstein in 1905. Einstein used it to
describe the random movement of a physical particle that diffuses, and found that its probability density of
being at position x at time t is the Gaussian density, which is called fundamental solution of the heat
equation. Later, Mark Kac (1914–1984) extended this relation to functionals of Brownian trajectories,
instead of functions of the position at a given time, see [84]: in fact, this new point of view echoed the PhD
work by Richard Feynman1 in 1942, about the Schrödinger equation in quantum mechanics, where he
introduced path integrals. For an introductive presentation, see [86].

With the spectacular development of stochastic tools during the second half of the 20th century, this
connection has been extended to more stochastic processes and more partial differential equations, under
the generic name of the Feynman-Kac formulas. This representation of the solution to partial differential
equations as an expectation of a functional of a stochastic process can take various forms: see for instance
the monographs by Friedmann [45, 46], Durrett [33], Freidlin [43] or the books [27], [88], [1]. This is the
starting point for fructuous developments. This double point of view — analysis and probability — is very
useful

− to solve theoretical questions by giving two sets of tools: the usual observation shows that these two
approaches are very complementary;

− to tackle numerical issues by providing two ways of resolution that are quite different (Monte-Carlo
simulation or discretization of partial differential equation): each one has advantages, specific to the
situations at hand.

In this text — and this is obviously incomplete — we emphasize the approach with probabilistic
algorithms, enabling us to provide a numerical solution to partial differential equation.

The plan of this chapter is the following. We start with Brownian motion, linked with the heat equation.
Brownian motion is used as a building block for more complex stochastic models. In the presentation, we
develop the properties that are the most useful for simulating or approximating Brownian motion. Then we
introduce the stochastic differential equations to treat a more general class of linear partial differential
equations. This extension requires the use of stochastic calculus, where we point out the main results
without proof: for more details, the reader may consult the standard works on the subject [88] or [127].



Regarding applications, the stochastic differential equations serve as building block for numerous
models in biology [101], chemistry [95], dynamics and genetics of populations [39], finance and economy
[119], random mechanics [96], physics [27] … other references will given throughout the chapter. This
part B is dedicated to linear problems, while nonlinear processes are studied in part C.

4.1 Brownian Motion

4.1.1 A brief history

Brownian motion was first described in 1827 by the English botanist Robert Brown as he observed the
erratic movement of fine organic particles in suspension in a gas or a fluid. In 1900, Louis Bachelier
introduced Brownian motion to model the random changes in stock prices at the stock exchange. In 1905,
Albert Einstein found the Brownian motion by building a probabilistic model to describe the movement of
a diffusive particle. The rigorous construction of Brownian motion is due to Norbert Wiener in 1923. We
give his proof here.

4.1.2 Definition

The Brownian motion can be seen as the limit of symmetric random walks defined by Sn = ∑n
i=1 Xi with

independent random variables (Xi)i with Rademacher distribution P(Xi = ±1) = 1
2 . As the random

variable Xi is centered and with unit variance, an application of the central limit theorem proves that 
1

√n
Sn

n→+∞
N (0, 1). We can look at the convergence at several large times n and by doing so, we

obtain a stochastic process: for this, we have to renormalize in time and space (Sn)n ≥ 1 by setting

W n
t =

1

√n

⌊nt⌋

∑
i=1

Xi.

(4.1.1)

Figure 4.1 The random walk after renormalization in time and space. From left to right: the processes Wn for n = 50,100,200. The parts with

the same color are generated with the same Xi.


=⇒



Defined as above, Wn is piece-wise constant: to make it continuous, we interpolate it linearly between
times of the form i/n. The central limit theorem proves once again that W n

t
n→+∞

N (0, t). Moreover, the

independence property and the common distribution of (Xi)i enable to show that the time increments of Wn

are asymptotically independent and with limit distribution W n
t − W n

s
n→+∞

N (0, t − s) (for t > s).

These arguments constitute the core of the proof of the Donkser theorem (see Breiman [19]), which states
the convergence in distribution of the process Wn toward a limit process called Brownian motion. We do
not go into details of this convergence in distribution at the level of the stochastic process and we simply
take the limiting characteristics as a definition for Brownian motion.

Definition 4.1.1 (of Brownian motion in dimension 1) A standard Brownian motion in dimension 1 is a
continuous-time stochastic process {Wt;t ≥ 0} with continuous paths, such that

− W0 = 0;
− the time increment Wt−Ws (0 ≤ s < t) has the Gaussian distribution with zero mean and variance

(t−s);
− for any 0 = t0 < t1 < t2.....<tn, the increments {Wti+1−Wti;0 ≤ i ≤ n−1} are independent.

The property of independent increments induces that W is a Markov process. One can also define
Brownian motion as a Gaussian process,2 and the proof of the equivalence between both definitions is left
to the reader.

Proposition 4.1.2 (Brownian motion as a Gaussian process) A continuous-time stochastic process (Wt)t ≥

0 with continuous paths is a Brownian motion if and only if it is a Gaussian process centered (E(Wt) = 0
for any t ≥ 0) with covariance function (Wt,Ws) = min(s,t) for any s,t ≥ 0.

Because Wt has the Gaussian distribution with zero mean and standard deviation equal to √t, we obtain 
|Wt|≤ 1.96√t with probability 95% for a given time t: this shows the diffusive behavior of Brownian
motion, a property that is also satisfied in general by subsequent stochastic differential equations.

Figure 4.2 A Brownian path and the two curves f(t) = ±1.96√t.


Theorem 4.1.3 Brownian motion exists!

PROOF:

=⇒

=⇒



There are several proofs of existence of Brownian motion. Here, we follow the constructive and very explicit approach by Wiener, an
approach that is sometimes used in numerical schemes. Set

Wt =
t

√π
G0 +√ 2

π
∑
m≥1

sin (mt)
m

Gm

where (Gm)m ≥ 0 is a sequence of independent standard Gaussian random variables N (0, 1): we show below that it is a standard Brownian
motion on the interval [0, π], by using the characterization of Brownian motion as a Gaussian process. To build a Brownian motion on R+,

it is then enough to put such processes end to end: on [iπ,(i+1)π], we set Wt = Wiπ + (t−iπ)
√π

G
(i)
0 +√ 2

π
∑m≥1

sin(mt)
m

G
(i)
m  where 

(G(i)
m )i,m≥0 are other independent standard Gaussian random variables.

On several occasions in the following, we use the following property (see Lemma A.1.4).

Lemma 4.1.4 Suppose that the real-valued random variable Xn

d
= N (μn,σ2

n) converges in distribution. Then the sequence of

parameters (μn,σ2
n)n converges and the limit distribution is Gaussian with parameters (limn μn, limn σ

2
n).

Figure 4.3 Wiener approximation Wn for n = 10,20,50.


Set W (n)
t = t

√π
G0 +√ 2

π ∑1≤m≤n

sin(mt)
m Gm, which is written as a sum of independent random variables that has a uniformly (in n)

bounded variance since ∑m≥1 Var( sin(mt)
m Gm) < +∞: similar to (2.1.2), we show that W (n)

t  converges a.s. (and thus in distribution) as
n → +∞. Moreover, W (n)

t  has a centered Gaussian distribution. By Lemma 4.1.4, Wt has a centered Gaussian distribution. Finally, W(n) is a
Gaussian process since any linear combination ∑i aiW

(n)
ti

 has the Gaussian distribution; therefore at the limit ∑iaiWti also has the
Gaussian distribution, i.e., W is a Gaussian process. The covariance function Cov(Wt,Ws) can be computed as the limit of covariances 
Cov(W (n)

t ,W (s)
t ), i.e.,

Cov(Wt,Ws) =
ts

π
+

2
π
∑
m≥1

sin (mt)
m

sin (ms)
m

.

The above series is equal to min(s,t) for (s,t) in [0,π]: this can be shown by computing the Fourier coefficients of the function t ∈
[−π,π]↦min(s,t) (s fixed).

To conclude, it remains to establish that (Wt)0 ≤ t ≤ π built as above is continuous: this is justified by proving the uniform convergence of 
∑0≤m≤n

sin(mt)
m Gm for a certain sequence n → +∞. Consider directly the complex-valued series and set 

Sn,p ≔ supt≤π ∣ ∑n≤m≤n+p
eimt

m Gm ∣. We have



It readily follows that E(S 2
n,p) ≤ C(n−1 + pn−3/2) for some constant C. Thus, we obtain that 

E(∑k≥1S2k,2k−1) ≤ ∑k≥1√C(2−k + 2−k/2) < +∞, which shows that, a.s., the series of functions with general term 

(∑2k≤m≤2k+1−1
sin(mt)

m
Gm)k≥1 is uniformly convergent on [0,π]: as a consequence, we get the continuity of the limit, and thus that of W. ▫

What is the application regarding the simulation of Brownian motion? The previous proof has the
advantage of providing a convergent, explicit, and simple approximation of Brownian motion on [0,π]:

W
(n)
t =

t

√π
G0 +√ 2

π
∑

1≤m≤n

sin (mt)
m

Gm.

It has the advantage of being quickly computable at any points, up to the generation of n independent
standard Gaussian random variables. On the other hand, the convergence in L2 is of order n−1/2 (the square
root of the remainder of the series ∑m ≥ nm−2): thus, the truncation of the series must be made with n large
to expect an accurate approximation. Moreover, for all n the approximation W(n) is C ∞ (see Figure 4.3),
whereas the Brownian motion is nowhere differentiable, monotonic on any interval (Proposition 4.1.5).
Thus, the irregularity of the Brownian trajectory is badly translated by the Wiener approximation, which is
a major drawback in some problems — for example for the simulation of extrema of the Brownian motion.

Proposition 4.1.5 (absence of monotonicity) We have

P(t ↦ Wt is monotonic on an interval) = 0.

PROOF:

Define M ↑
s,t = {ω : u ↦ Wu(ω)as non-decreasing in the interval ]s, t[} and M ↓

s,t similarly. We notice that

and since the union is countable, it is enough to show P(M ↑
s,t) = P(M ↓

s,t) = 0 in order to conclude 
P(M) ≤ ∑s,t∈Q,0≤s<t[P(M ↑

s,t) + P(M ↓
s,t)] = 0. For a given n, put ti = s+i(t−s)/n, then P(M ↑

s,t) ≤ P(Wti+1 − Wti ≥ 0, 0 ≤ i < n). The
increments being independent and centered, we have P(M ↑

s,t) ≤ ∏n−1
i=0 P(Wti+1 − Wti ≥ 0) = 1

2n . The integer n being arbitrary, we
obtain P(M ↑

s,t) = 0. The same arguments yield P(M ↓
s,t) = 0. ▫

S 2
n,p = sup

t≤π
∑

n≤m,m′≤n+p

e−imt

m
eim

′t

m′ GmGm′

≤∑
n≤m≤n+p

G2
m

m2 + 2sup
t≤π
∑

1≤l≤p
∑

n≤m≤n+l−1
eilt

GmGm+l

m(m+l)

≤∑
n≤m≤n+p

G2
m

m2 + 2∑
1≤l≤p

∑
n≤m≤n+l−1

GmGm+l

m(m+l) ,

E(S 2
n,p) ≤∑

n≤m≤n+p

1
m2 + 2∑

1≤l≤p

√E(∑
n≤m≤n+l−1

GmGm+l

m(m+l) )
2

=∑
n≤m≤n+p

1
m2 +∑

1≤l≤p
√∑

n≤m≤n+l−1

1
m2(m+l)2 .∣ ∣∣ ∣∣ ∣

M := {ω : t ↦ Wt(ω) ismonotonic on an interval}

= ∪
s,t∈Q,0≤s<t

(M ↑
s,t ∪ M

↕
s,t),



Now we state some properties of the Brownian path: for the proofs, the reader may refer to [88] or [127].
These properties are very useful for the simulation.

Proposition 4.1.6 Let W be a Brownian motion.

i) SYMMETRY PROPERTY. −W is a Brownian motion.
ii) SCALING PROPERTY. For any c > 0 {W c

t = c−1Wc2t; t ∈ R+} is a Brownian motion.
iii) TIME REVERSAL. The process with time reversed from time T, i.e. Ŵ T

t = WT − WT−t, is a
Brownian motion on [0,T].

iv) DISTRIBUTION OF THE MAXIMUM. For any y ≥ 0 and any x ≤ y, we have:

P(sup
t≤T

Wt ≥ y,WT ≤ x) = P (WT ≥ 2y − x),

(4.1.2)

P(sup
t≤T

Wt ≥ y) = P (|WT | ≥ y).

(4.1.3)

4.1.3 Simulation

Forward procedure. If the aim is to generate the skeleton (Wti)0 ≤ i ≤ n for a set of predefined increasing
times 0 = t0 < … < ti < … < tn, it is enough to compute iteratively Wti+1 = Wti + √ti+1 − ti Gi for i =
0,…,n−1 with (Gi)i independent standard Gaussian random variables.

In some algorithms, it may be necessary to add one value W at a different date t:

– If t > tn, we continue the forward procedure by generating Wt

d
= Wtn + √t − tnN (0, 1).

– If t ∈ (ti,ti+1), one has to insert a new value Wt accounting for the other previously generated values
(refinement of path). This is the Brownian bridge technique, i.e., it consists of simulating the
Brownian path when one knows some intermediate values.

The procedure relies on the following result, which proves that one has to take into account only the values
Wti and Wti+1 to generate Wt for t ∈ (ti,ti+1). It is interesting for the sequel to state a slightly more general
version for Brownian motion with drift μ.

Lemma 4.1.7 (Brownian bridge) Let μ ∈ R and set Xt = Wt+μt. Let 0 ≤ u ≤ v, the distribution of (Xt)u ≤ t ≤

v conditionally on (Xs : s ≤ u;Xs : s ≥ v) coincides with the distribution of (Xt)u ≤ t ≤ v conditionally on Xu and
Xv. This conditional distribution is that of

(Xu + (Xv − Xu)
t − u

v − u
+ B

u,v
t )

u≤t≤v



where (Bu,v
t )u≤t≤v is a Gaussian process, centered, with covariance function

Cov(Bu,v
t ,Bu,v

s ) =
(s − u)(v − t)

(v − u)
, v ≥ t ≥ s ≥ u,

and independent of (Xs : s ≤ u;Xs : s ≥ v).
Since (Bu,v

t )u≤t≤v depends neither on Xu, nor on Xv, nor on the drift μ, it has the same distribution as a
Brownian motion (Wt)u ≤ t ≤ v conditioned to start from Wu = 0 and to arrive at Wv = 0, i.e. a so-called
standard Brownian bridge, between times u and v. Therefore, owing to the previous result, a general
Brownian bridge is the independent superposition of a standard Brownian bridge and of the affine function
connecting (u,Xu) to (v,Xv).

PROOF:

Let us start with the first result on conditional distributions. Let us consider the three bounded continuous functionals φu,φuv,φv and set Φu

= φu(Xs : s ≤ u), Φuv = φuv(Xs : u ≤ s ≤ v), Φv = φv(Xs : s ≥ v). A repeated application of the tower property for conditional
expectations and of the Markov property of Brownian motion yields

which shows indeed that the distribution of (Xt)u ≤ t ≤ v conditionally to (Xs : s ≤ u,s ≥ v) coincides with that conditionally to Xu and Xv.
The definition of Bu,v is equivalent to

B
u,v
t := Xt − Xu − (Xv − Xu)

t − u

v − u
;

(4.1.4)

this process is clearly Gaussian, centered, since E(Bu,v
t ) = μt − μu − (μv − μu) t−u

v−u
= 0, and a computation of covariance gives

Cov(Bu,v
t ,Xr) = t ∧ r − u ∧ r − (v ∧ r − u ∧ r)

t − u

v − u
.

We obtain a zero covariance for r ≤ u or r ≥ v; owing to properties of Gaussian distributions, this shows the announced independence.

Last, the covariance function of the process Bu,v easily follows from (4.1.4); the computation is left to the reader. ▫

Recursive procedure. Consequently, the distribution of Wt conditionally to Wti and Wti+1 is Gaussian,
centered on the line connecting Wti and Wti+1 and with explicit variance. For the midpoint t = 1

2 (ti+1 + ti),
its characteristics are pretty simple: conditionally to Wti and Wti+1, we have

W ti+1+ti
2

d
= N (

Wti + Wti+1

2
,
ti+1 − ti

4
).

E(ΦuΦuvΦv) = E(ΦuE(ΦuvE(Φv|Xs : s ≤ v)|Xs : s ≤ u))
= E(ΦuE(ΦuvE(Φv|Xv)|Xu))

= E(E(Φu|Xu)E(E(Φuv|Xu,Xv)E(Φv|Xv) |Xu) )
= E(ΦuE(Φuv|Xu,Xv)Φv), (perform the computations back)



By simulating in the order W1,W 1
2
, (W 1

4
,W 3

4
), (W 1

8
,W 3

8
,W 5

8
,W 7

8
), … and by performing linear

interpolation between points, we obtain Figure 4.4. This construction is due to Paul Lévy (1886–1971),
who used it to build the Brownian motion.

At which frequency should one sample the Brownian trajectory? It depends much on the problem to
solve.

– If the objective is to simulate W1, which is useless obviously to discretize time and only one
Gaussian random variable is enough to generate W1.

– If the interest is in the integral ∫ 1
0 Wsds, one can use a method of rectangles and approximate it by 

1
n
∑n

i=1 W i
n

: one can show
that the error is of order 1/n in L2.


Figure 4.4 Iterative construction of Brownian motion by the Brownian bridge technique.




But there is a simpler way: ∫ 1

0 Wsds has a Gaussian distribution (because this is the limit of the
Riemann sums which have Gaussian distribution — see Lemma A.1.4) of zero mean and variance 
1
3 .

– If we now consider M1 = maxt ∈ [0,1]Wt, approximating it by maxi≤nW i
n

 is natural but quite rough.
It is noticed that the sought random variable is thus underestimated: as the time increments of W are
about the square root of the time step, one may guess that the error decreases like 1/√n. This
intuition is exact but difficult to prove: see [6] for a complete justification. Anyhow, this under-
estimation yields important skews, which decrease slowly with n. Actually, the distribution of M1 is
equal to that |W1| (see equality (4.1.3)) and this trick is much simpler for the simulation of M1.



If we are now interested in (W1,M1 = maxT∈[0.1] Wt), one can also generate an exact simulation
via (4.1.2). One starts by simulating W1, then M1 conditionally on W1. For this second stage, one is
based on the explicit expression of the conditional c.d.f.:

(4.1.5)
P(M1 ≤ y W1 = x) = ∂xP(M1≤y,W1≤x)

∂xP(W1≤x)

= 1 − ∂xP(W1≥2y−x)
∂xP(W1≤x)

= 1 − exp(− 1
2 (2y − x)2 + 1

2 x
2)

= 1 − exp (−2y(y − x)).∣



By the inversion method (Proposition 1.2.1) and using a uniformly distributed random variable U,
we obtain

1
2
(x +√x2 − 2 log (1 − U))

d
= M1 W1 = x.

4.1.4 Heat equation

⊳ One-dimensional case. The distribution of x+Wt is Gaussian with mean x and variance t: for t > 0, its
density at point y is

g (t,x, y) :=
1

√2πt
exp (−(y − x)2/2t),

called the heat kernel in that context. A direct computation shows that g(t,x,y) satisfies the partial
differential equation

g′
t (t,x, y) =

1
2
g′′
xx (t,x, y), t > 0.

Then, multiply this by f(y) — for a measurable function f which we assume to be bounded to simplify —
and integrate in y: it gives

∫
R

g′
t (t,x, y)f (y)dy =

1
2
∫
R

g′′
xx (t,x, y)f (y)dy.

If we set u(t,x) = E(f(x + Wt)) = ∫
R
gt(t,x, y)f(y)dy and we apply the Lebesgue differentiation

theorem, it is not difficult to justify that (for t > 0) the integral on the left-hand side is u′
t(t,x) while that

on the right-hand-side is 1
2 u

′′
xx(t,x). We have established a first Feynman-Kac formula, in dimension 1 of

space.

Theorem 4.1.8 (heat equation, d = 1) Let f : R ↦ R be a bounded measurable function. The function 
u : (t,x) ∈ R+ × R ↦ u(t,x) = E[f(x + Wt)] is the solution to the heat equation

u′
t (t,x) =

1
2
u′′
xx (t,x), u (0,x) = f (x).

(4.1.6)

As there is a unique solution to such equations, the solution is thus given by E[f(x + Wt)].

∣



⊳ Multidimensional case. The extension to the dimension d > 1 is similar. For this we introduce a d-

dimensional Brownian motion W = , each component being a one-dimensional Brownian motion

and the components being independent. The distribution of x+Wt
 is Gaussian and has density 
g(t,x, y) = 1

(2πt)d/2 exp(−|y − x|2/2t), that solves the heat equation

g′
t (t,x, y) =

1
2

d

∑
k=1

g′′
xk,xk

(t,x, y) =
1
2

Δg (t,x, y),

where we use the notation Δ for the d-dimensional Laplacian. As before, we obtain the following:

Figure 4.5 Brownian motion in dimension 2 and 3.


Theorem 4.1.9 (heat equation, d ≥ 1) Let f : Rd ↦ R be a bounded measurable function. The function 
u : (t,x) ∈ R+ × Rd ↦ u(t,x) = E[f(x + Wt)] is the solution to the heat equation

u′
t (t,x) =

1
2

Δu (t,x), u (0,x) = f (x).
(4.1.7)

Link between random walk and finite difference scheme for partial differential equation. Consider the
random walk in dimension 1, defined in (4.1.1),

W n
t =

1

√n

⌊nt⌋

∑
i=1

Xi;

the discussion in the multidimensional case is similar. As n → +∞, Wn converges in distribution to a
Brownian motion and this implies the convergence of

⎛⎜⎝W1

⋮
Wd

⎞⎟⎠



un (t,x) = E(f(x + W n
t ))

to u(t,x) solution to the heat equation (1.10), provided that f is continuous and bounded. For t = i
n

, thanks
to the independence of the (Xi)i we write

By rearranging the terms, we obtain

and we retrieve a finite difference scheme for the heat equation, see [2, Chapter 2].

Application in Monte-Carlo method. To evaluate the solution of the heat equation (4.1.7), one can apply
the Monte-Carlo method for computing the expectation by generating independent simulations of x+Wt.
The convergence and the error control are described by the results of Part A. It should be noted that these
simulations make it possible to compute the solution pointwise, at the point (t, x) say, whereas a PDE
scheme gives the solution on a full grid in time/space. To have the solution at other space points or other
times by Monte-Carlo method, one shall keep the same Brownian drawings (W m

t )
m

, then shift them in
space or cut/extend their path in time; for other processes, this trick is not possible in general.

Summary. The main comparative features between a numerical approach based on a partial differential
equation or on the Monte-Carlo method are the following.

1. Numerical approach by partial differential equation.

(a) Advantages: computation of a global solution (or in a large domain); good convergence
rates (related to the choice of the time and space steps); possible refinement of mesh.

(b) Drawbacks: large linear system to invert (whose size grows exponentially with the
dimension d); convergence under conditions about the model coefficients (stability
condition of CFL type for explicit scheme, ellipticity condition in the case of nonconstant
coefficients).

2. Numerical approach by Monte-Carlo method.

(a) Advantages: unconditional convergence (universality of the law of large numbers, no
condition related to the model non-degeneracy); computational code that is simple (to

un ( i
n

,x) = E(f(x + W n
i−1
n

+ Xi

√n
))

= 1
2 u

n ( i−1
n

,x + 1
√n
)+ 1

2 u
n ( i−1

n
,x − 1

√n
).

un( i
n

,x)−un( i−1
n

,x)
1
n

= 1
2

un( i−1
n

,x+ 1
√n
)−2un( i−1

n
,x)+un( i−1

n
,x− 1

√n
)

( 1
√n
)

2



write and to update); complexity nonsensitive to the dimension; a posteriori error estimates
(confidence intervals).

(b) Drawbacks: computation of a pointwise solution; slow convergence (given by the central
limit theorem); random error (nonreproducible).

It is commonly admitted that in general, a PDE method is preferable in dimension lower than 3, and a
Monte-Carlo approach becomes better in a larger dimension. In Chapter 8, the Monte-Carlo methods
developed for non-linear equations provide a numerical solution everywhere and they become sensitive to
the dimension.

4.1.5 Quadratic variation

Brownian motion has the astonishing property of finite and non-zero quadratic variation. Here, Brownian
motion is one-dimensional.

Definition and Proposition 4.1.10 (quadratic variation) For a given subdivision π = {t0 = 0 < ⋯ < ti <
⋯} of the time interval, the quadratic variation of W along π is defined by

V π
t = ∑

ti∈π∩[0,t]

(Wti+1∧t − Wti)
2.

Then, for any sequence of subdivisions π with size |π| = supi|ti+1−ti|→0, V π
t  converges to t in L2:

lim
|π|→0

V π
t

L2
= t.

Let us recall that a continuously differentiable function has a quadratic variation equal to 0 at the limit: it is
a crucial difference when it is a question of writing a specific differential calculus.

PROOF:

Denote by n(t) the integer such that tn(t) ≤ t < tn(t)+1 and write V π
t − t = ∑n(t)−1

i=0 Zi with Zi = (Wti+1∧t−Wti∧t)2−(ti+1∧t−ti∧t). The random
variables (Zi)i are independent, centered and square integrable (since the Gaussian distribution has finite moments of order 4): moreover,
the scaling property of Proposition 4.1.6 ensures that E(Z 2

i ) = C2(ti+1 ∧ t − ti ∧ t)2 for a positive constant C2. Then 
E(V π

t − t)2 = ∑n(t)−1
i=0 E(Z 2

i ) = C2 ∑
n(t)−1
i=0 (ti+1 ∧ t − ti ∧ t)2 ≤ C2 t |π|→ 0. ▫

Had W been continuously differentiable, with the usual differential calculus rules, we would have written 
W 2

t = 2 ∫ t

0 WsdWs = lim∣π∣→0 ∑ti∈π∩[0,t] 2Wti(Wti+1∧t − Wti). The previous property of non-zero

quadratic variation modifies this rule and we obtain a formula for the square that is different because of an
extra “t” term.

Proposition 4.1.11 (A first Itô formula) We have



W 2
t

L2
= t+ lim

|π|→0
∑

ti∈π∩[0,t]

2Wti (Wti+1∧t − Wti).

PROOF:

It is enough to write W 2
t = ∑ti≤t(W

2
ti+1

− W 2
ti

) = ∑ti≤t(Wti+1 − Wti)
2 + 2∑ti≤tWti(Wti+1 − Wti) and then to apply Proposition

4.1.10. ▫

The purpose of the next section is to provide general properties of the above limit, which can still be
written as ∫ t

0 2WsdWs by notational abuse, and which is called the stochastic integral. We observe that
the term ∫ t

0 2WsdWs has zero expectation since E(W 2
t ) = t.

4.2 Stochastic Integral and Itô Formula

We give in this section the minimum mathematical results related to stochastic calculus to allow us to
continue the study of the simulation of stochastic differential equations. Their proofs are not given, only
some heuristics, and the reader can refer to the usual textbooks on the subject, for instance [88] or [127].

4.2.1 Filtration and stopping times

On the probability space (Ω,F ,P) on which we suppose to have defined a Brownian motion W (possibly
in dimension d), we associate to t ≥ 0 the sigma-field F 0

t = σ(Ws : 0 ≤ s ≤ t), i.e., the smallest sigma-
field making measurable the random variables Ws for 0 ≤ s ≤ t. In the following, we consider the natural
filtration of Brownian motion completed3 with negligible sets, i.e., the non-decreasing sequence of sigma-
fields (Ft)t≥0 where Ft is the sigma-field generated by the sets of F 0

t  and those of zero probability of
the sigma-field F .

Definition 4.2.1 An R-valued stochastic process (Xt)t ≥ 0 is measurable if 
X : (t,ω) ∈ (R+ × Ω) ↦ Xt(ω) ∈ R is B(R+) ⊗F-measurable.

It is adapted to (Ft)t≥0 (or simply adapted) if for any t ≥ 0, Xt is Ft-measurable.
Thus we verify that (Wt)t ≥ 0 and (W 2

t − t)t≥0 are martingales with respect to (Ft)t: indeed, for any t >
s,

i) E(Wt|Fs) = Ws + E(Wt − Ws|Fs) = Ws;
ii) E(W 2

t − t|Fs) = W 2
s − s + E((Wt − Ws)(2Ws + (Wt − Ws)) − (t − s)|Fs) = W 2

s − s.

These martingale properties will be transmitted to the stochastic integrals in the sequel.

Definition 4.2.2 A non-negative random variable τ is a stopping time (implicitly for the filtration (Ft)t≥0)
if for any t ≥ 0, the event {τ ≤ t} is in Ft.

Therefore,

– the first hitting time of y > 0 by the scalar Brownian motion is a stopping time;
– the last passage time at 0 before time 1 is not.



4.2.2 Stochastic integral and its properties

For a given time T > 0 (possibly T = +∞), we define several sets of processes.

– H2
T = {ϕ adapted process such that ∥ϕ∥2

H2
T
≔ E ∫ T

0 ∣ ϕs ∣2ds < +∞} The process can be

scalar or vector valued (as a row).
– H2,loc.

T = {ϕ adapted process such that ∫ T

0 ∣ ϕs ∣2ds < +∞ a. s.}

– Helem. stands for the set of elementary adapted processes (step processes), i.e., ϕt = ϕti for ti < t ≤ ti+1

and for some time grid π = {0 = t0 < … < ti < …}.

⊳ The case of elementary process. If ϕ is elementary, with values in Rd and square integrable (i.e., 
ϕ ∈ H2

T ∩Helem.), then the stochastic integral with respect to the d-dimensional Brownian motion is
defined by

(4.2.1)

Its two first moments can be computed explicitly, by taking advantage of the fact that ϕ is adapted, that the
Brownian increments are independent, centered, and with explicit variance, and that the Brownian motions
(Wk)k are independent.

– The stochastic integral is centered:

E(∫
T

0
ϕsdWs) = ∑

ti≤T

d

∑
k=1

E (ϕk,tiE (Wk,T∧ti+1 − Wk,ti |Fti)) = 0.

– The stochastic integral is square integrable with an explicit L2-norm:

(4.2.2)

T

∫
0

ϕsdWs =∑
ti≤T

ϕti(WT∧ti+1 − Wti)

=∑
ti≤T
∑

d

k=1
ϕk,ti(Wk,T∧ti+1 − Wk,ti).

E(

0

∫
T

ϕsdWs)

2

= 2∑
ti<tj≤T

E(ϕti(WT∧ti+1 − Wti)(WT∧tj+1 − Wtj)
T
ϕT
tj

)

+∑
ti≤T

E(ϕti(WT∧ti+1 − Wti)(WT∧ti+1 − Wti)
T
ϕT
ti

)



=∑
ti≤T

E (ϕtiϕ
T
ti
) (T ∧ ti+1 − ti) = E(

T

∫
0

ϕs
2ds).

(4.2.3)

By using a polarization identity, we obtain for another φ ∈ Helem.

E[(∫
T

0
ϕsdWs)(∫

T

0
φsdWs)] = E[∫

T

0
ϕs ⋅ φsds].

We easily observe that the stochastic integral (I ϕ
T = ∫

T

0 ϕsdWs)T≥0 as a process indexed by time is

continuous, adapted, and with finite quadratic variation given by

lim
|π|→0

∑
ti≤T

(I ϕ
ti+1∧T − I

ϕ
ti
)

2
= ∫

T

0
|ϕs|

2ds.

Finally, a simple calculus similar to that for the two first moments gives the following martingale
properties (by analogy with the Brownian motion):

E(I ϕ
T
Ft) = I

ϕ
t , E((I ϕ

T
)

2
− ∫

T

0
ϕs|2ds|Ft) = (I ϕ

t )
2

− ∫
t

0
|ϕs|

2ds.

⊳ The general case. The extension of the stochastic integral for ϕ ∈ H2
T  relies on the equality (4.2.3),

which defines an isometry between L2(dP) and L2(dt ⊗ dP), and on the existence of elementary
processes in Helem. approximating — in the norm ∥ ⋅ ∥H2

T
 — the process in H2

T . By doing so, the previous
properties remain true in the general case and the construction can be done to preserve the continuity
properties of the stochastic integral process. We synthesize all these properties in the form of a theorem,
ready for use.

Theorem 4.2.3 Let W be a Brownian motion in dimension d and let ϕ ∈ H2
T  be valued in Rd (written as a

row). The stochastic integral (I ϕ
t = ∫ t

0 ϕsdWs)
0≤t≤T

 is a continuous adapted process that fulfills the

following properties:

– (Martingale) (I ϕ
t )0≤t≤T  and ((I ϕ

t )
2

− ∫ t

0 ∣ ϕs ∣2ds)
0≤t≤T

 are martingales.

– (Covariance) for any φ ∈ H2
T

 with values in Rd

E[(∫
T

0
ϕsdWs)(∫

T

0
φsdWs)] = E[∫

T

0
ϕs ⋅ φsds].

∣ ∣∣ ∣



– (Doob maximal inequality) There exists a universal positive constant4 c2 such that

E( sup
0≤t≤T

I
ϕ
t

2
) ≤ c2 sup

0≤t≤T
E( I

ϕ
t

2
) = c2 E(∫

T

0
|ϕs|

2ds).

– (Localization) for any stopping time τ, I ϕ
t∧τ = I

ϕ1⋅<τ

t (= ∫ t

0 1s<τϕsdWs)

– (Quadratic variation) lim
∣π∣→0

∑ti≤T (I
ϕ
ti+1∧T − I

ϕ
ti
)

2
= ∫ T

0 ∣ ϕs ∣2ds

⊳ Some ramifications.

– In general, the distribution of a stochastic integral is not explicit: the remarkable exception
corresponds to the case where ϕ is deterministic. In that case, I ϕ

t  has a Gaussian distribution,
centered, and with variance ∫ t

0 ∣ ϕs ∣2ds: I ϕ
t  is called the Wiener integral.

– One can also define a stochastic integral for ϕ ∈ H
2,loc.
T , but the martingale properties and the

equalities on the two first moments are not necessarily satisfied.

⊳ Simulation of a stochastic integral. To simulate ∫ T

0 ϕsdWs for ϕ ∈ H2
T

, in general there does not exist
an exact method because its distribution is not explicit. One can approximate it by a Riemann sum 
∑n−1

i=0 ϕti(Wti+1 − Wti) along an equidistant time grid ti = i T
n

. One can show (but this is quite technical)
that the error converges to 0 in probability: exhibiting convergence rates in L2 is quite difficult in full
generality and the rates depend strongly on the choice of discretization times and on the regularity
properties of ϕ. See Exercise 4.3.

4.2.3 Itô process and Itô formula

Definition 4.2.4 (Itô process) Let (bt)t ≥ 0 and (σt = [σ1,t,…,σd,t])t be two adapted processes satisfying 
∫ t

0(∣ bs ∣ +∣ σs ∣2)ds < +∞ a.s. for any t ≥ 0, the first one taking values in Rq and the second one in 

Rq ⊗ Rd. The Itô process (Xt)t ≥ 0 with drift coefficient b and diffusion coefficient σ starting from x0 is the
q-dimensional process defined by∣ ∣ ∣ ∣

Xt = x0 +

t

∫
0

bsds +

t

∫
0

σsdWs

= x0 +

t

∫
0

bsds +∑
d

k=1

t

∫
0

σk,sdWk,s, t ≥ 0.



The integral related to b is C 1 in time, thus its quadratic variation is zero: therefore the quadratic variation
of X is that of ∫

⋅
0 σsdWs, i.e., ∫ t

0 ∣ σs ∣2ds at time t. This point is important because the infinitesimal
decomposition of f(Xt) via a Taylor formula reveals a term with a second derivative implying the quadratic
variation of X. It is to some extent the trademark of stochastic calculus, with the famous Itô formula.

Theorem 4.2.5 (Itô formula) Let f : R+ × Rq ↦ R be a function of class C 1,2 and let X be a q-
dimensional Itô process with coefficients b and σ.

Then Yt = f(t,Xt) defines again an Itô process, in dimension 1, whose coefficients are given by

In other words, a smooth transformation of the Itô process remains an Itô process, with an explicit
decomposition. We will repeatedly use this result in what follows.

4.3 Stochastic Differential Equations

4.3.1 Definition, existence, uniqueness

A stochastic differential equation is an ordinary differential equation ẋt = b(t,xt) to which we add a
Brownian perturbation.

Theorem 4.3.1 Let W be a d-dimensional Brownian motion. Let b : R+ × Rd ↦ Rd and 
σ : R+ × Rd ↦ Rd ⊗ Rd be two continuous functions satisfying the following regularity and
boundedness conditions5: for a finite positive constant Cb,σ we have

i) |b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| ≤ Cb,σ|x − y| for all (t,x, y) ∈ [0,T ] × Rd × Rd;

ii) sup
0≤t≤T

(∣ b(t, 0) ∣ + ∣ σ(t, 0) ∣) ≤ Cb,σ.

For a given x0 ∈ Rd, consider the following stochastic differential equation with drift coefficient b and
diffusion coefficient σ:

Xt = x0 + ∫
t

0
b (s,Xs)ds + ∫

t

0
σ (s,Xs)dWs.

(4.3.1)

f(t,Xt) = f(0,x0) +

t

∫
0

∂tf(s,Xs)ds +

t

∫
0

∇xf(s,Xs)bsds

+

t

∫
0

∇xf(s,Xs)σsdWs + 1
2 ∑

q

k,l=1

t

∫
0

f ′′
xk,xl

(s,Xs)[σsσ
T
s ]k,lds.



Then, there exists a unique adapted solution X in H2
T ; the solution is continuous and verifies 

E(sup0≤t≤T |Xt|2) < C(1 + |x0|2) for a constant C depending on T and Cb,σ.
By analogy with the Brownian motion and the heat equation, this stochastic process is also called a

diffusion process or simply diffusion. We refer to the bibliography for the detailed proof. Let us discuss
only the principle in the purpose of simulation. The idea is, as for an ordinary differential equation, to
show that some Picard iterations are converging (i.e. a certain map is contracting in a certain Hilbert space
with an appropriate norm). Namely, we initialize with X(0) = x0, then we set

X
(n+1)
t = x0 + ∫

t

0
b(s,X (n)

s )ds + ∫
t

0
σ(s,X (n)

s )dWs,

(4.3.2)

thus (X(n))n converges to X. In fact, this scheme is not efficient at all regarding the simulation since it
requires us to iteratively simulate the stochastic integral ∫ t

0 σ(s,X (n)
s )dWs for any n; indeed, this is

possible only in an approximate manner (see our discussion at the end of Section 4.2.2) and the time-
discretization errors cumulate along iterations. In Chapter 5 we will study a simpler scheme (Euler
scheme).

4.3.2 Flow property and Markov property

Instead of solving the stochastic differential equation from time 0, we can similarly solve it from time t0 ≥
0

Xt = x0 + ∫
t

t0

b (s,Xs)ds + ∫
t

t0

σ (s,Xs)dWs, t ≥ t0,

(4.3.3)

and we then obtain a solution adapted to the filtration of the shifted Brownian motion 
(W t0

s := Ws − Wt0)s≥t0 : we denote this solution by X t0,x0  to emphasize its initial condition. We now
state two quite intuitive results (but not so straitgthforward to establish).

Proposition 4.3.2 Assume that the assumptions of Theorem 4.3.1 are in force. Then

– (flow property) with probability 1, for any t0 ≤ t ≤ s ≤ T and any x0 ∈ R, we have

X t0,x0
s = X

t,X t0,x0
t

s ;

– (Markov property) for any continuous functional Φ, we have

E (Φ (Xs : t ≤ s ≤ T )|Ft) = E (Φ (Xs : t ≤ s ≤ T )|Xt).



4.3.3 Examples

⊳ Arithmetic Brownian motion. It is defined by the constant coefficients b(t, x) = b and σ(t, x) = σ, so that

Xt = x0 + bt + σWt.

In the landscape of stochastic differential equations, this is the first variation around the Brownian motion.
It can be simulated as easily as Brownian motion itself.

⊳ Geometric Brownian motion. In dimension 1, it is the exponential of an arithmetic Brownian motion:

Xt = x0 exp ((b −
1
2
σ2)t + σWt).

This serves as a basic model in finance, for modeling stock prices by some positive processes, see [131].
The Itô formula (Theorem 4.2.5) leads to linear coefficients

Xt = x0 + ∫
t

0
bXsds + ∫

t

0
σXsdWs,

i.e., b(t,x) = bx and σ(t, x) = σx. The distribution of Xt is log-normal and its simulation is handled via the
simulation of its logarithm, and then applying an exponential transformation.

⊳ Ornstein-Uhlenbeck process. This is a Gaussian process that exhibits a mean-reverting behavior for
some parameter values: it is used in physics (also called physical Brownian motion), random mechanics
(see [96]), and economy and finance (modeling the inflation rate or the short-term interest rate [141]). In
dimension 1, the Ornstein-Uhlenbeck process is the solution of

Xt = x0 − a∫
t

0
(Xs − θ)ds + σWt,

(4.3.4)

i.e., b(t, x) = −a(x − θ) and σ(t, x) = σ. It can be solved explicitly, thanks to the Itô formula applied to eatXt

which gives

Xt = θ + (x0 − θ)e−at + σ∫
t

0
e−a(t−s)dWs.

The above stochastic integral is a Wiener integral, thus it defines a Gaussian process. Its mean equals θ +
(x0 − θ)e−at and its covariance function is (Xt,Xs) = e−a(t−s) σ2

2a (1 − e−2as) for t > s. Therefore, the
simulation of X at many dates readily follows from generating Gaussian random variables.



We observe that for a > 0, the Gaussian distribution of Xt converges to N (θ, σ2

2a ) as t → +∞, with a
lapse of memory of the initial condition in large time. That illustrates the mean-reverting effect.

Lastly, let us note that the Ornstein-Uhlenbeck process can be defined in a multidimensional version
without additional difficulty, except those due to the vector and matrix notations,

Xt = x0 + ∫
t

0
(Θ − AXs)ds + ΣWt

(4.3.5)

where A, σ are matrices and X , Θ,W  are vectors. The following example is a simple case, where the
noise is degenerate on a component. In random mechanics [96], X as in (4.3.4) is the equation for the speed
of a system — for example, a spring — subjected to random forces, modeled via Newton’s second law of
motion. The position of the system is the speed antiderivative: Pt = p0 + ∫ t

0 Xsds. In this case, we can

still write X = ( ) as a solution of an Ornstein-Uhlenbeck equation in dimension 2, of the form (4.3.5)

but without noise in the second coordinate, i.e.

A = ( ), Θ = ( ), Σ = ( ).

⊳ Square root process in dimension 1. This process exhibits a mean-reverting effect but with the
specificity to stay non-negative: it is defined by

Xt = x0 − a∫
t

0
Xsds + ∫

t

0
σ√XsdWs,

i.e., b(t, x) = −ax and σ(t,x) = σ√x. Although σ is not Lipschitz continuous, it is possible to show the
existence and uniqueness of the solution, but it is more delicate. This model is often used in finance to
model stochastic volatility (Heston model [77]) and interest rates (CIR model [30]). In population
dynamics [39], the equation of X is called the Feller equation and functions like the limit model of the
birth-death process. The distribution of Xt is known in the form of special functions (in particular Bessel
functions) and its simulation is not simple; see [22].

In genetic model, the Fisher-Wright process describing the asymptotic proportion of individuals carrying
a given allele is an example of the square root process in the form

Xt = x0 + ∫
t

0
(rXs (1 − Xs) − β1Xs + (1 − Xs)β2)ds + ∫

t

0
√Xs (1 − Xs)dWs,

where the drift coefficient is aimed at accounting for the rare phenomenon of selection and mutation.

⊳ Equilibrium model. Denote by π a probability density on Rd, positive, and set

X

P

a 0
−1 0

θ/a
0

σ 0
0 0



Xt = x0 +
1
2
∫

t

0
∂x [log (π)] (Xs)ds + Wt.

The Lipschitz conditions on the drift coefficient can be verified case by case, according to the expression
of π. This model has the advantage of having (under some conditions on π) an ergodic behavior: the
distribution of Xt converges to the distribution with density π as t → +∞. In molecular chemistry, this
process represents the energy of a molecule as its configuration changes; see [95]. The case 
π(x) = Cste × exp(−ax2) in dimension 1 with a > 0 boils down to the previous Ornstein-Uhlenbeck
equation (4.3.4) with θ = 0 and σ = 1.

⊳ General case. Apart from these isolated cases, generally the distribution of Xt is not explicit (neither at a
given t, nor in large time). It is necessary to resort to an approximation scheme for the simulation; see
Chapter 5.

4.4 Probabilistic Representations of Partial Differential Equations:
Feynman-Kac Formulas

To relate the Brownian motion to the heat equation, we have taken advantage of the knowledge of the
density of x + Wt and we have worked out a relation between its partial derivatives in time and space, a
relation that has been transferred to those of E(f(x + Wt)) by integrating the relation against f. In the case
of a stochastic differential equation, the distribution is not explicit and it is necessary to find another
approach: the Itô formula provides the right tool.

4.4.1 Infinitesimal generator

We start by letting the differential operator of the subsequent partial differential equation appear.

Definition 4.4.1 (infinitesimal generator) Let X be the solution to the stochastic differential equation with
coefficients (b, σ) under the assumptions of Theorem 4.3.1. The infinitesimal generator associated with X
and denoted by L X

b,σσT  is given by

L X
b,σσT =

1
2

d

∑
i,j=1

[σσT]
i,j (t,x)∂ 2

xixj
+

d

∑
i=1

bi (t,x)∂xi
.

When there is no ambiguity, we simply write L  instead of L X
b,σσT

.

Proposition 4.4.2 With the assumptions and notations of Theorem 4.3.1, for any function f ∈ C 2 with
compact support and any initial condition (t, x), we have



E(f (X t,x
t+h))− f (x)

h h→0+
L

X
b,σσTf (t,x).

PROOF:

Write L = L X
b,σσT

 to simplify. Let (t, x) be fixed; write Xs = X t,x
s  for s ≥ t. Apply the Itô formula to f(Xs) between s = t + h and s = t in

order to get

(4.4.1)

The stochastic integral of ϕs = ∇xf(Xs) σ(s, Xs) is in H2
T , owing to assumptions on σ and f with compact support (say in B(0, R)): indeed

Therefore, by passing to the expectation, the term with the stochastic integral vanishes and it remains

E (f (Xt+h)) − f (x)
h

= E(
1
h
∫

t+h

t

L f (s,Xs)ds).

We easily verify that 1
h ∫ t+h

t L f(s,Xs)ds converges a.s. to L f(t,x), owing to the continuity of the paths of X and to the continuity of 

(s, y) ↦ L (s, y), while being bounded (here we use that f has compact support). The dominated convergence theorem allows us to
conclude the proof. ▫

4.4.2 Linear parabolic partial differential equation with Cauchy condition

We are now in a position to establish the link between expectation of functionals of diffusion and partial
differential equations. We start with the case where only one condition in T is predetermined (known as the
Cauchy problem). Imposing a condition on the PDE values at the boundary of a domain corresponds to the
Dirichlet problem, which we study later. One could also impose values at the boundary related to the first
and second derivatives of the PDE: these are the so-called Neumann and Robin problems, respectively,
associated with processes with reflection or diffusion at the boundary; these cases go largely beyond the
framework of this monograph and the interested reader may refer to [43].

These equations are linear6 because if we add two PDE conditions (f1, g1) and (f2, g2) all things being
equal, the resulting solution is the sum of individual solutions u1 + u2.

−→

f(Xt+h) − f(x)

=

t+h

∫
t

∇xf(Xs)b(s,Xs)ds +

t+h

∫
t

∇xf(Xs)σ(s,Xs)dWs

+ 1
2 ∑

d

k,l=1

t+h

∫
t

f ′′
xk,xl

(Xs)[σσT ]k,l(s,Xs)ds

=

t+h

∫
t

L f(s,Xs)ds +

t+h

∫
t

∇xf(Xs)σ(s,Xs)dWs.

ϕs ≤ sup
|x|≤R

∇xf(x)σ(s,x)

≤ |∇xf|∞(|σ(s, 0)| + Cb,σR) ≤ |∇xf|∞Cb,σ(R + 1).∣ ∣ ∣ ∣



Theorem 4.4.3 Let T > 0 be fixed. Assume that

i) the diffusion process X with coefficients b and σ fulfills the notations and assumptions of Theorem
4.3.1;

ii) f : Rd ↦ R and g, k : [0,T ] × Rd ↦ R are three continuous functions verifying

sup
x∈Rd

|f(x)|

1 + |x|2
+ sup

0≤t≤T , x∈Rd

(
|g(t,x)|

1 + |x|2
+ |k (t,x)|) < +∞;

iii) there exists a function u : [0,T ] × Rd ↦ R, of class C 1,2 on any open set of [0,T [×Rd, which
fulfills

{

(4.4.2)

iv) u is continuous on [0,T ] × Rd and verifies sup0≤t≤T , x∈Rd
|u(t,x)|
1+|x|2 < +∞.

Then u is given by the probabilistic representation

u (t,x) = E[f (X t,x
T
)e− ∫ T

t
k(r,X t,x

r )dr + ∫
T

t

g (s,X t,x
s )e− ∫ s

t
k(r,X t,x

r )drds].

(4.4.3)

The attentive reader has noticed that the sign in front of ∂t has changed compared to the heat equation
(Theorem 4.1.9): actually, this is just a time reversal t ↦ T − t and a change of condition at t = 07 for the
heat equation into a condition at t = T8 for this PDE.

Regarding the terminology, the function f is called the terminal condition (at T), g the source term, and k
is the discount factor (or attenuation factor). The convention on the sign −k comes from the problem in
infinite time horizon T = +∞ which requires us to have k positive (or suitably bounded from below); see
Theorem 4.4.4.

Regarding the applications to numerical schemes, it immediately makes it possible to solve the partial
differential equation by Monte-Carlo method, by generating M independent simulations of the diffusion X
and by taking the average of functional samples

(f (X t,x,m
T

)e− ∫ T

t
k(r,X t,x,m

r )dr + ∫
T

t

g (s,X t,x,m
s )e− ∫ s

t
k(r,X t,x,m

r )drds)
1≤m≤M

.

We will see later in Chapter 5 how to discretize the diffusion process X and the above functional.

PROOF:

∂tu (t,x) +Lu (t,x) − k (t,x)u (t,x) + g (t,x) = 0, t < T ,x ∈ Rd,

u (T ,x) = f (x), x ∈ Rd;



Let (t, x) be fixed and to simplify, put Xs = X
t,x
s .

⊳ A custom-tailored Itô formula. The Itô formula applied to the smooth function v, to the process X between times s0 and s, gives

v (s,Xs) = v (s0,Xs0) + ∫
s

s0

[∂t +L ]v (r,Xr)dr + ∫
s

s0

∇xv (r,Xr)σ (r,Xr)dWr

(4.4.4)

in an analogous way to the equality (4.4.1). The Itô formula for the product function (x, y) ↦ xy applied to a generic two-dimensional Itô
process

(Ys,Zs) = (y0 + ∫
s

0
bYr dr + ∫

s

0
σY
r dWr, e∫

s

0 crdr)

for some adapted coefficients (bY, σY, c) gives

Yse
∫ s

0 crdr = Y0 + ∫
s

0
e∫

r

0 cs1ds1 (crYr + bYr )dr + ∫
s

0
e∫

r

0 cs1ds1σY
r dWr.

(4.4.5)

Combining (4.4.4) and (4.4.5) with Ys = v(s, Xs) and cs = −k(s,Xs)1s≥t yields

(4.4.6)

for any time t ≤ s0 ≤ s. This formula is important and general enough for the applications we need.

⊳ Applications and localization procedure. We apply the above formula to the function v(s, y) = u(s, y), which is supposed to be smooth,
provided that we restrict it to times s < T: by taking s0 = t and exploiting the equation (4.4.2) solved by u, we derive

(4.4.7)

for any s ∈ [t, T]. We wish now to take the expectation to let the stochastic integral disappear but the lack of growth conditions on ∇xu
does not permit us to proceed directly. For this reason, for n ≥ 1, we introduce

τn =inf {s ≥ t :|Xs − x| ≥ n}∧(T −
(T − t)

n
) ∈ [t,T [.

v(s,Xs)e

−

s

∫
t

k(s1,Xs1)ds1

= v(s0,Xs0)e

−

s0

∫
t

k(s1,Xs1)ds1

+

s

∫
s0

e

−

r

∫
t

k(s1,Xs1)ds1

(−k(r,Xr)v(r,Xr) + [∂t +L ]v(r,Xr))dr

+

s

∫
s0

e

−

r

∫
t

k(s1,Xs1)ds1

∇xv(r,Xr)σ(r,Xr)dWr

u(s,Xs)e

−

s

∫
t

k(s1,Xs1)ds1

= u(t,x) −

s

∫
t

e

−

r

∫
t

k(s1,Xs1)ds1

g(r,Xr)dr

+

s

∫
t

e

−

r

∫
t

k(s1,Xs1)ds1

∇xu(r,Xr)σ(r,Xr)dWr



τn is a finite stopping time, which by definition has the key property

1r<τn |∇xu (r,Xr)σ (r,Xr)| ≤ Cn
(4.4.8)

for a deterministic constant that does depend on n. Thus, for s = τn the equality (4.4.7) becomes

with ϕn,r = 1r<τne
− ∫ r

t
k(s1,Xs1)ds1∇xu(r,Xr)σ(r,Xr) in H2

T  in view of (4.4.8) and of the uniform bound on k. It follows, for any n ≥ 1,

u (t,x) = E(u (τn,Xτn)e− ∫ τn
t k(s1,Xs1)ds1 + ∫

τn

t

e− ∫ r
t k(s1,Xs1)ds1g (r,Xr)dr).

(4.4.9)

⊳ Completion of proof. Denote by Uτn the term inside in the above expectation: it is bounded by Ce(T−t)|k|∞(1 + sups≤T |Xs|2)(1 + T )
where the constant C is related to the growth conditions of u and g: by Theorem 4.3.1, this upper bound is integrable. Additionally, we
easily check that τn converges a.s. to T as n → +∞, and thus Uτn

a.s.
→ UT  (by using that u is continuous up to T and not only on the open set).

All the conditions are met to pass to the limit in (4.4.9) thanks to the dominated convergence theorem. This completes the proof. ▫

⊳ Some precise details on the assumptions.

i) The previous theorem is a uniqueness result. There does not exist only one set of minimal
assumptions on the data b, σ, f, g, k to ensure that a solution u exists, with the announced estimates.
The reader can refer to these specialized monographs: [44, 100, 45, 46, 43]. To schematize, there
exist two sets of different working assumptions.

a) The coefficients b, σ, f, g, k are quite smooth in time and space, bounded with bounded
derivatives. Then there exists a solution u that is very smooth, bounded with bounded
derivatives.

b) Under the same assumptions on b, σ, g, k but assuming that f is continuous only, it is not
true in general that a smooth solution u exists. If the regularity cannot come from f, it may
come from a smoothing effect of the operator9 L , provided that we suppose a non-
degeneracy condition. A classic hypothesis is, for instance, the uniform ellipticity, which
means that the smallest eigenvalue of the symmetric non-negative matrix σσT(t,x) is
bounded away from 0:



inf
x∈Rd, t∈[0,T ], ξ∈Rd with |ξ|=1

ξ ⋅ σσT (t,x)ξ > 0.

u(τn,Xτn)e

−

τn

∫
t

k(s1,Xs1)ds1

= u(t,x) −

τn

∫
t

e

−

r

∫
t

k(s1,Xs1)ds1

g(r,Xr)dr

+

T

∫
t

1r<τne

−

r

∫
t

k(s1,Xs1)ds1

∇xu(r,Xr)σ(r,Xr)dWr





Another non-degeneracy hypothesis is hypoellipticity, but it goes far beyond our
framework.

ii) In some cases (in particular under the assumption of uniform ellipticity), the Feynman-Kac
representation holds without the regularity condition on f, which can be proved at the cost of extra
technicalities. This is an interesting extension to handle the case of indicator functions (useful for
computing the c.d.f. of XT).

iii) The quadratic growth assumption related to u, f, g is made first to simplify the presentation and
second, because we have introduced the stochastic differential equations in the space L2 only. But
results are still true by replacing 2 by p > 0.

4.4.3 Linear elliptic partial differential equation

Now we let the time horizon T tend to infinity: then the origin of times is meaningless and we thus suppose
that the coefficients do not depend any longer on time. We obtain then a linear elliptic partial differential
equation.

Theorem 4.4.4 Assume that

i) the diffusion process X with coefficients b and σ satisfies the notations and assumptions of Theorem
4.3.1, with time-independent coefficients;

ii) the functions g, k : Rd ↦ R are two bounded continuous functions, and

α := inf
x∈Rd

k (x) > 0;

iii) there exists a function u : Rd ↦ R continuous, bounded, of class C 2, satisfying

Lu (x) − k (x)u (x) + g (x) = 0, x ∈ Rd.
(4.4.10)

Then u is given by the probabilistic representation

u (x) = E[∫
+∞

0
g (Xx

s )e− ∫ s

0 k(Xx
r )drds],

(4.4.11)

where Xx is the diffusion process starting from x at time 0.

PROOF:

The proof is similar to that of Theorem 4.4.3, with some simplifications since u does not depend on time. Let us define the stopping time

τn =inf {s ≥ 0 :|Xs − x |≥ n} ∧ n;



thus, (4.4.9) becomes

u (x) = E(u (Xτn)e− ∫ τn
0 k(Xs1)ds1 + ∫

τn

0
g (Xr)e− ∫ r

0 k(Xs1)ds1dr).

(4.4.12)

Let n go to infinity: clearly τn → +∞ a.s. since the solution X does not explode in finite time. Besides, the first term in the expectation is

bounded by ∣ u ∣∞e−ατn
a.s.

n→+∞
0, while being uniformly bounded by the integrable quantity |u|∞: therefore, its expectation tends to 0. The

second term can be analyzed similarly by observing that ∫ ∞
0 e− ∫ r

0 k(Xs1)ds1 ∣ g(Xr) ∣ dr ≤ ∫ ∞
0 e−αr∣ g ∣∞dr < +∞. The result is

proved. ▫

There exist analogous results as k ≡ 0 (α = 0), but it requires extra conditions on X and g, that are different
from the current setting. In particular, X should be ergodic with a stationary distribution μ, and g should be
centered for μ: in this case, E[∫ +∞

0 g(Xx
s )ds] can be meaningful since 

E(g(Xx
s))

s→+∞
∫
Rd g(y)μ(dy) = 0 The interested reader can refer to [43, Chapter 1].

4.4.4 Linear parabolic partial differential equation with Cauchy-Dirichlet condition

A Dirichlet condition is translated in a probabilistic way by stopping the process X as it exits from a
domain D ⊂ Rd (non-empty open connected set), see Figure 4.6. The boundary of D is denoted by ∂D.

Theorem 4.4.5 Let T > 0 be fixed. Assume that

Figure 4.6 Cauchy-Dirichlet condition and several paths of stopped process.


i) the diffusion process X with coefficients b and σ fulfills the notations and assumptions of Theorem
4.3.1;

ii) D is a bounded domain of Rd and we define10 τ t,x = inf{s > t : X t,x
s ∉ D} as the first exit time

from D by X started at (t, x);
iii) the boundary ∂D is smooth for X in the sense that

∀t ∈ [0,T ], ∀x ∈ ∂D, P (τ t,x = t) = 1;

−→

−→



iv) the functions f, g, k : [0,T ] × D ↦ R are continuous;
v) there exists a continuous function u : [0,T ] × D ↦ R, of class C 1,2 on any open set [0, T[×D,

which fulfills

(4.4.13)

Then u is given by the probabilistic representation

u (t,x) = E[f (τ t,x ∧ T ,X t,x
τ t,x∧T)e

− ∫ τ t,x∧T
t

k(r,X t,x
r )dr + ∫

τ t,x∧T

t

g (s,X t,x
s )e

− ∫ s
t
k(r,X t,x

r )drds].

(4.4.14)

PROOF:

The points at the boundary require specific analysis.

– For t = T, τt,x
∧T = T and the formula (4.4.14) is obvious since it reduces to u(T, x) = f(T, x).

– For t < T and x ∈ ∂D, owing to hypothesis iii) we have τt,x = t: it readily follows that u(t, x) = f(t, x) as required.

Consider now the interior points (t, x) ∈ [0,T[×D and simply write Xs = X t,x
s . The proof follows the same lines as Theorem 4.4.3, taking

carefully into account that u is continuous up to boundary in space ∂D and in time T, but not necessarily its derivatives. Actually, it is
appropriate to suitably localize by stopping at a small positive distance before hitting the boundary.

For n ≥ 1, set

τn =inf {s > t : d (Xs, ∂D) ≤
1
n
} ∧ (T −

(T − t)

n
) ∈ [t,T [:

this is a stopping time such that for r ≤ τn, (r, Xr) stays in a compact of [0, T[×D on which the derivatives of u are uniformly bounded (by a
constant depending on n). By applying (4.4.6) to v(s, y) = u(s, y), s0 = t and s = τn, we obtain for any n ≥ 1

The term −k(r,Xr)u(r,Xr) + [∂t +L ]u(r,Xr) equals −g(r, Xr) because u satisfies the partial differential equation in [0, T[×D and (r,

Xr) ∈ [0, T[×D for r < τn. The last term is equal to ∫ T

t 1τn<re
− ∫ r

t k(s1,Xs1)ds1∇xu(r,Xr)σ(r,Xr)dWr the integrand is in H2
T  in view of

the previous localization. Therefore, we can take the expectation in the above equality and obtain

(4.4.15)

¯
¯

⎧⎪⎨⎪⎩∂tu (t,x) +Lu (t,x) − k (t,x)u (t,x) + g (t,x) = 0, t < T ,x ∈ D,

u (T ,x) = f (T ,x), x ∈ D,
u(t,x) = f(t,x), (t,x) ∈ [0,T [×∂D.

¯

u(τn,Xτn)e

−

τn

∫
t

k(s1,Xs1)ds1

= u(t,x)

+

τn

∫
t

e

−

r

∫
t

k(s1,Xs1
)ds1

(−k(r,Xr)u(r,Xr) + [∂t +L ]u(r,Xr))dr

+

τn

∫
t

e

−

r

∫
t

k(s1,Xs1
)ds1

∇xu(r,Xr)σ(r,Xr)dWr.



u (t,x) = E(u (τn,Xτn)e− ∫ τn
t

k(s1,Xs1)ds1 + ∫
τn

t

e− ∫ r

t
k(s1,Xs1)ds1g (r,Xr)dr).

Now let us pass to the limit in n: the sequence (τ̂n = inf{s > t : d(Xs, ∂D) ≤ 1
n })n is increasing, bounded by inf{s > t : d(Xs,∂D) = 0}

= τt,x, and thus a.s. convergent. Its limit, denoted by τ̂∞ say, verifies by continuity of the trajectories of X

d (Xτ̂n
, ∂D) =

1
n

→ d (Xτ̂∞
, ∂D) = 0.

Consequently, Xτ̂∞
∉ D (since D is open), i.e., τ̂∞ ≥ τ t,x: to sum up, we have shown τ̂∞ = τ t,x and therefore τn

a.s.

n→+∞
τ t,x ∧ T .

Since the random variables in (4.4.15) are bounded and continuous in τn, it is easy to pass to the limit and obtain the advertised formula.
▫

⊳ Comments on the assumptions. This is a very technical point and we give only the main features.

a) The assumption (iii) states that once on the boundary, with probability 1 the process will not go
back in D during a small time interval ]t,t+h] (h > 0), but it will rather pass on both sides of the
boundary infinitely often—like a Brownian motion at point 0. This condition is fulfilled if there is
enough noise in the dynamics of X (the uniform ellipticity is enough) and if the domain satisfies, at
each boundary point, an exterior cone condition,11 which is automatically satisfied if the boundary
is Lipschitz.

b) Similar to the partial differential equation with Cauchy condition, obtaining smooth solutions u
requires that we have data b,σ,f,g,k smooth enough, and a domain with a smooth boundary. In the
current case of the Dirichlet condition, an additional non-degeneracy condition for X is needed—at
least on the boundary.

c) The domain is assumed to be bounded; in fact, it is enough for the boundary to be compact, so that
it can be covered by a finite number of local chart changes, but this is not always necessary, as for
instance in the case of half-space D. Let us mention that domains with corners—frequent in the
applications—require a delicate and specific analysis.

4.4.5 Linear elliptic partial differential equation with Dirichlet condition

The extension to the elliptic problem is achieved in a similar way by letting T → +∞. We leave the proof to
the reader. Here the coefficients are time-independent.

Theorem 4.4.6 Assume that

i) the diffusion process X with coefficients b and σ satisfies the notations and assumptions of Theorem
4.3.1, with time-independent coefficients;

ii) D is a bounded domain of Rd and we define τ x = inf{s > 0 : Xx
s ∉ D} as the first exit time from

D by X initially started at x;
iii) the functions f, g : D ↦ R and k : D ↦ R+ are continuous;
iv) the boundary ∂D is smooth for X in the sense that

∀x ∈ ∂D, P(τ x = 0) = 1;

−→

¯̄



v) for any x ∈ D, E(τ x) < +∞;12

vi) there exists a continuous function u : D ↦ R, of class C 1,2 for any open set of D, which fulfills

{

(4.4.16)

Then u is given by the probabilistic representation

u (x) = E[f (Xx
τ x)e− ∫ τ x

0 k(Xx
r )dr + ∫

τ x

0
g (Xx

s )e− ∫ s

0 k(Xx
r )drds].

(4.4.17)

4.5 Probabilistic Formulas for the Gradients

We continue the discussion of the computation of sensitivity in Section 2.2.4, by specializing the
presentation on the sensitivity of E(f(X 0,x

T
)) with respect to x (the initial condition of X at t = 0) through

the evaluation of ∂xE(f(X 0,x
T )). By comparing with Theorem 4.4.3 with g ≡ 0 and k ≡ 0, we seek to

represent in a probabilistic way the gradient ∇xu(0,x) of the partial differential equation with Cauchy
condition.

4.5.1 Pathwise differentiation method

To follow the approach described in Section 2.2.4, we have to define the a.s.-derivative of x ↦ X
0,x
t , as

we would for an ordinary differential equation. In the stochastic case, the usual framework to
simultaneously define these derivatives a.s. for all t and x is to suppose that the coefficients are a little
more regular than C 1 in space: to avoid too technical considerations, we suppose directly in the
continuation of the chapter that

b and σ are of class C 0,2 with bounded derivatives,

in addition to notations and assumptions of Theorem 4.3.1. We state a differentiability result without proof;
see [97] for details.

Proposition 5.1 (a.s. differentiability with respect to the initial condition) Under the previous
assumptions, it is possible to define the derivative of X 0,x

t  with respect to x, which we denote by ∇X
0,x
t ,

and whose dynamics are obtained by formally differentiating (4.3.1) with respect to x: thus (∇X
0,x
t )t is a

matrix-valued process13 with size d×d solution of

(4.5.1)

¯

Lu(x) − k(x)u(x) + g(x) = 0, x ∈ D,
u(x) = f(x), x ∈ ∂D.



where σk is the k-th column of the matrix σ.
Moreover, for any T > 0 we have E(sup0≤t≤T |∇X

0,x
t |2) < +∞.

Regarding simulation issues, it is worth noting that (X 0,x
t , ∇X

0,x
t )t is a stochastic differential equation (in

dimension d+d2), to which we can apply the simulation methods of the next Chapter 5.
Combining this with Proposition 2.2.7, we derive the following result.

Corollary 4.5.2 (pathwise differentiation method) Assume that f : Rd ↦ R is a function C 1 with
bounded derivative. Then

∇xE(f (X
0,x
T
)) = E(∇xf (X

0,x
T
)∇X

0,x
T
).

4.5.2 Likelihood method

It is not possible to apply the likelihood method of Proposition 2.2.9 because in general the distribution of 
X

0,x
T

 is not explicit. Instead, we make use of stochastic calculus in a smart way to work out a
representation of the gradient in the form of expectation, without letting the derivative of f appear. The
following formula, which is quite remarkable, is due to Bismut, Elworthy, and Li; it is the starting point to
evaluate by Monte-Carlo method the gradient of solution of partial differential equation. For extensions
and ramifications, we refer to [61].

Theorem 4.5.3 (Bismut-Elworthy-Li formula) Let T > 0 be fixed. Assume that

i) b and σ satisfy the previous regularity assumptions;
ii) there exists a solution u : [0,T ] × Rd ↦ R of class C 1,2 with bounded derivatives, and the

solution of

{

so that u(t,x) = E(f(X t,x
T

));
iii) σ(.) is invertible and its inverse is uniformly bounded.

∇X
0,x
t := Id +

t

∫
0

∇xb(s,X 0,x
s ) ∇X

0,x
s  ds

+∑
d

k=1

t

∫
0

∇xσk(s,X 0,x
s ) ∇X

0,x
s  dWk,s

∂tu (t,x) +Lu (t,x) = 0, t < T ,x ∈ Rd,

u (T ,x) = f (x), x ∈ Rd,



Then

∇xu (0,x) = E

f(X 0,x
T )

T
[∫

T

0
[σ−1 (s,X 0,x

s )∇X 0,x
s ]

T

dWs]
T

.

Note that if X = x+W, then σ−1(s,X 0,x
s )∇X

0,x
s = Id and the above formula coincides with that obtained

in Example 2.2.11 using computations based on the explicit Gaussian distribution.

PROOF:

Start from the decomposition (4.4.7): as the derivatives of u are uniformly bounded, the preliminary localizations are not necessary and we
directly obtain, for any s ∈ [0,T],

u (s,X 0,x
s ) = u (0,x) + ∫

s

0
∇xu (r,X 0,x

r )σ (r,X 0,x
r )dWr.

(4.5.2)

The term in the stochastic integral is in H2
T ; thus taking the expectation gives u(0,x) = E(u(s,X 0,x

s )) for any s ∈ [0,T], which reads as a
time-invariant identity. By applying Corollary 4.5.2 to the function y ↦ u(s,y), we can deduce a second time-invariant identity

∇xu (0,x) = E (∇xu (s,X 0,x
s )∇X 0,x

s ), ∀0 ≤ s ≤ T .

Actually, the relation can also be obtained by using stochastic calculus (Itô formula) and showing that (∇xu(s,X 0,x
s )∇X 0,x

s )0≤s≤T  is
martingale. Then, by leveraging the covariance equality of Theorem 4.2.3 — a bit complicated because of the vector notations — we
obtain

Thanks to (4.5.2) applied at s = T, the first term in the bracket above is equal to u(T ,X 0,x
T ) − u(0,x) = f(X 0,x

T ) − u(0,x). As the
stochastic integral is centered, the contribution with the factor u(0,x) disappears and we obtain the announced formula. ▫

The above assumptions ensure implicitly that f is smooth (as u(T,.)). Nevertheless, extension to functions f
without regularity is possible by being more careful in the use of stochastic calculus and since u is smooth
for t < T even if f is not.

4.6 Exercises

Exercise 4.1 (linear transformation of Brownian motion)

⎛⎜⎝ ⎞⎟⎠∇xu(0,x) = E 1
T

T

∫
0

∇xu(s,X 0,x
s )∇X 0,x

s  ds

= E 1
T

T

∫
0

∇xu(s,X 0,x
s )σ(s,X 0,x

s )dWs ×

t

∫
0

[σ−1(s,X 0,x
s )∇X

0,x
s ]

T
dWs

T

.

⎛⎜⎝ ⎞⎟⎠⎛⎜⎝ ⎡⎢⎣ ⎤⎥⎦ ⎡⎢⎣ ⎤⎥⎦ ⎞⎟⎠



i) Let W be a standard d-dimensional Brownian motion and let U be an orthogonal matrix (i.e. 
U T = U −1). Prove that UW defines a new standard d-dimensional Brownian motion.

ii) Application: let W1 and W2 be two independent Brownian motions. For any ρ ∈ [−1,1], justify that 
ρW1 + √1 − ρ2W2 and −√1 − ρ2W1 + ρW2 are two independent Brownian motions.

Exercise 4.2 (approximation of the integral of a stochastic process) For a standard Brownian motion,
we study the convergence rate of the approximation

ΔIn := ∫
1

0
Wsds −

1
n

n−1

∑
i=0

W i
n

as n → +∞.

i) We start by a rough estimate. Prove that

E(|ΔIn |) ≤
n−1

∑
i=0

E(∫

i+1
n

i
n

Ws − W i
n

ds) = O(n−1/2).

ii) Using Lemma A.1.4, prove that ΔIn is Gaussian distributed. Compute its parameters and conclude
that

E(|ΔIn |) = O (n−1).

iii) A more generic proof of the above estimate consists of writing

ΔIn :=
n−1

∑
i=0

∫

i+1
n

i
n

(
i + 1
n

− s)dWs

where we have applied the Itô formula to s ↦ ( i+1
n

− s)(Ws − W i
n

) on each interval [ i
n

, i+1
n

].

Using the Itô isometry, derive E(|ΔIn|2) = O(n−2) and therefore the announced estimate.
iv) Proceeding as in (iii), extend the previous estimate to

∫
1

0
Xsds −

1
n

n−1

∑
i=0

X i
n

where X is a scalar Itô process with bounded coefficients (Definition 4.2.4).∣ ∣



Exercise 4.3 (approximation of stochastic integral) We consider the convergence rate of the
approximation

ΔJn := ∫
1

0
ZsdWs −

n−1

∑
i=0

Z i
n
(W i+1

n
− W i

n
)

where Zs ≔ f(s,Ws) for some function f, such that E ∫ 1
0 ∣ Zs ∣2ds + supi<n E∣ Z i

n
∣2 < +∞. We illustrate

that the convergence order is, under mild conditions, equal to 1/2 but it can be smaller for irregular f.

i) Show that E∣ ΔJn ∣2 = E(∑n−1
i=0 ∫

i+1
n

i
n

∣ Zs − Z i
n

∣2ds).

ii) When Zs = Ws, show that E∣ ΔJn ∣2
~ Cst n−1 for some positive constant.

iii) Assuming that f is bounded, smooth with bounded derivatives, prove that E|ΔJn|2= O(n−1).
iv) Assume that Z is a square-integrable martingale. Show that E|Zs − Z i

n
|2≤ E|Z i+1

n
|2−E|Z i

n
|2,

and thus E|ΔJn|2≤ (E|Z1|2−E|Z0|2)n−1.
v) Set Zs :=N ′(Ws/√1 − s)/√1 − s. Establish that n1/2E|ΔJn|2 is bounded away from 0, for n

large enough.

Exercise 4.4 (exact simulation of Ornstein-Uhlenbeck process) Two processes (Xt)t ≥ 0 and (Yt)t ≥ 0 have
the same distribution if for any n ∈ N and any 0 ≤ t1 < ⋯ < tn, the vectors (Xt1,⋯,Xtn) and (Yt1,⋯,Ytn) have
the same distribution. Let us consider the Ornstein-Uhlenbeck process (Xt)t ≥ 0, solution of

Xt = x0 − a∫
t

0
Xsds + σWt,

where x0 ∈ R, σ > 0, and (Wt)t ≥ 0 is a standard Brownian motion.

i) By applying the Itô formula to eatXt, give an explicit representation for Xt in terms of stochastic
integrals.

ii) Deduce the explicit distribution of (Xt1,⋯,Xtn).
iii) Find two functions α(t) and β(t) such that (Xt)t ≥ 0 has the same distribution as (Yt)t ≥ 0 with Yt =

α(t)(x0+Wβ(t)). Design a scheme for the exact simulation of the Ornstein-Uhlenbeck process.

Exercise 4.5 (Transformations of SDE and PDE) For any t ∈ [0,T) and x ∈ R, we denote by 
(X t,x

s , s ∈ [t,T ]) the solution to

Xs = x + ∫
s

t

b (Xr)dr + ∫
s

t

σ (Xr)dWr, t ≤ s ≤ T

where the coefficients b,σ : R → R are smooth with bounded derivatives, and σ(x)≥c > 0. For a given
Borel set A ⊂ R, we define u(t,x) := P(X t,x

T ∈ A). We assume in the following u(t,x)>0 for any 



(t,x) ∈ [0,T ) × R, and that appropriate smoothness assumptions are satisfied (namely, 
u ∈ C 1,2([0,T ) × R)).

i) Let x0 ∈ R and f be a bounded continuous function. Using the PDE satisfied by u on [0,T ) × R,
show that

E [f (Xt)|XT ∈ A] =
E[f (Xt)u (t,Xt)]

u(0,x0)
, ∀t < T ,

where Xt = X
0,x0
t  to simplify.

ii) We assume that for any s ≤ t < T the equation

has a unique solution, denoted by (X s,x
r , s ≤ r ≤ t). We set vt(s,x) := E[f(X s,x

t )].

(a) What is the PDE solved by (s,x)↦vt(s,x) on [0, t) × R?
(b) Applying the Itô formula to u(s,Xs) and vt(s,Xs), 0 ≤ s ≤ t, and then to u(s,Xs)vt(s,Xs), show

E [f (Xt)u (t,Xt)] = vt (0,x0)u (0,x0), ∀t < T .

(c) Conclude that for any t < T, the distribution of Xt given {XT ∈ A} is the distribution of 
X

0,x0
t .

iii) In the case b = 0, σ(x) = 1 and A = (y−R,y+R), show that ∂xu(t,x)
u(t,x) → − x−y

T−t
 for any (t,x) as R → 0.

Interpret the solution to the following equation in terms of a Brownian bridge:

X t = x0 − ∫
t

0

Xs − y

T − s
ds + Wt.

Exercise 4.6 (Exit time from a domain) Consider the solution (Xx
t )t of a stochastic differential equation

in Rd, starting from x at time 0, with time-independent coefficients (b,σ) satisfying the usual Lipschitz
conditions of Theorem 4.3.1. Let D be a non-empty open connected set of Rd and set

Xr = x +

r

∫
s

(b(Xw) + σ2(Xw) ∂xu
u

(w,Xw))dw

+

r

∫
s

σ(Xw)dWw, s ≤ r ≤ t

¯̄̄̄

¯

¯̄

¯

¯
¯



τ x
D =inf {t ≥ 0 : Xx

t ∉ D}

for the first exit time from D.

i) Assume first that supx∈D E[τ x
D] ≤ c, for some constant c > 0.

(a) Show that E[(τ x
D)k] ≤ k!ck for any k ∈ N.


Hint: use the identity 1
k
T k = ∫ T

0 (T − t)k−1dt and the Markov property of Xx.
(b) Deduce that supx∈D E[eλτ

x
D ] < ∞ for any λ < c−1. What are the consequences of this

result on the simulation of the path of X up to τ x
D?

(c) Set γ(t) = supx∈D P(τ x
D > t). Show γ(t+s)≤γ(t)γ(s) for any t,s ≥ 0.

(d) The previous question shows that the function t ↦ lnγ(t)∈[−∞,0] is sub-additive: by the
Fekete lemma, the limit


lim
t→∞

1
t

ln γ (t) =inf
t>0

1
t

ln γ (t) =: −αD



exists in [−∞,0]. Show that αD ≥ c−1.

ii) Assume now that D is bounded. The infinitesimal generator of X is denoted by L .

(a) Suppose there exists f ∈ C 2(Rd,R) such that f(x)≥0 and L f(x) ≤ −1 for x ∈ D. Show
that supx∈D E[τ x

D
] ≤ c =: supy∈D f(y).

(b) In the case infx∈D[σσT]i,i(x) > 0 for some i, exhibit such a function f.

Exercise 4.7 (Bismut-Elworthy-Li formula) Let Xx be the Ornstein-Uhlenbeck process solution of

Xt = x − a∫
t

0
Xsds + σWt,

with x ∈ R and σ > 0. We aim at computing ∂xE(f(Xx
T )) for bounded smooth function f.

i) Using the sensitivity formula of Theorem 4.5.3, show that

∂xE (f (Xx
T )) = E(f (Xx

T )∫
T

0

e−at

σT
dWt).

ii) Show that the sensitivity formula is still valid by replacing ∫ T

0
e−at

σT
dWt by its conditional

expectation given Xx
T

. Compute this conditional expectation explicitly.
iii) Prove that the new formula coincides with that given by the likelihood ratio method using the

Gaussian distribution of Xx
T  (Proposition 2.2.9).



iv) Which representation among that (i) or (iii) has the smallest variance?

Notes

1(1918–1988), Nobel Prize in physics in 1965.

2(Xt)t is a Gaussian process if any linear combination ∑iaiXti has a Gaussian distribution; (Xt)t is characterized by its mean function 

t ↦ E(Xt) and covariance function (t,s)↦(Xt,Xs), [127, Chapter 1].

3This completion is technical and ensures that negligible sets are also Ft-measurable.

4c2 = 4.

5The reader familiar with the techniques of stochastic calculus will note that we take sufficient assumptions, but not minimal, for the sake of

simplicity.

6Some non-linear cases are studied in part C.

7PDE convention

8Probabilistic convention

9As in the Laplacian case for the heat equation.

10With the usual convention inf∅ = +∞.

11One can plot a cone that is locally exterior to D and that touches D only at the boundary.

12When g ≡ 0, this condition can be weakened to P(τ x < +∞) = 1.

13Also called the tangent process.



Chapter 5

Euler scheme for stochastic differential equations

Stochastic differential equations (Xt : t ≥ 0) provide flexible models for stochastic modeling in continuous time and
space (see the examples in Section 3), and also powerful probabilistic tools for the numerical solution of partial
differential equations via the expectation of functionals of the corresponding processes.

To implement a Monte-Carlo evaluation of E(f(XT )) or of more complicated functionals, the simulation of X is
necessary, either at a fixed date, or at multiple dates, or ideally even at a continuum of dates to account for path
dependency (for instance, for problems involving exit time). Unfortunately, there exist few diffusion models for
which the simulation is explicit and simple: among them, let us mention arithmetic and geometric Brownian
motion, the Ornstein-Uhlenbeck process. In almost all other cases, approximations are necessary and the purpose
of the chapter is to study these approximations.

We will concentrate our efforts on a usual approximation method based on time discretization, which is called
the Euler scheme: this method has the advantage of being simple, relatively efficient, and adaptable to any
dimension of the space. This is a natural extension of the scheme for ordinary differential equations. The version
for stochastic differential equations was first proposed by Maruyama [110] and sometimes is called the Euler-
Maruyama scheme. For references on this subject, see [92].

In this chapter, we consider a stochastic differential equation of the form

Xt = x + ∫
t

0
b (s,Xs)ds + ∫

t

0
σ (s,Xs)dWs, t ≥ 0,

(5.0.1)

where X and W are d-dimensional. The dependence on the initial condition x is not important and we omit it in our
notations. The hypotheses on the drift and diffusion coefficients (b,σ) are given along with the statement of the
results.

5.1 Definition and Simulation

The Euler scheme for stochastic differential equations is a natural extension of the Euler scheme for an ordinary
differential equation: it consists of locally freezing the coefficients on small time intervals.

5.1.1 Definition as an Itô process, quadratic moments

Definition 5.1.1 The Euler scheme X(h) associated with the stochastic differential equation with coefficients (b,σ)
and with a time step h is defined by

(5.1.1)



In other terms, X(h) is a piecewise arithmetic Brownian motion, for which the coefficients on the interval (ih,
(i+1)h] are calculated using the functions (b,σ) evaluated at (ih,X

(h)
ih ). In general, the distribution of Xh

t  is not
explicitly known: at most, we can give an expression in an iterative form over different discretization intervals, but
it is not very exploitable.

To easily apply stochastic calculus to the Euler scheme, it is useful to represent it as an Itô process (see
Definition 4.2.4). For this, we use an appropriate notation for the discretization time before t:

φh
t := ih if ih < t ≤ (i + 1)h.

With this notation in hand, we obtain the following representation and we derive quadratic moment estimates,
bounded uniformly in time step.

Proposition 5.1.2 (Itô process) The Euler scheme is an Itô process given by

X
(h)
t = x + ∫

t

0
b(φh

s ,X
(h)
φh
s

)ds + ∫
t

0
σ(φh

s ,X
(h)
φh
s

)dWs, t ≥ 0.

(5.1.2)

Supposing that the coefficients (b,σ) satisfy

i) |b(t,x)−b(t,y)|+|σ(t,x)−σ(t,y)| ≤ Cb,σ|x−y| for all (t,x, y) ∈ [0,T ] × Rd × Rd,
ii)

sup
0≤t≤T

(|b (t, 0) | + |σ (t, 0) |) ≤ Cb,σ.

Then we have, for all T > 0,

E( sup
0≤t≤T

X
(h)
t

2

) ≤ C(1 + |x|2),

for a constant C depending on T and Cb,σ (and independent of h).

PROOF:

The arguments used below will appear again several times in the following and this proof serves as a warm-up.

⊳ The equality (5.1.2) is immediate.

⊳ It remains to show that X(h) satisfies the same moment estimate as X. Set

M (s) = sup
0≤t≤s

X
(h)
t

2
, m (s) = E (M (s))

⎧⎪⎨⎪⎩X
(h)
0 = x;

X
(h)
t = X

(h)
ih + b(ih,X

(h)
ih ) (t − ih) + σ(ih,X

(h)
ih ) (Wt − Wih),

for i ≥ 0, t ∈ (ih, (i + 1)h].∣ ∣∣ ∣



and let us show first that this expectation is finite, proving by induction on i that this is true for m(ih). For i = 0, there is nothing to prove.

Now suppose that m(ih) is finite. We recall classic convexity inequalities, often used in the following:

(a1 + ⋯ + an)2 ≤ n (a2
1 + ⋯ + a2

n), ∀n ∈ N
*, ∀ (a1, ⋯ , an) ∈ R

n,
(5.1.3)

(∫
t

s

ardr)
2

≤ (t − s)∫
t

s

|ar|
2

dr, ∀s ≤ t, ∀(ar)r real square integrable.

(5.1.4)

From this we deduce that for any s, we have

|b(φh
s ,X (h)

φh
s
)

2
= |b (φh

s , 0) + b(φh
s ,X (h)

φh
s
) − b (φh

s , 0)
2

≤ 2C 2
b,σ (1+|X (h)

φh
s

2
), |σ(φh

s ,X (h)
φh
s
)

2
≤ 2C 2

b,σ (1+|X (h)
φh
s

2).
(5.1.5)

So, using (5.1.1) and the previous bounds, we deduce

E( sup
ih≤s≤(i+1)h

X
(h)
s

2
X

(h)
ih ) ≤ 3 X

(h)
ih

2 + 3 b(ih,X
(h)
ih )

2h2 + 3 σ(ih,X
(h)
ih )

2
E ( sup

ih≤s≤(i+1)h
|Ws − Wih|2

X
(h)
ih )

≤c2h (Doob maximal inequality, Theorem 4.2.3)

≤ 3( X
(h)
ih

2
+ 2C 2

b,

then by taking the expectation in the above inequality, we get that m((i + 1)h) ≤ m(ih) + E(supih≤s≤(i+1)h|X
(h)
s |2) ≤ C1(1 + m(ih)) < +∞,

for a certain constant C1: the result "m finite" is proved.

⊳ A little more work is needed to get an explicit upper bound, uniform in h, but the ideas are the same, i.e., by combining the convexity inequalities

(5.1.3–5.1.4) and the Doob maximal inequality applied to ∫ t

0 σ(φ
h
s ,X

(h)

φh
s
)dWs (with an integrand in H2

T  by (5.1.5) and the fact that m is finite).

Performing the calculations with fewer details this time, starting from (5.1.2) we can write for t ≤ T

(5.1.6)

where we set K = 6C 2
b,σ(T + c2). An application of the Gronwall lemma1 finally gives m(T)≤(3|x|2+KT)eKT. ▫

5.1.2 Simulation

Observe that to simulate a complete trajectory for X(h) is as difficult as for Brownian motion, thus impossible.

⊳ Most often, we need only to sample X(h) at the discretization times ih; this is done iteratively:

1. Initialization with X (h)
0 = x;

2. Then iteration with i = 0,…:

(a) X (h)
ih  is already generated;

∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣m (t) ≤ 3 |x|2 + t

t

∫
0

E( b(φh
s ,X (h)

φh
s
) 2)ds + c2

t

∫
0

E( σ(φh
s ,X (h)

φh
s
) 2)ds

≤ 3 |x|2 + 2TC 2
b,σ

t

∫
0

(1 + m (s))ds + 2c2C
2
b,σ

t

∫
0

(1 + m (s))ds

≤ 3|x|2 + KT + K

t

∫
0

m (s)ds

⎛⎜⎝ ∣ ∣ ∣ ∣ ⎞⎟⎠⎛⎜⎝ ⎞⎟⎠



(b) simulation of d random variables Wk,(i+1)h−Wk,ih, with centered Gaussian distribution and
variance h;

(c) calculation of X (h)
(i+1)h with the help of (5.1.1).

The procedure is thus very simple and has a computational cost equal to C(d)n, if n intervals of discretization are
covered, and where C(d) comes from vector and matrix calculations in dimension d.

⊳ If we need to generate X(h) outside the set of discretization times, say X (h)
t  for t ∈ (ih,(i+1)h], two cases appear

depending on whether X (h)
(i+1)h has been already simulated or not.

1. If only the random variables (X
(h)
jh

)j≤i has been simulated, it is enough to extend the trajectory, by

simulating another Brownian increment Wt−Wih independent of the rest and calculating X (h)
t  by (5.1.1).

2. If (X (h)
jh

)0≤j≤n (with n ≥ i+1) has been simulated, we are rather in the situation of trajectory refining
between ih and (i+1)h: we can then use the technique of the Brownian bridge seen in Section 4.1.3,
considering only the values at ih and (i+1)h. This is justified by the following result.

Lemma 5.1.3 Let i ≥ 0.

– The distribution of (X
(h)
t )t∈[ih,(i+1)h] conditionally on (X

(h)
t : t ≤ ih, t ≥ (i + 1)h) coincides with the

distribution of (X (h)
t )t∈[ih,(i+1)h] conditionally on (X (h)

ih
,X

(h)
(i+1)h

).

– If σ(ih,X
(h)
ih

) is invertible, the distribution of


(σ−1 (ih,X
(h)
ih )X

(h)
t )

t∈[ih,(i+1)h]



conditionally on (X

(h)
ih

,X
(h)
(i+1)h

) coincides with that of a d-dimensional Brownian bridge (with
independent components) between the points


(ih,σ−1 (ih,X
(h)
ih
)X (h)

ih
)



and


((i + 1)h,σ−1 (ih,X
(h)
ih
)X (h)

(i+1)h).



In particular, it doesn’t depend on b(ih,X

(h)
ih

).

PROOF:

The first statement comes from the Markov property of X(h) at times (ih)i, as in the proof of Lemma 4.1.7. The second property follows from Lemma
4.1.7, applied component by component. ▫



5.1.3 Application to computation of diffusion expectation: discretization error and statistical error

For the computation of the expectation of a functional of the diffusion process X — motivated directly by a
probabilistic application or indirectly by the numerical solution of a partial differential equation — a Monte-Carlo
method can be naturally designed, using a simulation of the discretized trajectories of X(h). Let us discuss, for
example, the case of the functional

E (f, g, k,X) := f (XT )e− ∫ T

0 k(r,Xr)dr + ∫
T

0
g (s,Xs)e

− ∫ s

0 k(r,Xr)drds

appearing in Theorem 4.4.3. To simplify, let us divide the interval [0,T] into N regular sub-intervals with equal size
in order to use the Euler scheme with a step h = T/N: the functional for the Euler scheme is then approximated by

E (f, g, k,X (h)) = f (X (h)
T
)e−h∑N−1

j=0 k(jh,X
(h)
jh ) + h

N−1

∑
i=0

g(ih,X
(h)
ih
)e−h∑i−1

j=0 k(jh,X
(h)
jh ).

(5.1.7)

Denote by (X (h,m)
ih )0≤i≤N  the m-th simulation of the Euler scheme along the discretization grid: we generate M

independent copies.
Therefore, the Monte-Carlo evaluation of E(E (f, g, k,X)) is written as

E (E (f, g, k,X)) ≈
1

M

M

∑
m=1

E (f, g, k,X (h,m)).

(5.1.8)

Moreover, the error of the method can be decomposed in the superposition of two errors with a different nature:

(5.1.9)

1
M

∑
M

m=1
E (f, g, k,X (h,m)) − E (E (f, g, k,X))

= 1
M

∑
M

m=1
E (f, g, k,X (h,m)) − E (E (f, g, k,X (h,m)))

statistical error

+E (E (f, g, k,X (h,m))) − E (E (f, g, k,X))

discretization error

.







Algorithm 5.1: Computation by Monte-Carlo method of E(f(XT)e
− ∫ T

0 k(r,Xr)dr
+ ∫

T

0 g(s,Xs)e− ∫ s

0 k(r,Xr)drds), with calculation of the empirical

mean moyMC and confidence intervals at 95% (IC for the half-width).


– The statistical error is due to the finite number of simulations: by the law of large numbers, it converges to 0
as M → +∞. It depends also on h but its impact is minor. In the next chapter we analyze in more detail this
statistical error, quantifying it precisely with non-asymptotic confidence intervals as in Chapter 2, or
reducing it with variance reduction methods.

– The second error is due to the effect of time discretization only: we expect that the smaller the value of h is,
the better the accuracy. The objective in the rest of this chapter is to give estimates of the convergence rate
as a function of h.

The optimal tuning between M → +∞ and h → 0 is discussed in the next chapter.

5.2 Strong Convergence

We justify the convergence of the Euler approximation to the corresponding stochastic differential equation, in the
sense of Lp-norm: this reads as a certain closeness of the trajectories of two processes, called strong convergence.
The time regularity hypotheses on the coefficients (b,σ) are slightly strengthened.

Theorem 5.2.1 (strong convergence at order 1
2 ) Suppose that the coefficients (b,σ) from the equation (5.0.1) for

X satisfy

i) |b(t,x) − b(s, y)|+|σ(t,x) − σ(s, y)|≤ Cb,σ(|x − y|+|t − s|
1
2 ) for all 

(t, s,x, y) ∈ [0,T ] × [0,T ] × Rd × Rd,
ii) |b(0,0)|+|σ(0,0)| ≤ Cb,σ,



for a certain finite constant Cb,σ.
For any p > 0, there exists a constant C — depending on T, x, Cb,σ and p — such that

E( sup
0≤t≤T

X
(h)
t − Xt|

p) ≤ Ch
p

2 .

(5.2.1)

We say that the strong convergence is of order 1
2

 because the Lp-norm of the error is of magnitude h
1
2 .

PROOF:

We show the upper bound only for p = 2; the case p ≠ 2 is similar but it requires some complementary results from stochastic calculus that are not
presented in this book.

Set εt = sup0≤s≤t|X
(h)
s − Xs|2 and decompose the error as

X
(h)
t − Xt = ∫

t

0
(b(φh

s ,X (h)
φh
s
) − b(s,X (h)

s ))ds + ∫
t

0
(b(s,X (h)

s ) − b (s,Xs))ds + ∫
t

0
(σ(φh

s ,X (h)
φh
s
) − σ(s,X (h)

s ))dWs + ∫
t

0
(σ(s,X

Proceeding as for the inequality (5.1.6), we obtain (for t ≤ T)

E (εt) ≤ 4 t

t

∫
0

E b(φh
s ,X (h)

φh
s
)− b(s,X (h)

s ) 2ds + t

t

∫
0

E b(s,X (h)
s )− b (s,Xs) 2ds

(5.2.2)

+c2

t

∫
0

E σ(φh
s ,X (h)

φh
s
)− σ(s,X (h)

s ) 2ds + c2

t

∫
0

E σ(s,X (h)
s )− σ (s,Xs)

2
ds

(5.2.3)

≤ 4 2 (T + c2)C 2
b,σ

t

∫
0

(E X
(h)
s − X

(h)
φh
s

2 + (s − φh
s))ds + (T + c2)C 2

b,σ

t

∫
0

E X
(h)
s − Xs

2
ds .

(5.2.4)

An exact calculation for the Euler scheme increment gives, for s ∈ [0,T],

using (5.1.5) and the notation m(t) = Esup
0≤s≤t

X
(h)
s

2. Plugging this upper bound into (5.2.4) yields

E (εt) ≤ 8 (T + c2)C 2
b,σT(2C 2

b,σ (1 + m (T )) (h + d)h + h) + 4 (T + c2)C 2
b,σ ∫

t

0
E (εs)ds.

∣⎛⎜⎝ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ⎞⎟⎠⎛⎜⎝ ∣ ∣ ∣ ∣ ⎞⎟⎠E X
(h)
s − X

(h)
φh
s

2

= E(E( X
(h)
s − X

(h)
φh
s

2X
(h)
φh
s
))

= (s − φh
s)

2
E b(φh

s ,X (h)
φh
s
)

2
+ (s − φh

s)E(Tr(σσ
T (φh

s ,X (h)
φh
s
)))

≤d E σ(φh
s ,X (h)

φhs
) 2

≤ C 2
b,σ (1 + m (φh

s))((s − φh
s)

2
+ d (s − φh

s))

≤ 2C 2
b,σ (1 + m (T )) (h + d)h∣ ∣∣ ∣∣ ∣ ∣ ∣∣ ∣



An application of the Gronwall lemma allows us finally to get

E (εt) ≤ 8 (T + c2)C 2
b,σT(2C 2

b,σ (1 + m (T )) (h + d) + 1)e4(T+c2)C 2
b,σTh.

▫

⊳ Remarks. The estimate of the convergence rate in Theorem 5.2.1 is optimal and cannot be improved in full
generality. Observe that the global Lipschitz hypothesis for the coefficients is important in the proof to obtain the
error estimate: it is very delicate in general to weaken this hypothesis while keeping the same convergence order.

– For example, if the coefficients are Hölder continuous, there exist very few results in this generalized
context, see [68].

– Recently, in [70, 81] the authors have nicely demonstrated that the linear growth condition may be crucial in
the derivation of error estimates: namely, for any given (arbitrary slow) convergence rate, they provide
examples of stochastic differential equations with smooth coefficients but with superlinear growth, for
which the Euler scheme converges in a strong sense more slowly than the given rate.

If the diffusion coefficient σ does not depend on x, it is possible to show — adapting cleverly the previous
calculations and supposing that the coefficients are Lipschitz in time — that the order of convergence becomes 1
with respect to the time step (as for an ordinary differential equation); see Exercise 5.1. This shows that the largest
contribution to the discretization error comes from the approximation of the stochastic integral. Convergence
schemes with higher orders exist — such as the Milshtein scheme — but in general, they cannot be easily
implemented when X is a multidimensional diffusion, which certainly restricts their practical interest.
⊳ Pathwise approximation. From Theorem 5.2.1, we deduce the convergence rate in the pathwise sense. Indeed,

for all η ∈]0, 1
2 [ and setting p = 2/η, we remark that eN = N

1
2 −η sup0≤t≤T |X

T/N
t − Xt| is such that 

E(∑N≥1 e
p
N) = ∑N≥1 E(epN) < +∞: hence, the series with the general term (epN)N≥1 is a.s. convergent, and

thus bounded.

Corollary 5.2.2 (pathwise convergence of order 1
2

−
) Under the hypotheses of Theorem 5.2.1, the Euler scheme

converges in the pathwise sense at order 1
2

− η (for all η ∈]0, 1
2

[):

sup
0≤t≤T

X
T/N
t − Xt < CN − 1

2
+η a. s. ,

(5.2.5)

with a finite random variable C (depending on η).

5.3 Weak Convergence

If the objective is to evaluate E(f(XT )) by the Monte-Carlo method using the Euler scheme, the final
discretization error E(f(X

(h)
T )) − E(f(XT )) is called the weak error because this is the error between the

distributions of X (h)
T  and XT and not between their trajectories (strong error).

However, strong convergence provides convergence rates for the weak error when f is regular. For example, if f
is Lipschitz, we get immediately an upper bound on the discretization error

E(f (X
(h)
T )) − E (f (XT )) ≤ CfE X

(h)
T − XT = O(√h)∣ ∣∣ ∣ ∣ ∣



using the previous upper bound for the strong convergence. For such functions f, the weak error 
E(f(X

(h)
T )) − E(f(XT )) converges at order 1

2  as a function of h. Actually, the estimation is very rough because
it neglects possible averaging and cancellation effects in the expectation: indeed, we will show that the
convergence rate is h if f is regular.

5.3.1 Convergence at order 1

Theorem 5.3.1 (weak convergence at order 1) Let T > 0 and suppose that

i) the functions b, σ, f, g, k are continuous bounded, of class C 1,4([0,T ] × R
d) with bounded derivatives; and

ii) the function u : [0,T ] × R
d ↦ R defined by

is2 bounded continuous, of class C 1,4 with bounded derivatives, and satisfies

{

where L  is the infinitesimal generator of X.

Then, if X(h) is the Euler scheme associated with X with a step h = T/N (with N ∈ N
*), we have

E[f (X (h)
T )e

−h∑N−1
j=0 k(jh,X

(h)
jh
)

+ h

N−1

∑
i=0

g(ih,X
(h)
ih
)e

−h∑i−1
j=0 k(jh,X

(h)
jh
)
]− E[f (XT )e− ∫ T

0 k(r,Xr)dr + ∫
T

0
g (s,X

PROOF:

Denote by Err.disc. (h) the above discretization error. In view of the forthcoming stochastic calculus questions, it is more convenient to represent it
using Itô processes:

u (t,x) = E f (X t,x
T )e

−∫
T

t

k(r,X t,x
r )dr

+ ∫
T

t

g (s,X t,x
s )e

−∫
t

s

k(r,X t,x
r )dr

ds
⎡⎢⎣ ⎤⎥⎦∂tu (t,x) + Lu (t,x) − k (t,x)u (t,x) + g (t,x) = 0, t < T ,x ∈ Rd,

u(T ,x) = f(x),

Err.disc. (h)

= E f (X (h)
T )e

−

T

∫
0

k(φh
r ,X (h)

φhr
)dr

+

T

∫
0

g(φh
s ,X (h)

φh
s
)e

−

φhs

∫
0

k(φh
r ,X (h)

φhr
)dr

ds

−E f (XT )e

−

T

∫
0

k(r,Xr)dr

+

T

∫
0

g (s,Xs)e

−

s

∫
0

k(r,Xr)dr

ds .

⎡⎢⎣ ⎤⎥⎦⎡⎢⎣ ⎤⎥⎦



The technique of proof follows a general principle: use the limit solution (i.e., the function u) to represent the error. Observe that the second
expectation is u(0,x) = u(0,X (h)

0 ) and that the terminal function is f(⋅) = u(T,⋅), thus the discretization error can be written as

E[u(T ,X
(h)
T )e

− ∫ T
0 k(φh

r ,X (h)

φhr
)dr

+ ∫
T

0
g(φh

s ,X
(h)

φh
s
)e

− ∫ φhs
0 k(φh

r ,X (h)

φhr
)dr

ds]− u(0,X
(h)
0 ).

We can decompose this difference using stochastic calculus, in particular the Itô formula applied to u(t,X (h)
t )e

− ∫ t

0 k(φ
h
r ,X

(h)

φhr
)dr

 (as for the formulas

(4.4.1) and (4.4.6)): this gives

(5.3.1)

+∫
t

0
e

− ∫ s
0 k(φh

r ,X (h)

φhr
)dr

𝛻xu(s,X
(h)
s )σ(φh

s ,X
(h)

φh
s
)dWs.

(5.3.2)

The above stochastic integral has a zero expectation under the hypothesis of the theorem. By taking the expectation in the above equality, setting t = T
and using the expression of ∂tu (see the partial differential equation satisfied by u at the point (s,X (h)

s )), we get a new representation of the error:

This shows that the global error is an average of local errors coming from the fact that the coefficients k, g, b, σ have been frozen on each time
interval.

The first expectation can be easily bounded by T ∣ g ∣∞∣ k ∣∞e∣k∣∞T sups(s − φh
s) = O(h) As for the term 

e
− ∫ s

0 k(φh
r ,X

(h)

φhr
)dr
[k(s,X (h)

s )− k(φh
s ,X (h)

φh
s
)]u(s,X (h)

s ), let us again apply the Itô formula between φh
s  and s to get that this term equals

∫
s

φh
s

[u (r,Xh,x
r )ak,0 (r) +

d

∑
l1=1

u′
xl1

(r,Xh,x
r )ak,1,l1 (r) +

d

∑
l1,l2=1

u′′
xl1 ,xl2

(r,Xh,x
r )ak,2,l1,l2 (r)]dr

u(t,X (h)
t )e

−

t

∫
0

k(φh
r ,X

(h)

φhr
)dr

− u(0,X (h)
0 )

t

= ∫
0

e

−

s

∫
0

k(φh
r ,X

(h)

φhr
)dr

(∂tu(s,X
(h)
s )− k(φh

s ,X
(h)

φh
s
)u(s,X

(h)
s ))

+∑
d

l1=1
u′
xl1
(s,X

(h)
s )bl1 (φ

h
s ,X

(h)

φh
s
)

1
2 ∑

d

l1,l2=1
u′′
xl1

,xl2
(s,X

(h)
s )[σσT ]

l1,l2
(φh

s ,X
(h)

φh
s
)ds

Err.disc. (h)

= E ∫
T

0
e

−∫
φhs

0
k(φh

r ,X (h)

φhr
)dr

− e
−∫

s

0
k(φh

r ,X (h)

φhr
)dr

g(φh
s ,X

(h)

φh
s
)ds

+E ∫
T

0
e

−∫
s

0
k(φh

r ,X
(h)

φhr
)dr

([k(s,X (h)
s )− k(φh

s ,X (h)
φh
s
)

+ [g(φh
s ,X (h)

φh
s
)− g(s,X (h)

s )]

+
d

∑
l1=1

u′
xl1
(s,X (h)

s ) [bl1 (φ
h
s ,X (h)

φh
s
)− bl1 (s,X (h)

s )]

+ 1
2

d

∑
l1,l2=1

u′′
xl1 ,xl2

(s,X (h)
s )

× [[σσT ]
l1,l2

(φh
s ,X (h)

φh
s
)− [σσT ]

l1,l2
(s,X (h)

s )]ds.

⎡⎢⎣ ⎛⎜⎝ ⎞⎟⎠ ⎤⎥⎦⎡⎢⎣ ⎤⎥⎦



plus a stochastic integral, which can be shown to have zero expectation. The processes ak,0,ak,1,l1,ak,2,l1,l2 are expressed as functions of the exponential
factor, of k and its derivatives: it is not important to have their exact expression and it is enough to note that these processes are uniformly bounded in
r. Taking into account the uniform bounds on u and its derivatives, we have shown that

E(e
− ∫ s

0 k(φh
r ,X

(h)

φhr
)dr

[k(s,X (h)
s ) − k(φh

s ,X (h)
φh
s
)]u(s,X (h)

s )) ≤ C (s − φh
s) ≤ Ch,

for a uniform constant C. The same arguments can be applied for the terms with g, bl1 and [σσT]l1,l2 . To sum up, we have justified that 
∣ Err.disc. (h) ∣≤ O(h)+ ∫ T

0 C hds = O(h), as advertised.
▫

By strengthening the regularity hypothesis, we can continue the expansion and show that the error admits an
asymptotic expansion at any order in powers of h, see [139].

5.3.2 Extensions

The regularity hypotheses of the previous theorem are sometimes too strong for applications. We can compensate
for the lack of regularity of the functions f and g by supposing that the distribution of Xt has a smoothing density,
under the condition of non-degeneracy (such as uniform ellipticity). The analysis is much more involved, because
it is mixing the arguments from the partial differential equation and from stochastic analysis [9]. With a purely
stochastic approach, we can even suppose that the non-degeneracy takes place only at the initial point (0,x); see
[61]. We state a result of this type, without its proof.

Theorem 5.3.2 (weak convergence for measurable f) For coefficients b and σ of class C ∞ with bounded
derivatives and supposing that σσT(0,x) is invertible, we have

E[f(X (h)
T )]− E[f(XT )] = O (h)

for any measurable bounded function f.

Similar error estimates for the densities of X (h)
T  and XT are also available, with rather definitive results.

On the other hand, the results are much more incomplete if we want to reduce to minimum the regularity and
boundedness hypotheses of b and σ; this is again an active research domain. See [89, Preposition 2.3] for examples
of error estimates of type hα with α ∈ [ 1

2
, 1[.

⊳ To learn more. The convergence rate h can sometimes be extended to more complex functionals, as for example
those appearing in the calculation of the sensitivity with respect to the initial condition, i.e., ∇xE(f(X 0,x

T
)).

Taking the results and notation of Section 4.5, the additional process to simulate is (∇X
0,x
t )t, the solution of

∇X
0,x
t := Id + ∫

t

0
∇xb (s,X 0,x

s ) ∇X 0,x
s ds +

d

∑
k=1

∫
t

0
∇xσk (s,X 0,x

s ) ∇X 0,x
s dWk,s.

An approximation by the Euler scheme is natural3 and gives, at the discretization time ih,

(5.3.3)

∣ ∣



or, equivalently in the form of an Itô process,

∇X
0,x,(h)
t = Id + ∫

t

0
∇xb(φh

s ,X
0,x,(h)
φh
s

) ∇X
0,x
φh
s

ds +
d

∑
k=1

∫
t

0
∇xσk (φh

s ,X
0,x,(h)
φh
s

) ∇X
0,x,(h)
φh
s

dWk,s.

Thus, the simulation of ∇X0,x,(h) at the discretization times is as easy as for X0,x,(h).
The sensitivity formulas given in Corollary 4.5.2 and Theorem 4.5.3 can be approximated at rate h (under

appropriate hypotheses on b, σ, f, see [61]):

The proof of these results is based on advanced stochastic analysis which goes beyond the scope of this book; in
fact the arguments based on the partial differential equation cannot be applied because these functionals are not
connected to the Feynman-Kac representation.

5.4 Simulation of Stopped Processes

In this section, our attention is focused on the approximation by the Euler scheme of

E (f (τ ∧ T ,Xτ∧T )), where τ =inf {s > 0 : Xs ∉ D}

is the first exit time from D of X starting at (0,x). We recall that this evaluation of the distribution of the couple
"time/exit position" is connected to the probabilistic solution of the Cauchy-Dirichlet problem (see Theorem
4.4.5).

Contrary to the previous case of E(f(XT )), which requires us to know only the value of the diffusion at T, the
current case requires us to have a lot of information on the trajectory to know the exit time with accuracy: this
requirement comes from the significant irregularity of the trajectory of X (as that of Brownian motion). Several
numerical schemes exist: their convergence analyses have been performed in detail but the proofs lead to delicate

⎧⎪⎨⎪⎩∇X
0,x,(h)
0 = Id,

∇X
0,x,(h)
(i+1)h = ∇X

0,x,(h)
ih + ∇xb(ih,X

0,x,(h)
ih ) ∇X

0,x,(h)
ih h

+
d

∑
k=1

∇xσk (ih,X
0,x,(h)
ih ) ∇X

0,x,(h)
ih (Wk,(i+1)h − Wk,ih),

E(∇xf (X
0,x,(h)
T )∇X

0,x,(h)
T )− E(∇xf (X

0,x
T )∇X

0,x
T ) = O (h),

(
f(X 0,x,(h)

T )

T
[∑

N−1

i=0
[σ−1 (ih,X

0,x,(h)
ih

)∇X
0,x,(h)
ih

]
T

(W(i+1)h − Wih)]
T

)

E − E
f(X 0,x

T
)

T

T

∫
0

[σ−1 (s,X 0,x
s )∇X

0,x
s ]

T

dWs

T

= O (h).

⎛⎜⎝ ⎡⎢⎣ ⎤⎥⎦ ⎞⎟⎠



mathematical development combining differential geometry, stochastic analysis, and probabilistic limit theorems.
To spare the reader and not forget the important ideas, we restrict to result statements about convergence rate
without specifying hypotheses or giving proofs. The interested reader is referred to the given bibliography.

5.4.1 Discrete approximation of exit time

The simplest approach certainly consists of stopping the Euler scheme because one of its values at the
discretization times is outside the domain D: this means to set

τ h
disc. :=inf {ih > 0 : X

(h)
ih

∉ D}.

Calculation of τ h
disc does not require additional simulation. On the other hand, the approximation is rather rough.

⊳ Heuristic. To easily understand the underlying phenomenon, consider the case of Brownian motion with X = W
= X(h): the values at the points ih are generated without discretization, but the exit time is wrong, with a systematic
bias, τ h

disc. ≥ τ . To get an idea of the order of the error, consider the case where D = ]−1,1[ with X Brownian
motion in dimension 1, and let us evaluate4 E(τ h

disc. − τ). Because (W 2
t − t)t is a martingale, the optional

sampling theorem gives

applying in the last inequality, the Fatou lemma to the first term and the dominated convergence theorem to the
second. Now the heuristic is the following: at the discretization times before τ h

disc., we have by definition 
∣ Wτ h

disc.−h ∣< 1, while at τ h
disc., we have ∣ Wτ h

disc.
∣≥ 1; as the increments of the Brownian motion are of order √h

on average, we can reasonably conjecture that

E (τ h
disc. − τ) ≥ E((|Wτ h

disc.
|−1)(|Wτ h

disc.
|+1)) ≥ E( Wτ h

disc.
|−|Wτ h

disc.−h ) ≥ c√h

for a constant c > 0, proving that the convergence order cannot be more than 1
2 .

E (τ h
disc. − τ) = lim

T→∞
E (T ∧ τ h

disc. − T ∧ τ) (monotone convergence)

= lim
T→∞

E(W 2
T∧τ h

disc.
− W 2

T∧τ) (optional sampling theorem)

≥ E(W 2
τ h
disc.

− W 2
τ ) = E(W 2

τ h
disc.
)− 1 ∣ ∣



Algorithm 5.2: Approximated simulation of f(τ∧T,Xτ∧T) by Euler scheme and discrete exit time.


⊳ Exact order of convergence. The order of convergence is exactly 1
2  because there exists an expansion of the

error in √h (see [60]), in full generality on the domain D, on the diffusion X, on the function f5, under certain
regularity and non-degeneracy hypotheses: for some constant C1, we have

E(f (τ h
disc. ∧ T ,X

(h)

τ h
disc.∧T

)) − E (f (τ ∧ T ,Xτ∧T )) = C1√h + o(√h).

The rate √h is not due to the error approximation X(h)−X at the discretization times, but due to the discrete
approximation of the exit time (see the discussion at the beginning about Brownian motion).

⊳ Conclusion. This method is very simple to use but it leads to significant over-estimations of the exit time, with
an error of order 1

2  with respect to the time step, thus significantly larger than in the case of E(f(XT )).

5.4.2 Brownian bridge method

To account for the possible exit of X(h) from the domain between two consecutive discretization times, one may try
to improve the approximation of the exit time by continuous observation of the trajectory

τ h
cont. := inf{s > 0 : X

(h)
s ∉ D},

knowing the values (X (h)
ih

)i≥0, which have been already simulated.

⊳ Brownian bridge. The objective is to improve the order of convergence 1
2 , and to achieve the order 1 as in the

absence of the spatial boundary. It is not necessary to simulate exactly τ h
cont.: it is enough to detect in which

interval [ih,(i+1)h] the time τ h
cont. is, and then proceed to the approximation



τ h
cont. ≈ (i + 1)h.

This last approximation introduces an additional error of order 1 in h. To achieve this exit detection, set

the first equality comes from Lemma 5.1.3 on Brownian bridges. The function p is the exit probability of a certain
Brownian bridge. Then by simulating a sequence (Ui)i ≥ 0 of independent random variables with uniform
distribution on [0,1], the first index i such that

Ui ≤ p(D; ih, (i + 1)h;X
(h)
ih ,X

(h)
(i+1)h)

simulates the index of the interval in which τ h
cont. is located.

⊳ Computation of the exit probability for the Brownian bridge. Most of the difficulties of this method are in the
explicit calculation of the function p(D;s,t;x,y).

a) (Exterior points) If x ∉ D or y ∉ D, then obviously p(D;s,t;x,y) = 1.
b) (Interior points far from the boundary) If

min (d (x,D), d (y,D)) ≫ (t − s)
1
2 ,

then p(D;s,t;x,y) is extremely small with respect to t−s and we can approximate it by 0 without getting any
significant error in the procedure.

c) (Half-space) In the case where D = {w ∈ R
d : (w − z) ⋅ →v ≥ 0} is a half-space with a boundary passing

through z and orthogonal to the unit vector →v, p is explicit:



p (D; s, t;x, y) =exp −2
[(x − z) ⋅

→
v] [(y − z) ⋅

→
v]

[
→
v ⋅ σσT (s,x)

→
v] (t − s)

, ∀ (x, y) ∈ D2.



This formula can be established combining Lemma 5.1.3 and the equality (4.1.2); see also (4.1.5).

In most other cases, there is no explicit expression of p. When the domain D is smooth, we can replace in the
calculation of p the domain D by its local approximation by a half-space: we project6 x on the boundary ∂D, which
gives π(x); we denote by →n(x) the unit inward normal vector at π(x)∈∂D. Finally we approximate D by 
{w ∈ R

d : (w − π(x)) ⋅ →n(x) ≥ 0}; see Figure 5.1.

P(∃t ∈ [ih, (i + 1)h] : X
(h)
t ∉ DX

(h)
jh : j ≤ N)

= P(∃t ∈ [ih, (i + 1)h] : X
(h)
t ∉ DX

(h)
ih ,X

(h)
(i+1)h)

:= p(D; ih, (i + 1)h;X
(h)
ih ,X

(h)
(i+1)h);

⎛⎜⎝ ⎞⎟⎠



Figure 5.1 Local approximation by half-space.


Then, by taking

p̃ (D; s, t;x, y) =exp −2
[(x − π (x)) ⋅

→
n (x)] [(y − π (x)) ⋅

→
n (x)]

[
→
n (x) ⋅ σσT (s,x)

→
n (x)] (t − s)

instead of p, the global algorithm has an explicit implementation and achieves the order of convergence 1 with
respect to the time step h [58].

Algorithm 5.3: Approximated simulation of f(τ∧T,Xτ∧T) by Euler scheme and Brownian bridge.


5.4.3 Boundary shifting method

The discrete exit time over-estimates, on average, the continuous exit time: the bias is of order √h. To compensate
exactly this bias, a natural idea consists of properly shrinking the domain to generate more frequent exits (see
Figure 5.2): intuitively, the size of inward shift should be of order √h; actually, there exists a precise universal
tuning.

This procedure proposed first for the Brownian motion in dimension 1 in [21] was then generalized to the case
of a general multidimensional diffusion in [60]. Surprisingly, the tuning of the boundary shifting is rather simple

⎛⎜⎝ ⎞⎟⎠



and universal, as a function of the following constant7 which is expressed with the help of the Riemann zeta
function:

c0 = −
ζ( 1

2 )

√2π
= 0. 5826 ⋯ .

Denote by →n(x) the unit inward normal vector at the point on the boundary ∂D closest to x and define as follows
the new exit time from the domain with a shifted boundary:

τ h
disc. shift. :=inf {ih > 0 : X

(h)
ih

∉ D or d(X (h)
ih

, ∂D) ≤ c0√h σT→n (ih,X
(h)
ih
)}.

Then, under appropriate regularity hypotheses, we have

E [f (τ h
disc. shift. ∧ T ,X

(h)

τ h
disc. shift.∧T

)] − E [f (τ ∧ T ,Xτ∧T )] = o(√h).

The order of convergence is thus strictly better than 1
2 ; from numerical tests, it is conjectured that it is equal to 1,

but the mathematical proof remains an open question.
Note that this algorithm does not require additional simulation and its computational cost is the same as for the

algorithm with discrete exit times, but it has better accuracy.
In Table 5.1, we present the numerical values from [59, Table 4.3] comparing the three previous methods on a 2-

dimensional example, for different N; the benchmark value is E[f(τ ∧ T ,Xτ∧T )] ≈ 1.727. The number of
samples is large enough for the statistical error of the Monte-Carlo method to be less than 0.002 with probability
95%. The methods of Brownian bridge and boundary shifting appear to be equally accurate; on the other hand, the
one by discrete exit times turns out to be rather imprecise, in agreement with the theoretical estimates.∣ ∣



Algorithm 5.4: Approximated simulation of f(τ∧T,Xτ∧T) by the Euler scheme and discrete exit time with a shifted boundary.


Table 5.1 Comparison of the numerical evaluation of E[f(τ ∧ T ,Xτ∧T )].

Methods N = 13 N = 26 N = 52 N = 126

Discrete exit times 2.244 2.110 2.008 1.913
Brownian bridge 1.730 1.728 1.727 1.727

Boundary shifting 1.752 1.726 1.725 1.727

Figure 5.2 The modified (grid pattern) domain is obtained by shifting locally the initial boundary in the unit inward normal direction, by a quantity 

c0√h|σT(t,x)→n(x)|.


5.5 Exercises



Exercise 5.1 (strong convergence) Show that in Theorem 5.2.1, the convergence rate is of order 1 if σ is constant
and b is C 2 in space and C 1 in time.

Exercise 5.2 (Milshtein scheme) Denote by (Xt)t ≥ 0 the solution of the stochastic differential equation

Xt = x + ∫
t

0
σ (Xs)dWs + ∫

t

0
b (Xs)ds

where σ, b : R → R are bounded C 2-functions with bounded derivatives.

1. Show the short time L2-approximation

E((Xt − [x + b (x)t + σ (x)Wt])
2) =

(σσ′ (x))2

2
t2 + o (t2).

The above estimate is instrumental to show the strong convergence of the Euler scheme (5.1.1) at order
1/2: essentially, the global quadratic error (of size N−1) is the summation of the above local estimates (of
order N−2 with t = h) over N times, to finally get the bound (5.2.1) for p = 2.

2. Similarly, show

E((Xt − [x + b (x)t + σ (x)Wt +
1

2
σσ′ (x) (W 2

t − t)])
2

) = O (t3).

(5.5.1)

This estimate leads to a high-order scheme, called the Milshtein scheme, which is written

3. Using the above estimate (5.5.1), prove that

sup
0≤i≤N

E(|X
(h,M)
ih − Xih

2) = O (h2),

(5.5.2)

i.e. a convergence rate at order 1 for the strong convergence.

This Milshtein scheme is effective, mainly for one-dimensional situations, because in the multidimensional case, it
is written using the iterated stochastic integrals ∫ t

0 W
i
sdW j

s  for 1 ≤ i ≠ j ≤ d, which cannot be easily simulated (in

dimension 1, we simply have ∫ t

0 WsdWs = 1
2 (W

2
t − t)).

⎧⎪⎨⎪⎩X
(h,M)
0 = x,

X
(h,M)
(i+1)h = X

(h,M)
ih + b(X (h,M)

ih )h + σ(X (h,M)
ih ) (W(i+1)h − Wih)

+ 1
2 σσ

′ (X (h,M)
ih ) [(W(i+1)h − Wih)

2
− h].∣



Exercise 5.3 (convergence rate of weak convergence) We consider the model of geometric Brownian motion:

Xt = x + ∫
t

0
σXsdWs + ∫

t

0
μXsds

with x > 0.

1. Compute E(X 2
T ).

2. Let X(h) be the related Euler scheme with time step h. Set yi = E((X
(h)
ih

)2). Find a relation between yi+1

and yi.
3. Deduce that E((X

(h)
T )2) = E(X 2

T ) + O(h). Compare with Theorem 5.3.1.

Exercise 5.4 (solving SDE using change of variables) Consider an SDE of the form

Xt = x0 + ∫
t

0
b (Xs)ds + ∫

t

0
σ (Xs)dWs.

(5.5.3)

We study two transformations that lead to simpler equations and may help in the resolution of the initial SDE.

i) (Lamperti transformation). We assume that the equation (5.5.3) is defined on R, and we assume that the
coefficients b : R → R and σ : R → (0, ∞) are of class C 1 with bounded derivative, that the function 

1
σ(x)

 is not integrable at ±∞, and that the function b/σ−σ′/2 is Lipschitz.

(a) Verify that the function f(x) = ∫ x

x0

dy
σ(y)

 is a bijection from R into R.

(b) Show that the solution to the equation (5.5.3) can be put in the form Xt = f−1(Yt), where the process
Y solves


Yt = ∫
t

0
b̃ (Ys)ds + Wt,



for some function b̃ to explicit.

Comment: The interest in Lamperti transformation is to retrieve an SDE with unit-diffusion
coefficient; the approximation by Euler scheme of this SDE becomes more accurate (Exercise 5.1).

ii) (Doss-Sussmann transformation). We consider now the case where the coefficients b,σ : Rd → Rd are
Lipschitz, σ is of class C 2

b
 (bounded with bounded derivatives), and Wt is still a scalar Brownian motion.

Denote by F(θ,x) the flow of the differential equation x′
θ = σ(xθ) in Rd, i.e.

∂θF (θ,x) = σ (F (θ,x)), F (0,x) = x, ∀ (θ,x) ∈ R × R
d,

and by ∂xF(θ,x) the Jacobian matrix of F. Using that F is of class C 2 on R × R
d and that ∂xF(θ,x) is

invertible for any (θ,x), show that the solution Xt of (5.5.3) is written in the form



Xt (ω) = F (Wt (ω),Zt (ω))

for any t, where the differentiable process Zt solves — ω by ω — the Ordinary Differential Equation (ODE)

Zt = x0 + ∫
t

0
(∂xF (Ws,Zs))−1(b −

1

2
(∂xσ)σ) (F (Ws,Zs))ds,

with the matrix (∂xF(θ,x))−1 being the inverse of ∂xF(θ,x).

Exercise 5.5 (simulation of exit time) Write a simulation program to compute E(1sup0≤t≤T St≤U(K − ST )+)

where S is a geometric Brownian motion. We will compare the three schemes (discrete time approximation,
Brownian bridge method, boundary shifting method).

Exercise 5.6 (exit time, nonconvergence) In the theoretical results of Section 5.4, the assumption of non-
degeneracy (i.e. σ(x) invertible) plays an important role in the validity of the convergence results. Otherwise, we
may face some pathological situations, as illustrated below.

i) In dimension 1, consider the model with b(y) = y, σ(y) = 0, x0 = 1 and D = (−∞,exp(1)), T = 1. Prove that 
τ h

disc. > 1 and τ = 1, so that

P (τ h
disc. > T) − P (τ > T ) = 1

does not converge to 0 as h → 0.
ii) In dimension 1, consider the model b(x) = cos(x),σ(x) = sin(x), x0 = π/2 with D = (−π,2π). Prove that τ = +∞

a.s. and τ h
disc. < +∞ a.s..

Notes

1If f : [0,T ] ↦ R
+ and f(t) ≤ a + b ∫ t

0 f(s)ds < +∞, then f(t)≤aebt.

2Actually, the required properties of u come from the hypothesis i), but we will not prove it.

3It is also coherent because ∇X0,x,(h) defined like that is the derivative of X0,x,(h) with respect to x.

4We leave to the reader the (nontrivial) proof of the fact that τ h
disc and τ are a.s. finite and with finite expectation.

5A discount factor and a source term could be added without modifying the nature of the result.

6The projected point π(x) is unique if x is close enough to ∂D.

7This constant appears in asymptotic theorems for Gaussian random walks.



Chapter 6

Statistical error in the simulation of stochastic differential
equations

In this chapter we discuss the statistical error that appears in the simulation of stochastic differential
equations, in connection with the discretization step that is chosen for the process approximation. The
main goal of the chapter is to provide guidance for a proper choice of the number of trajectories and the
time step.

6.1 Asymptotic Analysis: Number of Simulations and Time Step

In Section 5.1.3 of the previous chapter, while calculating the expectation of

E (f, g, k,X) = f (XT )e− ∫ T

0 k(r,Xr)dr + ∫
T

0
g (s,Xs)e

− ∫ s

0 k(r,Xr)drds,

we decomposed the error

Errorh,M :=
1

M

M

∑
m=1

E (f, g, k,X (h,m))− E (E (f, g, k,X))

of the Monte-Carlo method in the superposition of two errors (see (5.1.9)):

1. the discretization error E(E (f, g, k,X (h))) − E(E (f, g, k,X)), which depends only on h, has
been mostly analyzed in Chapter 5; and

2. the statistical error 1
M

M

∑
m=1

E (f, g, k,X (h,m)) − E(E (f, g, k,X (h))), which depends on h and M.

The computational cost Ccost of such an algorithm is, in general, equal to M × [C(d)N] = C(d)MTh−1,
where C(d) stands for the computational cost of the elementary vector/matrix operations made within a
time interval. Everything else being equal, the global cost increases with the dimension and the horizon of
the simulation, but only in the form of a factor, independently of M and h. Thus they have minor
influence, i.e. a much smaller impact compared to that of M and h−1, and for this reason we do not take
them into account in what follows. We simply write



Ccost ∼c Mh−1.

The amount of memory used is minor because it is enough to save only the statistics of the realizations
(empirical mean and standard deviation), without keeping all the simulation history: see Algorithm 5.1.
For non-linear processes from Part C, the algorithms are quite different and the required amount of
memory is much more significant; it is even a limiting factor.

⊳ Question: Given a computational cost Ccost, what is the best strategy to allocate the effort between the
discretization (i.e., h → 0) and the independent simulations (i.e., M → +∞)?

We will answer this question by examining the asymptotic convergence rate. The square of the
quadratic error can be easily calculated:

This approximation comes, on the one hand, from the (expected) convergence of X(h) to X, and, on the
other hand, from the weak convergence analysis in Theorem1 5.3.1. The following discussion could be
easily adapted if the order of the weak convergence were equal to 1

2  or any other value. So, three
asymptotic regimes appear, with respect to the relative values of M−1 and h2.

1. If M ≫ h−2, the statistical error becomes negligible and Errorh,M ≈ Ch. The computational
effort is Ccost ≫ h−3 and the quadratic error is thus

√E(Error2
h,M) ≫ C

−1/3
cost .

Computing confidence intervals as in Chapter 2 gives no information on the sought value 
E(E (f, g, k,X)), because the discretization error is predominant.

2. If M ≪ h−2, the discretization error becomes negligible and we can show, as in Chapter 2, a central
limit theorem: the distribution of √M( 1

M
∑M

m=1 E (f, g, k,X (h,m)) − E(E (f, g, k,X)))

converges to that of a centered Gaussian random variable with variance Var(E (f, g, k, X))
(which can be asymptotically calculated with a sample of M simulations). Hence, we can produce
confidence intervals for the sought value: denoting by σ2

h,M  the empirical variance of 
E (f, g, k,X (h)), we have that with a probability of approximately 95%

(6.1.1)

E (Error2
h,M) =

Var(E (f, g, k,X (h)))
M

+[E (E (f, g, k, X (h))) − E (E (f, g, k, X))]
2

≈ Var(E (f, g, k,X))
M

+ [Ch]2.

E (f, g, k, X (h))
M

− 1.96
σh,M

√M

≤ E (f, g, k, X) ≤ E (f, g, k, X (h))
M

+ 1.96
σh,M

√M
,

¯

¯



where E (f, g, k,X (h))M := 1
M

M

∑
m=1

E (f, g, k,X (h,m)). As for the computational effort, we have 

Ccost ≫ M 3/2 and thus

√E(Error2
h,M) ≫ C

−1/3
cost .

3. If M ∼ h−2, the statistical and the discretization errors have the same magnitude; we can write
confidence intervals, but they are not any more asymptotically centered in E (f, g, k,X) (as in the
case M ≪ h−2) and, unfortunately, the bias (of the discretization) cannot be estimated on the fly2.
As the bias is of the same magnitude as the confidence interval, the latter is of less interesting
because we cannot be sure with high probability that the sought value is inside the confidence

interval. In this case, √E(Error2
h,M) = O(C −1/3

cost ).

To conclude, by considering the availability of having a posteriori error estimates and by optimizing the
final error with respect to the computational cost, we find that the second case M = h−2+ε (for a small ε >
0) seems to be the most attractive because

– it (almost) achieves the best accuracy for a given computational cost, and
– it gives asymptotically centered confidence intervals, and thus it is meaningful for a posteriori error

estimates.

6.2 Non-Asymptotic Analysis of the Statistical Error in the Euler Scheme

In this section, we show how the concentration inequalities (see Section 2.4.4) for the Gaussian random
variables can be applied to the Euler scheme, in order to provide non-asymptotic control of the statistical

fluctuations 1
M

M

∑
m=1

E (f, g, k,X (h,m)) − E(E (f, g, k,X (h))). To make the analysis clear, we consider a

simplified case, where E (f, g, k,X (h)) = f(X (h)
T

), corresponding to g = k ≡ 0. This choice is inspired by
[47].

Theorem 6.2.1 (concentration inequality for Euler scheme) Let T > 0 and suppose that

i) |b(t, x) − b(t, y)| + |σ(t, x) − σ(t, y)| ≤ Cb,σ|x − y| for all (t,x, y) ∈ [0,T ] × R
d × R

d;
ii) sup

0 ≤ t≤T
 (|b(t, 0)| + |σ(t, 0)|) ≤ Cb,σ and σ(⋅) are uniformly bounded; and

iii) f is Lipschitz: ∣ f(x)− f(y) ∣≤ ∣ f ∣Lip. ∣ x − y ∣ for any (x, y) ∈ Rd × Rd.

Then, if (X (h,m)
T )1≤m≤M  is a sequence of independent identically distributed random variables, derived

from the Euler scheme with step h = T/N (N ∈ N*), we have

( ) ( )

¯



P(
1

M

M

∑
m=1

f (X (h,m)
T

)− E(f (X (h)
T
)) > ε) ≤ 2 exp (−

Mε2

2Cb,σ,T |f|2
Lip.

), ∀ε ≥ 0,

for an explicit constant Cb,σ,T depending only on b, σ, d and T.

Since the constant Cb,σ,T does not depend on h, it is possible to take the limit3 as h → 0 in the above
inequality and also obtain deviation bounds for the stochastic differential equation itself, but in practice it
is less useful for the underlying Monte-Carlo method.

With this result in hand, we are able to obtain non-asymptotic confidence intervals, by applying
Proposition 2.4.1 with λ = 5%; with probability of at least 95%, we have

−2. 72
√Cb,σ,T |f|Lip.

√M
≤

1

M

M

∑
m=1

f (X (h,m)
T

)− E(f (X (h)
T
)) ≤ 2. 72

√Cb,σ,T |f|Lip.

√M
.

PROOF:

⊳ Preliminary exponential inequality. Let Φ be a function with compact support and Lipschitz with constant ∣ Φ ∣Lip. > 0: Theorem
2.4.12 applied to the function f = Φ / ∣ Φ ∣Lip. and the d-dimensional centered Gaussian distribution with a covariance Idd (satisfying
the logarithmic Sobolev inequality with a constant Cγd = 2 from Corollary 2.4.16) gives

E(eλ[Φ(Y )−E(Φ(Y ))]) ≤ e
1
2 λ

2|Φ|2
Lip. , ∀λ ∈ R

where Y
d
= N (0, Idd). This inequality is again true if Φ is not with compact support: indeed, as in the proof of Corollary 2.4.13, there

exists a sequence of functions (Φn)n with compact support, that are Lipschitz with the same Lipschitz constant ∣ Φ ∣Lip., such that 

Φn(Y)
L1,a.s.

Φ(Y). So, by the Fatou lemma, we deduce that

⊳ Application to the deviations of f(X (h)
T ) − E(f(X (h)

T )). Set

Fi := E(f (X (h)
T ) X

(h)
ih ) := fi (X

(h)
ih )

and assume for a moment that each function fi is Lipschitz with a constant ∣ fi ∣Lip.. Observe that

f (X
(h)
T )− E(f (X

(h)
T )) =

N−1

∑
i=0

(Fi+1 − Fi) =
N−1

∑
i=0

(Fi+1 − E(Fi+1 X
(h)
ih )).

Conditionally on X (h)
(N−1)h,

∣ ∣−→

E (eλΦ(Y )) = E(lim inf
n→+∞

eλΦn(Y ))

≤ lim inf
n→+∞

E (eλΦn(Y ))

≤ lim inf
n→+∞

eλE(Φn(Y ))+ 1
2 λ

2|Φ|2
Lip. = eλE(Φ(Y ))+ 1

2 λ
2|Φ|2

Lip. .∣ ∣



X
(h)
Nh

d
= X

(h)
(N−1)h + b((N − 1)h,X (h)

(N−1)h)h + √hσ((N − 1)h,X (h)
(N−1)h)Y

where Y
d
= N (0, Idd); thus

using that y ↦ fN(X
(h)
(N−1)h + b((N − 1)h,X

(h)
(N−1)h)h + √hσ((N − 1)h,X

(h)
(N−1)h)y) is Lipschitz with a constant 

√h∥fN∥Lip.σ((N − 1)h,X (h)
(N−1)h

2
. Iterating the previous argument N−2 times, we obtain

E(e
λ[f(X (h)

T )−E(f(X (h)
T ))]

) ≤ e
1
2 λ

2 ∑N
i=1 h|fi

2

Lip.
|∥σ∥2

2

∞

for any λ ∈ R. Considering the empirical mean for M simulations, we deduce from their independence that

E(e
λ[ 1

M
∑M

m=1 f(X
(h,m)
T

)−E(f(X (h)
T
))]

) ≤ e
1
2

λ2

M
∑N

i=1 h|fi
2

Lip.
|∥σ∥2

2

∞ .

Then applying the Chebyshev exponential inequality as in (2.4.12), we easily obtain

P(
1

M

M

∑
m=1

f (X (h,m)
T )− E(f (X (h)

T )) > ε) ≤ 2 exp −
Mε2

2∑N
i=1 h|fi

2

Lip.
|∥ σ ∥2

2

∞

.

⊳ Upper bound for Lipschitz constants ∣ fi ∣Lip.. We will show that

fi
Lip.

≤ |f|Lip.(1 + C 2
b,σh

2 + 2Cb,σh + dC 2
b,σh)

N−i
2 .

(6.2.1)

Let us consider the case i = 0 in details, the other cases are similar. For x and y in Rd, set δi = E|X
x,(h)
ih − X

y,(h)
ih |2 for i ≥ 0. By

Gaussian-based computations, we directly find that

E(eλ[f(X
(h)
T )−E(f(X (h)

T ))]) = E(eλ∑
N−1

i=0
(Fi+1−E(Fi+1 X

(h)
ih )))

= E(E(eλ∑
N−1

i=0
(Fi+1−E(Fi+1 X

(h)
ih )) X

(h)
jh : j ≤ N − 1))

= E(eλ∑
N−2

i=0
(Fi+1−E(Fi+1 X

(h)
ih ))E(eλ[FN−E(FN X

(h)
(N−1)h)]

X
(h)
(N−1)h

))

≤ E(eλ∑
N−2

i=0
(Fi+1−E(Fi+1 X

(h)
ih )))e

1
2 λ

2 fN 2
Lip. ∥σ∥2

2
∞h ∣∣ ∣∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣ ∣∣ ∣∣ ∣ ⎛⎜⎝ ∣ ∣ ⎞⎟⎠∣ ∣E( X

x,(h)
(i+1)h − X

y,(h)
(i+1)h

2 Wjh : j ≤ i)

= X
x,(h)
ih + b(ih,X

x,(h)
ih )h − X

y,(h)
ih − b(ih,X

y,(h)
ih )h 2

+ Tr([σ(ih,Xx,(h)
ih )− σ(ih,X y,(h)

ih )][σ(ih,Xx,(h)
ih )− σ(ih,X y,(h)

ih )]
T
)h

≤ X
x,(h)
ih − X

y,(h)
ih

2 + b (ih, ⋅) 2
Lip. X

x,(h)
ih − X

y,(h)
ih

2h2

+ 2 b (ih, ⋅) Lip. X
x,(h)
ih − X

y,(h)
ih

2h + d σ (ih, ⋅) 2
Lip. X

x,(h)
ih − X

y,(h)
ih

2
h.∣ ∣ ∣∣ ∣∣ ∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣ ∣ ∣



Passing to the expectation and using that δ0 = |x−y|2, we get

Finally, ∣ f0(x)− f0(y) ∣≤ E ∣ f(Xx,(h)
Nh )− f(X y,(h)

Nh ) ∣≤ ∣ f ∣Lip.
√δN , which leads to (6.2.1).

⊳ End of the proof. From (6.2.1) and 1 + x ≤ exp(x), we obtain that

By setting

Cb,σ,T := T exp (C 2
b,σT

2 + 2Cb,σT + dC 2
b,σT)|∥ σ ∥2

2

∞
,

(6.2.2)

we complete the proof. ▫

6.3 Multi-Level Method

Here we present another approach to the computation of expectation for functionals of a diffusion process.
Instead of allocating all the effort to the calculation by the Euler scheme with a small time step (to get a
small discretization error) and with a large number of simulations (to get at the same time a small
statistical error) (see the asymptotic analysis of Section 6.1) the multi-level approach will rather
progressively spread the effort over the Euler schemes with a geometrically decreasing step, for example,
twice smaller at each next level. The main idea is to take advantage of the fact that at coarse levels the
error is large but the computational cost is small, and the error gradually decreases while the
computational cost increases.

This principle is quite standard in deterministic numerical analysis (see [145]); a general approach in
the stochastic case has been developed by Heinrich [75]. In the sequel, we rather follow [54], which
analysis is based on the multi-level ideas applied to the process discretization.

⊳ Description of the method. To fix the ideas, consider the problem of the evaluation of E(f(XT )) and
take a sequence of discretization steps h0,…,hl,…,hL, which decreases geometrically. The index l stands
for the level number, associated with the time step

hl = h02−l.

With this choice, the step is divided by 2 from the level l to the level l + 1. The coarse level corresponds to
l = 0, while the fine level, fixing the accuracy to be achieved, is l = L.

δi ≤ δi−1 (1 + C 2
b,σh

2 + 2Cb,σh + dC 2
b,σh)

≤ |x − y|2(1 + C 2
b,σh

2 + 2Cb,σh + dC 2
b,σh)

i

.

N

∑
i=1

h fi
2
Lip. ≤ |f|2

Lip.

N

∑
i=1

h exp (N (C 2
b,σh

2 + 2Cb,σh + dC 2
b,σh))

≤ |f|2
Lip.T exp(C 2

b,σT
2 + 2Cb,σT + dC 2

b,σT).∣ ∣ ∣



Instead of directly generating M simulations of the Euler scheme with the step hL, we simulate the Euler
schemes with the intermediate steps and write a telescopic sum

E(f (X (hL)
T )) = E(f (X (h0)

T ))+
L

∑
l=1

E(f (X (hl)
T )− f (X (hl−1)

T )).

a) The term of level 0 is evaluated with the help of M0 independent simulations of X (h0)
T : this is

standard. The corresponding computational cost is

C
(0)

cost ∼c M0h
−1
0 ,

as discussed in Section 6.1. We have

E(f (X (h0)
T )) ≈

1

M0

M0

∑
m=1

f (X (h0,0,m)
T ).

b) The term E(f(X (hl)
T

) − f(X (hl−1)
T

)) of the increment from the level l−1 to the level l is
generated using Ml independent simulations of the difference f(X (hl)

T ) − f(X (hl−1)
T ): for this

step, it is crucial that the same Brownian increments are used to construct the two Euler schemes
with the steps hl−1 and hl. In practice, it can be easily performed because it is enough

– to simulate the increments for a finer grid with time step hl and re-sum them to get the
increments for the time step hl−1, or

– to simulate the increments with time step hl−1, and then to refine them to a finer time step
using the Brownian bridge technique (Lemma 4.1.7).

We obtain

E(f (X (hl)
T
)− f (X (hl−1)

T
)) ≈

1

Ml

Ml

∑
m=1

(f (X (hl,l,m)
T

)− f (X (hl−1,l,m)
T

)).

Except for using the same Brownian motion for X (hl,l,m)
T  and X (hl−1,l,m)

T , the simulations are
independent, within the same level, and across the different levels. The computational cost at a
level l is

C
(l)

cost ∼c Ml (h−1
l

+ h−1
l−1) ∼c Mlh

−1
l



because hl−1 = 2hl.

The multi-level Monte-Carlo estimator is then defined by

⊳ Mathematical analysis. To analyze precisely the statistical fluctuations of the differences 
f(X (hl,l,m)

T ) − f(X (hl−1,l,m)
T ), suppose that

f is Lipschitz.

The expectation of the multi-level Monte-Carlo estimator is equal to

(6.3.1)

by assuming that the weak error is of order 1 with respect to h. Using the independence of the simulations
within the levels and between the levels, its variance writes

Var(f (XT )
h0,⋯,hL

M0,⋯,ML
) =

Var(f (X (h0)
T

))

M0
+

L

∑
l=1

Var(f (X (hl)
T
)− f (X (hl−1)

T
))

Ml

.

(6.3.2)

Because X (hl)
T  and X (hl−1)

T  are generated from the same Brownian motion W, we can advantageously
insert ±f(XT) in the variance term, where XT is the solution at time T of the stochastic differential equation,
constructed using W: then using the strong convergence of order 1

2  of the Euler scheme (Section 5.2) and
because f is Lipschitz, we obtain

f (XT )
h0,⋯,hL

M0,⋯,ML
:= 1

M0

M0

∑
m=1

f (X (h0,0,m)
T

)

+
L

∑
l=1

1

Ml

Ml

∑
m=1

(f (X (hl,l,m)
T

)− f (X (hl−1,l,m)
T

)).

¯

E(f (XT )
h0,⋯,hL

M0,⋯,ML
) = E(f (X (h0)

T
))+

L

∑
l=1

E(f (X (hl)
T
)− f (X (hl−1)

T
))

= E(f (X (hL)
T

)) = E (f (XT )) + O (hL)

¯

¯



Combining these two estimates on the expectation and the variance, we get an upper bound on the squared
quadratic error (up to a constant):

E(Error2
h,M) := E( f(XT )

h0,⋯,hL

M0,⋯,ML
− E (f (XT ))

2
) ≤c h

2
L +

Var(f (X (h0)
T

))

M0
+

L

∑
l=1

hl

Ml

.

(6.3.3)

On the other hand, the global cost of the algorithm is

Ccost =
L

∑
l=0

C
(l)

cost ∼c

L

∑
l=0

Ml

hl
.

(6.3.4)

⊳ Optimal asymptotic choice. Let us determine the computational effort required to achieve the accuracy

ε → 0 — meaning that √E(Error2
h,M) ≤ ε — letting the number of simulations tend to infinity, and the

same for the number L of levels. Keep in mind that we have already chosen hl = h02−l, and h0 is fixed in
the analysis below. Comparing (6.3.3) and (6.3.4), we see that the best strategy corresponds to taking a
computational cost Ml

hl
 that is identical on all the levels: observe that this rule is similar to the optimal

stratification (see Section 3.2.2). So, this leads to the following tuning

Ml = M02−l.

We neglect the rounding effects, which can lead to a non-integer Ml. To conclude, this multi-level method

has a global cost Ccost~c(L + 1)M0 and achieves the accuracy √E(Error2
h,M) ≤c 2−L +√ L+1

M0
. To

ensure that the last expression is of order ε → 0 with the best cost, it is necessary and sufficient to take 
L = ∣log(ε)∣

log(2)
 and M0∼cε−2|log(ε)|, which gives the cost Ccost~cε

−2∣ log(ε) ∣2. We have shown the

following main result.

Theorem 6.3.1 (multi-level method) Consider the evaluation of E(f(XT )) by the multi-level method.
Suppose that f is Lipschitz, and that the Euler scheme has a strong convergence error of order 1

2
 and a

weak convergence error of order 1 for f: to achieve accuracy (in quadratic mean) equal to ε → 0, it is
enough to take L = ∣log(ε)∣

log(2)
 levels, with a time step for each level equal to hl∼c2−l and a number of

simulations Ml∼cε−2|log(ε)|2−l. Then the computational cost is

Var(f (X (hl)
T )− f (X (hl−1)

T )) ≤ E f (X (hl)
T )− f (X (hl−1)

T ) 2

≤ 2E f (X (hl)
T )− f (XT ) 2 + 2E f (X (hl−1)

T )− f (XT )
2

= O (hl) + O (hl−1)

= O (hl) (becausehl−1 = 2hl).∣ ∣∣ ∣ ∣ ∣∣¯∣



Ccost ∼c ε
−2|log (ε)|2.

Let us return to the discussion of Section 6.1 and compare this with the efficiency of the method that uses
only one level: the latter achieves accuracy ε → 0 with a cost Ccost~cε

−3, corresponding to the time step
∼cε and the number of simulations ∼cε−2. The multi-level method with a cost almost equal to ε−2 is
significantly more efficient.

In fact, the gain of efficiency is possible, under the condition that we know the orders of weak and
strong convergences of the functional at hand (here f(XT)). When the functional is non-continuous, the
analysis of strong convergence is much more delicate, however this can be done in certain cases [7]. When
the order of strong convergence is not 1

2 , as it is here, the previous analysis can obviously be adapted: we
can then check that if the order is more than 1

2 , the computational effort is greater on the coarse levels and
we have the opposite if the order is less than 1

2 .
The choice to divide the time step by 2 from one level to the next one is quite arbitrary: this factor 2 can

be also optimized (see [54]), which suggests the factors 4 or 7 to get better results.
In addition to a careful adjustment of the level parameters, it is also important to provide confidence

intervals, which can be done using the tools from Chapter 2.
Finally, let us mention that this algorithm can be efficiently implemented using parallel computing

(each processor is responsible for the calculations at a level). In the framework of Theorem 6.3.1, the
computational effort for each processor is of the same order, which means a good synchronization of the
calculations between the processors.

6.4 Unbiased Simulation using a Randomized Multi-Level Method

We present another approach to construct estimators of expectations of path functionals associated with
stochastic differential equations, say E(f(XT )), to simplify. The idea is closely related to the previous
multi-level method, but the main difference is to allow the number of levels L to be random. This
procedure is developed in [128] and related works.

– On the one hand, it results in a scheme that produces an unbiased estimator of the quantity of
interest E(f(XT )).

– On the other hand, as seen below, the variance of the estimator may be infinite, which may rule out
the application of the usual central limit theorem to get confidence intervals. If the estimator
variance is finite, we retrieve a convergence of the global procedure as the inverse of the square
root of the number of simulations.

To derive the unbiased estimator, we work under the assumption that XT is approximated by different
Euler schemes (X(h0),…,X(hl),…) with associated time steps

hl = h02−l



and built with the same Brownian motion. We also assume that the Euler scheme converges in the strong
sense at a certain order r > 0: for any p ≥ 1, for some constant Cp we have

[E( X
(hl)
T − XT

p)]
1/p

≤ Cph
r
l = Cph

r
02−lr, ∀l ≥ 0.

(6.4.1)

This estimate is of the form (5.2.1) in the case r = 1
2 , but here we allow r to take larger values; this will

be important for the subsequent discussion.
Let the number of levels L be a positive integer-valued random variable, such that

P(L ≥ l) > 0, ∀l ≥ 1.
(6.4.2)

We additionally assume that L is independent of the Brownian motion used to define X and the Euler
schemes. The unbiased estimator of E(f(XT )) is designed as follows.

Theorem 6.4.1 Assume that f is Lipschitz and set

Δfl := f (X (hl)
T )− f (X (hl−1)

T ), ∀l ≥ 1.

Then

Z := f (X (h0)
T )+

L

∑
l=1

Δfl

P(L ≥ l)
(6.4.3)

is integrable and is an unbiased estimator of E(f(XT )), i.e. E(Z) = E(f(XT )).

PROOF:

We first check that the series

L

∑
l=1

|Δfl|

P(L ≥ l)
= ∑

l≥1

1L≥l

|Δfl|

P(L ≥ l)

converges in L1. Using first the independence between L and the processes, and second, the Lipschitz property of f and the error estimate
(6.4.1), we obtain

E(∑
l≥1

1L≥l

|Δfl|

P(L ≥ l)
) = ∑

l≥1

E(|Δfl|) ≤ |f|Lip.C1h
r
0 ∑
l≥1

2−lr < +∞.

This allows us to write

∣ ∣



since the third term is a telescoping sum. ▫

Corollary 6.4.2 (Convergence of the randomized multi-level method) Under the notations and
assumptions of Theorem 6.4.1, let (Z1,…,ZM) be a sample of i.i.d. copies of Z and set

ZM =
1

M

M

∑
m=1

Zm.

(6.4.4)

Then ZM  is an unbiased estimator of E(f(XT )) and converges a.s. to E(f(XT )) as M → +∞.

PROOF:

The bias property follows from that of Z. The a.s. convergence of ZM  stems from the strong law of large numbers since Z is integrable. ▫

So far, the distribution of L is quite arbitrary (apart from the condition (6.4.2)). To analyze the cost of
simulating Z, we need to specify some conditions on L. To simplify the analysis, we restrict to geometric
distribution:

L
d
= G (2−γ), with γ > 1.

(6.4.5)

A more general discussion is derived in [128]. In the simulation of Z, the contribution Δfl at level l
requires C(d)T/hl + C(d)T/hl−1 elementary computations: therefore the expected cost is

E (Ccost) ≤ Cst E(
L

∑
l=0

2l).

Since γ > 1, we easily check that E(Ccost) is finite. Therefore, with the choice (6.4.5), the computational
cost of the unbiased estimator ZM  is proportional to the size M of the sample.

In order to derive confidence intervals on ZM , we investigate the integrability property of Z, namely,
the p-th moment for p ∈ (1, 2]. The triangle inequality for the Lp-norm gives

E (Z) = E(f (X
(h0)
T ))+∑

l≥1

E(1L≥l

Δfl

P (L ≥ l)
)

= E(f (X (h0)
T ))+∑

l≥1

E (Δfl) = E (f (XT ))

¯

¯

¯

¯
¯

(E|Z|p)1/p ≤ (E f(X (h0)
T

p)
1/p

+∑
l≥1

(E (1L≥l|Δfl|
p))1/p

P (L ≥ l)

= (E f(X (h0)
T

p)
1/p

+∑
l≥1

(E (|Δfl|p))1/p

(P (L ≥ l))1−1/p∣ ∣∣ ∣



using the independence between L and the processes

≤ Cst(1 +∑
l≥1

2−l[r−γ(1−1/p)])

using the geometric distribution of L and (6.4.1). Thus, the p-th moment is finite if

r − γ(1 − 1/p) > 0,
(6.4.6)

i.e. if the strong convergence order is large enough. In particular, to get a standard central limit theorem on
ZM , we need p = 2, thus r > γ/2 and since γ > 1 (to ensure a finite expected simulation cost), it requires r
> 1/2, which is stronger than the standard estimate (5.2.1). In other words, two regimes arise.

– When the strong convergence order of the Euler scheme is r = 1/2, the unbiased estimator ZM  is
not necessarily square integrable but only in Lp with p < 2, provided that we choose 
γ ∈ (1, 1

2(1−1/p)
).

– When the strong convergence order of the Euler scheme is larger, i.e. r > 1/2 (see Exercise 5.1
where r = 1, or Exercise 5.2 for the Milshtein scheme), we can choose γ > 1 and satisfying (6.4.6)
with p = 2. Consequently, with a computational expected cost proportional to M, we obtain an
unbiased estimator of E(f(XT )), with Gaussian-type confidence intervals of magnitude 1/√M .

We briefly summarize these properties in a theorem.

Theorem 6.4.3 (unbiased estimator with randomized multi-level method) Consider the evaluation of 
E(f(XT )) by the randomized multi-level method where the number of levels L is geometrically
distributed as G (2−γ) with γ > 1.

Suppose that f is Lipschitz, and that the Euler scheme has a strong convergence error of order r > 0.
Then, Z and ZM  are unbiased estimators of E(f(XT )), their expected simulation costs are finite. The

Monte-Carlo estimator ZM  converges a.s. to E(f(XT )) as M → +∞. Its Lp-moment is finite provided that

r − γ(1 − 1/p) > 0.

In particular, if r > 1/2, we can appropriately choose the geometric distribution of L in order to get a
square-integrable estimator and usual Gaussian confidence intervals for √M(ZM − E(f(XT ))).

More discussions and comparisons with non-randomized multi-level methods are provided in [128] and
references therein.

6.5 Variance Reduction Methods

¯

¯

¯
¯

¯



To reduce the size of confidence intervals as a result of decreasing the variance, the techniques seen in
Chapter 3, in principle, can be applied to the present calculation of an expectation of a diffusion
functional, with some additional specifications. We present several techniques, based on control variables
and on importance sampling.

6.5.1 Control variates

We go back to Definition 3.3.1 of the control variate: it is a centered square integrable random variable Z,
sufficiently correlated with

E (f, g, k,X) = f (XT )e− ∫ T
0 k(r,Xr)dr + ∫

T

0
g (s,Xs)e

− ∫ s
0 k(r,Xr)drds,

the variable for which we evaluate the expectation, or with its discretized version

f (X (h)
T
)e−h∑N−1

j=0 k(jh,X
(h)
jh ) + h

N−1

∑
i=0

g(ih,X (h)
ih
)e−h∑i−1

j=0 k(jh,X
(h)
jh ).

The stochastic calculus naturally provides centered square integrable random variables: these are the
stochastic integrals Zϕ = ∫ T

0 ϕrdWr. Among the vast choice of (ϕs)0 ≤ s ≤ T, let us identify the optimal
control variate. Going back to the proof of the Feynman-Kac formula (4.4.3)

u (t,x) = E[f (X t,x
T
)e− ∫ T

t
k(r,X

t,x
r )dr + ∫

T

t

g (s,X t,x
s )e− ∫ s

t
k(r,X

t,x
r )drds],

observe that by the Itô formula, we get (see (4.4.7) written between t = 0 and s = T)

(6.5.1)

Consequently, the choice ϕ∗
r ≔ e− ∫ r

0 k(s1,Xs1
)ds1∇xu(r,Xr)σ(r,Xr) leads to a constant value of 

E (f, g, k,X) − Zϕ* : only one simulation is thus enough to evaluate

u (0,x) = E (f, g, k,X) − Zϕ* = E (E (f, g, k,X)).

f (XT )e
−∫

T

0
k(s1,Xs1)ds1

+ ∫
T

0
e

−∫
r

0
k(s1,Xs1)ds1

g (r,Xr)dr − Z = u (0,x),

withZ := ∫
T

0
e

−∫
r

0

k(s1,Xs1
)ds1

∇xu (r,Xr)σ (r,Xr)dWr.



In practice, as for the optimal importance sampling from Chapter 3, the simulation of Zϕ* is out of reach:

– The first reason is that the simulation of Zϕ* requires knowledge of ∇xu, the gradient of the
unknown function u.

– The second reason is that the simulation of a stochastic integral can be done only via its time
discretization, implying the loss of optimality of the control variate.

In practice, we search for an explicit approximation4 of u — an approximation that we denote by v — and
instead of Zϕ*, we take the control variate

Zϕ(h) =
N−1

∑
i=0

e
−h∑i−1

j=0 k(jh,X
(h)
jh
)
∇xv(ih,X (h)

ih )σ(ih,X (h)
ih ) (W(i+1)h − Wih).

If ∇xv and ∇xu are close enough and if h is small enough, the variance of

f (X (h)
T )e

−h∑N−1
j=0 k(jh,X

(h)
jh
)

+ h
N−1

∑
i=0

g(ih,X (h)
ih )e

−h∑i−1
j=0 k(jh,X

(h)
jh
)

− Zϕ(h)

is significantly reduced.

6.5.2 Importance sampling

The tools of Chapter 3 were developed for the real-valued or vector-valued random variables: it is not a
priori easy to adapt them to continuous time processes (infinite-dimensional case).

– When the Euler scheme is used for the calculation of 

E(f(XT)e
− ∫ T

0 k(s1,Xs1)ds1 + ∫ T

0 e− ∫ r

0 k(s1,Xs1
)ds1g(r,Xr)dr), the simulated random

functional depends only on the Brownian increments, which form a N × d vector of independent
Gaussian random variables: thus the problem is reduced to a finite-dimensional case. From this
point of view, the adaptive method, presented in Section 3.4.4, can be implemented.

– In full generality, the changes of probability measure for the stochastic differential equations are
described by the Girsanov theorem, which is an infinite-dimensional version of certain results from
Chapter 3. This can be used as a guide for choosing a suitable change of probability measure, but
here there is no miracle since at the simulation stage we finish by reducing the problem to the case
of a discretized Brownian motion as before. We will not present any more of these techniques; the
reader may consult [121] for examples.

6.6 Exercises



Exercise 6.1 (central limit theorem for varying h and M) We study the CLT-type convergence of

Errorh,M =
1

M

M

∑
m=1

E (f, g, k,X (h,m))− E (E (f, g, k,X))

by varying both the number of simulations M and the time step h. We consider the asymptotics M → +∞
and h → 0, with different regimes on Mh2.

i) Assume Mh2 → 0, that f, g, k are bounded continuous functions, and that the weak error is of order
1 w.r.t. h. Show a central limit theorem on √MErrorh,M  with a limit equal to a centered Gaussian
random variable with variance Var(E (f, g, k,X)).

Deduce that (6.1.1) is an asymptotic confidence interval at level 95%.

ii) Assume Mh2 = Cst ≠ 0, and prove a central limit theorem but with a non-centered Gaussian
random variable at the limit. For this, we assume that the weak error can be expanded at order 1
w.r.t. h.

Exercise 6.2 (multi-level method with various strong convergence order) Assume that the strong
convergence of the Euler scheme is of order 1 w.r.t. h (as in the case of constant σ, see Exercise 5.1) and
the weak convergence order is still 1 w.r.t. h.

i) By a similar analysis to that of Theorem 6.3.1, determine the optimal allocation of computational
effort within the different levels (as a function of number of simulations).

ii) What is the global complexity Ccost as a function of the tolerance error ε?
iii) More generally, assume that the Euler scheme converges strongly at order α ∈ (0, 1], and weakly

at order β ∈ (0, 1] (observe that α ≤ β). Derive the complexity/accuracy analysis associated with a
multi-level method. What are the configurations of (α, β) for which (after optimizing the effort
within levels)


Ccost ∼c ε
−2,



i.e. we retrieve the standard Monte-Carlo convergence rate?

Exercise 6.3 (control variate for arithmetic mean and geometric mean) The following example is
inspired by the valuation of Asian options in financial engineering [90]. Let S be a geometric Brownian
motion of the form St = eσWt+(μ− σ2

2
)t
with μ ∈ R, σ > 0. We aim at computing by Monte-Carlo method

the expectation

E (Aarith.) with Aarith. := (∫
1

0
Stdt − K)

+

for some given K > 0.



i) Justify why Ageom.
≔ (exp(∫ 1

0 log(St)dt)− K)
+

 is a possible control variate for the

computation of E(Aarith.). We recall that if Z
d
= N (m − V

2
,V) with V > 0, then

E(eZ − K)
+

= emN [
1

√V
ln (em/K) +

√V

2
]− KN [

1

√V
ln (em/K) −

√V

2
].

ii) For which range of parameters (μ, σ, T) will this control variate be the most efficient?
iii) Now we approximate Aarith. by


Aarith.
n := (

1

n

n−1

∑
i=0

S i
n

− K)
+

.



Follow the arguments of Exercise 4.2 and show that

E (Aarith.
n ) − E (Aarith.) = O (n−1).

iv) What is the natural control variate Ageom.
n  associated with Aarith.

n ?
v) Write a simulation program for illustrating the previous variance reduction.

Notes

1Supposing that the estimate O(h) that we have proved is rather an equivalent of the form Ch.

2That is, simultaneously, with the same simulation sample.

3As in the proof of Corollary 2.4.13.

4In fact, this question depends very much on the problem to solve: either we use natural and intuitive approximations or we use asymptotic

expansions to derive the first-order term of the function u.



Part C

Simulation of Non-Linear Processes



Chapter 7

Backward stochastic differential equations

In Section 4.4.2, we saw how stochastic differential equations can be naturally associated with
linear partial differential equations via the expectations of functionals of the corresponding
stochastic trajectories. These couples (PDE/process) are particular cases of more general models,
possibly non-linear, to which we devote this last part. A phenomenon is non-linear if does not
satisfy the superposition principle: the sum of two solutions is not equal to the solution of the
problem where we sum the data. Non-linearities can be of very different nature and usually come
from interactions in the studied phenomena. Far from being exhaustive, in Part C, we describe three
types of typical interaction:

1. one leads to backward stochastic differential equations (Chapters 7 and 8);
2. another corresponds to branching diffusion processes (Section 7.5); and
3. the last one is associated with stochastic differential equations with interaction (non-linear

diffusion in the McKean sense) (Chapter 9).

Definition 7.0.1 (informal definition of forward and backward stochastic differential
equations)

⊳ Forward SDE was studied in Chapter 4: it has the dynamics of the type 
Xt = x0 + ∫ t

0 …ds + ∫ t

0 …dWs, with a specified initial condition x0 and certain coefficients (…)
that impose the dynamics in time.

⊳ On the contrary, a backward SDE (Yt)t has a specified terminal condition at T (as a target to
achieve), and the value Yt at time t must be adapted to the information at t in order to not anticipate
the future.

Regarding backward stochastic differential equations and the associated PDE terminology, for the
latter we refer to semi-linear PDE, which means that the function g in Theorem 4.4.3 depends
(possibly non-linearly) on the solution u and its first derivative ∇u.

Further in this chapter, we start by giving several examples from very different fields, to
stimulate the interest of the reader. A Feynman-Kac-type formula making the PDE/SDE connection
will also be given. In fact the new stochastic differential equation is not conventional and must be
solved starting from the end, which explains the terminology backward: this is a standard case of a
dynamic programming equation appearing in optimization problems, where repeated
decisions/commands have to be applied over time. We prove a theorem of existence and uniqueness
for this type of equation, and we propose a backward time discretization inspired by the Euler



scheme and analyze its order of convergence. However, its effective simulation is made by solving
a discrete time dynamic programming equation, requiring the calculation of a large number of
conditional expectations. This generic and delicate problem is treated independently in Chapter 8.

7.1 Examples

We describe several examples coming from either deterministic or stochastic equations: then we
will see that it is easy to pass from one point of view to the other via the Feynman-Kac formulas.
The point of view chosen in the model presentation is rather guided by its roots, either deterministic
or stochastic.

7.1.1 Examples coming from reaction-diffusion equations

A large class of problems studied in this chapter relates to the family of reaction-diffusion systems,
whose solutions u = (u1, … ,uK) : (t,x) ∈ [0,T ] × Rd ↦ RK  satisfy the equations of the form

(7.1.1)

for certain functions gk : (t,x, v) ∈ [0,T ] × Rd × RK ↦ R which carry all the non-linearity of
the problem. Here L k stands for the infinitesimal generator of a certain stochastic differential
equation Xk with coefficients (bk,σk), i.e., from Definition 4.4.1

L
k = L

Xk

bk,[σkσk]
T =

1

2

d

∑
i,j=1

[[σkσk]
T

]
i,j

(t,x)∂ 2
xixj

+
d

∑
i=1

bki (t,x)∂xi
.

As a consequence, the difference with Theorem 4.4.3 is essentially twofold.

– u is possibly vector-valued (system of K PDEs): in fact, this is an extension that is not
mathematically complicated but it makes perfect sense for applications.

– Mainly, there is a coupling between the components of u (via g = (g1,…,gK)). Even in the
case K = 1, the non-linear effect remains in g. That last effect is the newest with respect to
Part B.

Of course, as in Chapter 4 we could add boundary conditions (of Dirichlet type) or set the problem
in infinite horizon (elliptic equation, without time derivative); adaptation of the following ideas and

⎧⎪⎨⎪⎩∂tuk (t,x) +L kuk (t,x) + gk (t,x,u (t,x)) = 0,

t < T ,x ∈ Rd, k = 1, ⋯ ,K,

uk (T , ⋅) given, k = 1, ⋯ ,K,



arguments is left to the reader. For complete references on these reaction-diffusion equations; see
the books of Henry [76] and Smoller [136].

Example 7.1.1 (ecology) In a region of the plane (d = 2), suppose the existence of K interacting
species in the same environment and denote uk(t,x) the population density of the individuals of the
species k at a point of the space x and at a given time t. The model of this type was introduced in the
end of the 1930s in the works of Fisher [41] and Kolmogorov, Petrovsky, and Piskunov [94]; for
more references, see the more recent book [133].

Let us rapidly discuss the case of two species K = 2:

(7.1.2)

where the two Laplacian operators model the diffusive movement (as a Brownian motion) of each
species. With respect to the equation (7.1.1), the sign of ∂tu is changed, which is a simple time
reversal t ↔ T−t as the one seen in Chapter 4.

The function g = (g1,g2) plays the role of a growth rate of the population: it describes the
available local resources and interactions between the species. Namely:

1. The case ∂u2g1 < 0 and ∂u1g2 > 0 corresponds to the predator-prey model, where the growth
rate of the species 1 (prey) decreases in the case of high density of the species 2 (predator)
and conversely for the growth rate of predators.

2. The case ∂u2g1 > 0 and ∂u1g2 > 0 corresponds to the symbiosis model, where each species
benefits from the other.

3. Taking ∂u2g1 < 0 and ∂u1g2 < 0 describes a competition model between the species.

Example 7.1.2 (neuroscience) The famous model of Hodgkin and Huxley (Nobel Prize in medicine
in 1963) is a set of equations describing the psychological phenomenon of signal transmission in
the axone (nerve fiber), showing the dependences between electrical excitability and various
chemical ion concentrations. The system is of size K = 4, the first unknown u represents the electric
potential and the three other unknowns (v1,v2,v3) are the chemical concentrations1: the system
writes for (t,x) ∈ R+ × R ↦ R (linear neuron)

(7.1.3)

⎧⎪⎨⎪⎩∂tu1 (t,x) = α1Δu1 (t,x) + g1 (t,x,u1,u2),

∂tu2 (t,x) = α2Δu2 (t,x) + g2 (t,x,u1,u2), t > 0,x ∈ R2,

ui (0, ⋅) given,

⎧⎪⎨⎪⎩c0∂tu = 1
R

∂ 2
xxu + κ1v

3
1v2 (c1 − u) + κ2v

4
3 (c2 − u) + κ3 (c3 − u),

∂tv1 = ε1∂ 2
xxv1 + g1 (u) (h1 (u) − v1),

∂tv2 = ε2∂ 2
xxv2 + g2 (u) (h2 (u) − v2),

∂tv3 = ε3∂ 2
xxv3 + g3 (u) (h3 (u) − v3),

u (0, ⋅) and vi (0, ⋅) given,



for different positive constants ci,R,κi,εi and different functions gi,hi. There also exists a
simplification of this model, known as the FitzHugh-Nagumo model.

Example 7.1.3 (chemistry) Suppose that a container contains N chemical compounds taking part
in R independent reactions. Denote ci the concentration of the i-th compound and θ the
temperature. Then their evolution follows the K = N+1 equations (in R+ × R3)

(7.1.4)

where gj is the speed of the j-th reaction and Hi is the partial molar enthalpy of the i-th compound.
For more details, see [50].

Example 1.4 (materials physics) The Allen-Cahn equation [25] is a prototype model of phase
transition with a diffusive interface, used to model, for example, a solid/liquid phase transition
[142]. The system is one-dimensional, K = 1, and takes the form (in R+ × R3)

{

(7.1.5)

The solution u thus represents an order parameter defining the arrangement of atoms in a crystal
lattice.

Other examples are given in [76, Chapter 2] and [136, Chapter 14].

7.1.2 Examples coming from stochastic modeling

Example 1.5 (finance) Consider a simplified financial market including:

– a stock, with a price evolution (Xt)t ≥ 0 following the geometric Brownian motion model (see
Section 4.3.3):

Xt = x0 exp ((b −
1

2
σ2)t + σWt);

– a riskless asset with an interest rate r for both lending and borrowing.

⎧⎪⎨⎪⎩εp∂tci = DiΔci + ∑R
j=1 νijgj (c1, ⋯ , cN , θ), i = 1, ⋯ ,N ,

ρcp∂tθ = kΔθ − ∑R
j=1 ∑

N
i=1 νijHigj (c1, ⋯ , cN , θ),

ci (0, ⋅) and θ (0, ⋅) given,

∂tu = εΔu + u (1 − u2),

u(0, ⋅) given.



Denote (πt)t the amount invested in the stock over time. Under the constraint of being self-financing
(neither exterior inputs and nor money withdrawals) the evolution the portfolio value obeys the
conservation equation (see [119])

Specifying a stochastic target at a future date T > 0 of the form YT = f(XT) (which is interpreted as a
management objective2), we obtain a new equation written from the end, where the unknowns are
the processes π and Y:

Yt = f (XT ) − ∫
T

t

[b πs + r (Ys − πs)]ds − ∫
T

t

σπsdWs, ∀t ∈ [0,T ].

Let us now take into account a difference between the lending rate r and the borrowing rate R > r,
each interest rate being applied according to Ys−πs ≥ 0 (lending) or ≤0 (borrowing): then the
previous equation becomes3

Yt = f (XT ) − ∫
T

t

[b πs + r(Ys − πs)+ − R(Ys − πs)−]ds − ∫
T

t

σπsdWs.

Setting Zs = σπs, we obtain a backward stochastic differential equation—this is backward because
the condition at t = T is known, instead of the condition at t = 0—of the form

Yt = f (XT ) + ∫
T

t

g (s,Xs,Ys,Zs)ds − ∫
T

t

ZsdWs

(7.1.6)

where we recall that the unknowns are the stochastic processes Y and Z (which are implicitly
adapted to the ambient Brownian filtration, and with omitted integrability conditions). Besides, this
equation is coupled to a forward4 stochastic differential equation for (Xt)t ≥ 0 like the one in Part B:
thus (X,Y,Z) forms the prototype of a forward-backward stochastic differential equation, appearing
in problems of stochastic control — here, find π that leads Y to the value f(XT) at time T.

For other examples in finance, see the articles [38] and [37].

Yt = Y0 + ∫
t

0
πs

dXs

Xs
+ ∫

t

0
(Ys − πs)rds

= Y0 + ∫
t

0
[b πs + r (Ys − πs)]ds + ∫

t

0
σπsdWs, ∀t ≥ 0.



The following example develops a little more the stochastic control point of view — for more
references, see [108]. This time, the process X has dynamics that depend also on (Y,Z), producing a
stronger forward-backward coupling than in the previous example.

Example 7.1.6 (stochastic control) Consider the problem of linear quadratic control: a controller,
by his action (ct)t ≥ 0 over time, manages a random system whose state at a time t is described by

X
(c)
t = x0 + ∫

t

0
(−aX

(c)
s + cs)ds + Wt

(7.1.7)

(for a constant parameter a): this may be seen as an Ornstein-Uhlenbeck process driven linearly by
the control c. This control must be optimized to minimize the quadratic cost functional

J (c) :=
1

2
E(∫

T

0
([X (c)

t ]
2

+ c2
t)dt + [X (c)

T
]

2
),

among all the adapted and square integrable controls. Let us apply the Pontryagin principle to
determine the necessary form5 of the optimum c*: for any control c and any ε ∈ R, c*+εc is again
an admissible control and by the definition of the optimum we have J(c*+εc)≥J(c*). Precisely, we
easily show that the process Ẋ *, which is a solution of the ordinary differential equation (with
random coefficients);

Ẋ
*
t = ∫

t

0
(−aẊ

*
s + cs)ds

(7.1.8)

corresponds to the derivative Ẋ *
t = limε→0(X (c*+εc)

t − X
(c*)
t )/ε. So, writing [J(c*+εc)−J(c*)]/ε ≥

0 with ε → 0, we obtain

0 ≤ E(∫
T

0
(X

(c*)
t Ẋ

*
t + ctc

*
t)dt + X

(c*)
T Ẋ

*
T).

(7.1.9)

To the Equation (7.1.7) satisfied by X(c*), let us associate (Y(c*),Z(c*)), the adapted solution of the
following adjoint backward equation (admitting its existence and uniqueness)

(7.1.10)



By applying the Itô formula to Y (c*)
t Ẋ

*
t , using (7.1.9) and (7.1.8–7.1.10) we deduce

As c is arbitrary, this inequality imposes c*
t = −Y

(c*)
t . Plugging this into (7.1.10), it follows that

the solution (X,Y,Z) to the forward-backward stochastic differential equation

solves the optimal stochastic control problem:

c
*
t = −Yt and X

(c*)
t = Xt.

The reader should notice that in this example, the numerical simulation of (X,Y,Z) should be much
more complicated, despite the linearity of the coefficients. Indeed, in Example 7.1.5, we can
simulate X in the forward time sense (Chapter 5) without knowing (Y,Z), and then simulate (Y,Z) in
the backward sense. In this last example, the two simulation stages (forward and backward) are
strongly dependent because X depends on Y, which depends on X.

⎧⎪⎨⎪⎩dY
(c*)
t = (aY

(c*)
t − X

(c*)
t )dt + Z

(c*)
t dWt,

Y
(c*)
T = X

(c*)
T .

0 ≤ E

T

∫
0

(X
(c*)
t Ẋ

*
t + ctc

*
t)dt + Y

(c*)
T

Ẋ
*
T

= E

T

∫
0

[(X
(c*)
t Ẋ

*
t + ctc

*
t)+ (aY

(c*)
t − X

(c*)
t )Ẋ

*
t + Y

(c*)
t (−aẊ

*
t + ct)]dt

= E

T

∫
0

ct [c
*
t + Y

(c*)
t ]dt .

⎛⎜⎝ ⎞⎟⎠⎛⎜⎝ ⎞⎟⎠⎛⎜⎝ ⎞⎟⎠{ (SDE with initial condition)
dXt = (−aXt − Yt)dt + dWt,

X0 = x0,

{ (SDE with terminal condition)
dYt = (aYt − Xt)dt + ZtdWt,

YT = XT ,



7.2 Feynman-Kac formulas

7.2.1 A general result

The following result, which we state on purpose in a quite general form, gives a general connection
between the PDE and the SDE points of view, and allows us to unify all the previous examples.
This connection is obviously important for enlarging the possibilities of numerical resolution (by
PDE discretization methods, or SDE simulation, or mixed) and diversifying the available theoretical
tools. To avoid complicated notation, we suppose that the operators L [k] in (7.1.1) are identical
(one single process).

Theorem 7.2.1 Let

– d ∈ N* be the dimension of the given Euclidean space,
– K ∈ N* be the size of the system of coupled equations, and
– T > 0 be a fixed terminal time.

Consider the following:

– The diffusion process X defined by coefficients b : Rd ↦ Rd and σ : Rd ↦ Rd ⊗ Rd

satisfying the hypotheses of Theorem 4.3.1, and for which the solution is built with respect to
a d-dimensional Brownian motion W:


Xt = x0 + ∫
t

0
b (s,Xs)ds + ∫

t

0
σ (s,Xs)dWs.

(7.2.1)



The infinitesimal generator L X

b,σσT  of X is simply denoted by L . In addition, σ(t,x) is
invertible at any point (t,x) and its inverse [σ(t,x)]−1 is uniformly bounded.

– Two continuous functions f = (f [1], … , f [K])T : Rd ↦ RK  and 
g = (g[1], … , g[K])T : [0,T ] × Rd × RK × (RK ⊗ Rd) ↦ RK , with the growth
conditions

|f (x)| + |g (t,x,u, v)| ≤ C(1 + |x|2 + |u| + |v|), ∀ (t,x,u, v),

for a constant C ≥ 0.
– The system of K semi-linear partial differential equations for u = (u[1],…,u[K])

{

(7.2.2)



{

Suppose that there exists a solution u ∈ C 1,2([0,T] × Rd, RK) to the previous system (with 

sup
(t,x)∈[0,T ]×Rd

|u(t,x)|+|∇u(t,x)|2

1+|x|2 < +∞), then the processes (X,Y,Z) defined by (7.2.1),

Yt := u (t,Xt) and Zt := ∇u (t,Xt)σ (t,Xt),

satisfy the system of forward backward stochastic differential equations given by

(7.2.3)

PROOF:

Let us show the equality for the k-th component of (Y,Z), namely Y [k]
t = u[k](t,Xt) and Z [k]

t = ∇u[k](t,Xt)σ(t,Xt). The Itô
formula (4.4.4) applied to u[k] and X gives

which is written between s = t and s = T as:

u[k] (T ,XT ) = Y
[k]
t − ∫

T

t

g[k](s,Xs,u (s,Xs), ∇u (s,Xs))ds + ∫
T

t

Z
[k]
s dWs.

As u[k](T,.) = f[k](.), the proof is finished. ▫

If the operator L  were not the same for the K Equations (7.2.2), the probabilistic representation
would be a little more delicate to write because it would involve multiple diffusion processes.

Writing (7.2.3) at t = 0 and taking the expectation (which removes the stochastic integral under
the hypotheses of the theorem), we obtain a representation of u in the form of expectation.

Corollary 7.2.2 Under the same assumptions as in Theorem 7.2.1, we have

(7.2.4)

∂tu
[k] (t,x) +Lu[k] (t,x) + g[k](t,x,u(t,x), ∇u(t,x)) = 0, 1 ≤ k ≤ K,

u[k] (T ,x) = f [k] (x).

⎧⎪⎨⎪⎩Xt = x0 + ∫
t

0
b (s,Xs)ds + ∫

t

0
σ (s,Xs)dWs,

Yt = f (XT ) + ∫
T

t

g(s,Xs,Ys,Zs[σ (s,Xs)]−1)ds − ∫
T

t

ZsdWs.

dY [k]
s = du[k] (s,Xs)

= [∂tu
[k] (s,Xs) +Lu[k] (s,Xs)]ds + ∇u[k] (s,Xs)σ (s,Xs)dWs

= −g[k] (s,Xs,u (s,Xs), ∇u (s,Xs))ds + ∇u[k] (s,Xs)σ (s,Xs)dWs,



u (0,x0) = E(f (XT ) + ∫
T

0
g(s,Xs,Ys,Zs[σ (s,Xs)]−1)ds).

It is possible to write an analogous formula to represent u(t,x) as expectation, letting the process X
start at x at the time t instead of x0 at the time 0. Among other possible extensions, let us mention
that we could also write a representation formula for ∇u(0,x0), using the Bismut-Elworthi-Li
formula (Theorem 4.5.3). We will not further develop all these extensions, because the notation is
quite cumbersome and may hide the fundamental ideas: we will focus on the Monte-Carlo
simulation for problems with a simpler writing which will contain all the essential arguments used
in more general problems. For the general case, see [63].

The careful reader would be interested in comparing Corollary 7.2.4 with Theorem 4.4.3, the
latter containing a linear term in u: we see that it is possible either to treat it by including it in the
source term g, or to consider it as a discount factor; both approaches are possible, being a little
different numerically. Anyway, the second point of view is often used and is more direct.

To finish, let us return to the examples mentioned in the introduction.

⊳ Examples 7.1.1 (Ecology), 7.1.2 (Neuroscience), 7.1.3 (Chemistry). These cases, for which
we have, respectively, K = 2, K = 4, and K = "number of chemical compounds plus 1,"
correspond to take Brownian motions (up to a constant), in order to give a probabilistic
interpretation to the operator L  under the Laplacian form.

⊳ Example 7.1.4 (Materials physics). This case is similar, but we notice the appearance of a
super-linear growth of g(t,x,u,v) = u(1−u2), not covered by Theorem 7.2.2: this type of
growth is technically more delicate to deal with. Under a monotonicity condition (satisfied
by u ↦ −u3), we can establish a probabilistic representation; see [123].

⊳ Example 7.1.5 (Finance). Comparing (7.1.6) and (7.2.3), this amounts to taking K = 1, with
a non-linear term for g, depending on u and its gradient ∇u.

⊳ Example 7.1.6 (Stochastic control). Here again, K = 1 but the main difference is that the
diffusion process depends (via its infinitesimal generator L ) on u (because of the term −Ytdt
in the dynamics of X). Theorem 7.2.1 does not cover exactly this case but an extension of
the result is again possible at the cost of additional technicalities; see [108].

7.2.2 Toy model

In the following, to really focus on the fundamental ideas underlying the simulation algorithms
rather than on technicalities of the mathematical model, we will consider its most simplified form,
taking

the system reduced to one equation K = 1,
the function g independent of ∇u.

By rewriting the result of Corollary 7.2.2 at the point (t,x) from which starts the diffusion Xt,x, our
aim is now to calculate by Monte-Carlo method the function u given by



This is our toy model of non-linearity, sufficiently general to get all the flavor of the most important
features and issues met in the design of a probabilistic scheme for solving such a non-linear
equation.

We start by showing the existence and the uniqueness of a continuous function u that is a solution
of the above equation. For this, for a given measurable function v : [0,T ] × Rd ↦ R, set

Fv (t,x) = E(f (X t,x
T )+ ∫

T

t

g(s,X t,x
s , v (s,X t,x

s ))ds).

(7.2.5)

Lemma 2.3 Suppose that b and σ satisfy the usual hypotheses of Theorem 4.3.1 and that

– f : Rd ↦ R is continuous and bounded;
– g : [0,T ] × Rd × R ↦ R is continuous, bounded, and Lipschitz in v :

sup
(t,x)∈[0,T ]×Rd

sup
v1≠v2

[
|g (t,x, v1) − g (t,x, v2)|

|v1 − v2|
+ |g (t,x, v1)|] := Lg < +∞.

Then the map v ↦ Fv is a contraction in the Banach space of continuous bounded functions 
v : [0,T ] × Rd ↦ R with the uniform norm

‖v‖λ := sup
(t,x)∈[0,T ]×Rd

eλt |v (t,x)|,

for a λ large enough.
We can then apply the fixed point theorem to get the following result.

Theorem 7.2.4 (solution of the non-linear equation) Under the previous hypotheses, there exists a
unique continuous bounded solution u of Fu = u and it satisfies the non-linear equation

u (t,x) = E(f (X t,x
T )+ ∫

T

t

g(s,X t,x
s ,u (s,X t,x

s ))ds).

(7.2.6)

⎧⎪⎨⎪⎩u (t,x) = E(f (X t,x
T
)+ ∫ T

t
g(s,X t,x

s ,u(s,X t,x
s ))ds),

X t,x
s = x + ∫

s

t

b (r,X t,x
r )dr + ∫

s

t

σ (r,X t,x
r )dWr, s ∈ [t,T ].



PROOF:

(Proof of Lemma 7.2.3). We show first the contraction property. The quite strong boundedness hypotheses on g ensure that Fv is
well defined and bounded by |f|∞+T|g|∞. Let v1 and v2 be two continuous functions: then

So, by taking λ ≥ 2Lg, we obtain that F is contracting for the norm ‖.‖λ, with a constant less than 1
2 .

It remains to show the continuity of Fv given a continuous function v. With the help of stochastic calculus, we can prove that
we can define with probability 1 the continuous function (t,x, s) ↦ X t,x

s ; we skip the details [97]. Applying the dominated
convergence theorem, it follows that for any continuous bounded function Ψ, E(Ψ(X t,x

s )) is continuous at (t, x) (and also at s):

from this we easily deduce that Fv(t,x) = E(f(X t,x
T ))+ ∫

T

t E(g(s,X t,x
s , v(s,X t,x

s )))ds is continuous at (t, x). ▫

By adding several regularity assumptions on the problem data, it would be possible to show that
conversely the obtained function u is a solution of a semi-linear partial differential equation of the
type (7.2.2), which would complete the tour between the PDE and SDE approaches. For references
in the PDE literature, see the specialized (quite technical) books [44], [100], [53], [105].

Using the flow composition property and the Markov property of stochastic differential equations
(Proposition 4.3.2), we can also write an alternative expression in the form of a conditional
expectation.

Theorem 7.2.5 Under the hypotheses of Theorem 7.2.4, define for t ∈ [0, T]

Xt = x0 + ∫
t

0
b (r,Xr)dr + ∫

t

0
σ (r,Xr)dWr,

(7.2.7)

Yt = u (t,Xt),
(7.2.8)

without any specific reference to the starting point x0 of the diffusion process X at the time 0. Then Y
is a solution of the backward stochastic differential equation

Yt = E(f (XT ) + ∫
T

t

g (s,Xs,Ys)ds Xt).

(7.2.9)

eλt |[Fv1] (t,x) − [Fv2] (t,x)| ≤

T

∫
t

eλtLg sup
x′∈Rd

v1 (s,x′) − v2 (s,x′) ds,

            ∥ [Fv1] − [Fv2]∥λ ≤ Lg

T

∫
t

e−λ(s−t)dsv1 − v2λ

=
Lg(1−e−λ(T−t))

λ v1 − v2λ.∣ ∣∣



In fact, this representation is analogous to that of Theorem 7.2.1: indeed, it is enough to take the
conditional expectation E(⋅|Ft) in (7.2.3) and to use the Markov property of X to replace the
conditioning on Ft

6 by the conditioning on Xt. We call it backward SDE because the value at t
depends on the future values after t, which suggests a backward-in-time resolution.

The above representation highlights the non-linear equation satisfied by the process (Yt)t, while
the presentation (7.2.6) is written as a non-linear equation on the function u(t, x). The random value
Yt may be seen as the function u(t, .) calculated at the random point Xt.

For the Monte-Carlo type algorithms, the process point of view with Y has the advantage of
controlling the error in natural norms, and we return to it in Chapter 8. The process point of view
has another advantage that we mention briefly, but without details: verifying the existence and the
uniqueness of the adapted process Y satisfying Yt = E(ξ + ∫ T

t
g(s,Xs,Ys)ds ∣ Ft) is possible

without supposing that ξ is of the form f(XT) and that g depends in a Markovian way on X. This
allows us to consider non-Markovian hypotheses, which are not attainable with PDE arguments.
This efficient extension is based on smart techniques of stochastic calculus; see for example [37].

7.3 Time Discretization and Dynamic Programming Equation

To simulate the process Y given by (7.2.9), we will use the dynamic programming principle,7

introduced by R.E. Bellman (1920–1984) in the 1940s: it consists of solving a global problem as a
series of easier sub-problems. In the current setting, this means discretizing Y in time, writing the
local evolution of the process, then simulating the discretized process. We analyze the first stage
about time discretization.

7.3.1 Discretization of the problem

Take the notation of Chapter 5 concerning the Euler scheme: the time step is denoted by h = T/N,
the discretization times are given by ti = ih, the last discretization step before t is 
φh
t := ti if ti < t ≤ ti+1, and the Euler scheme at the times (ti)i is defined by

(7.3.1)

From (7.2.9), the evolution of Y between two dates can be obtained by the tower property of the
conditional expectations:

(7.3.2)

⎧⎪⎨⎪⎩X
(h)
0 = x0,

X
(h)
(i+1)h = X

(h)
ih + b(ih,X (h)

ih )h + σ(ih,X (h)
ih ) (W(i+1)h − Wih).



By adding the terminal condition YT = f(XT), the above iterative equation is equivalent to (7.2.9) at
the times (ti)i, but it is written in the form of an evolution local in time: this is the dynamic
programming principle. A quite natural discretization scheme is the backward Euler scheme:

(7.3.3)

We call this recursive equation a dynamic programming equation. This scheme is explicit in the
unknown process because in the term g, we use Y (h)

(i+1)h; alternatively, it would be possible to use 

g(ti,X
(h)
ih

,Y (h)
ih

), which leads to an implicit scheme. This version does not fundamentally modify
the analysis of the error hereafter; on the other hand, with respect to the explicit scheme, it requires
additional implementation of a fixed-point algorithm. We have a preference for the explicit scheme
(7.3.3).

7.3.2 Error analysis

We justify that the approximation (7.3.3) converges in the strong sense at order 1
2

. The result is
stated under the Lipschitz regularity hypothesis in space and the Hölder-continuity hypothesis with
exponent 1

2  in time, the same as for the Euler scheme for X (see Theorem 5.2.1): to this purpose,
for a function Ψ of multiple variables (t, x, z) we introduce the notation

|Ψ|1,x = sup
t,z

sup
x1≠x2

|Ψ (t,x1, z) − Ψ (t,x2, z)|

|x1 − x2|
,

(7.3.4)

|Ψ|1,z = sup
t,x

sup
z1≠z2

|Ψ (t,x, z1) − Ψ (t,x, z2)|

|z1 − z2|
,

(7.3.5)

Yti = E(f (XT ) + ∫
T

t

g (s,Xs,Ys)ds Fti)

= E(E(f (XT ) + ∫
T

ti+1

g (s,Xs,Ys)ds Fti+1) + ∫
ti+1

ti

g (s,Xs,Ys)ds Fti)

= E(Yti+1 + ∫
ti+1

ti

g (s,Xs,Ys)ds Fti).

⎧⎪⎨⎪⎩Y
(h)
T

= f (X (h)
T
),

Y
(h)
ih

= E(Y (h)
(i+1)h

+ hg(ti,X
(h)
ih

,Y (h)
(i+1)h

) Fti), i = N − 1, ⋯ , 0.



|Ψ| 1
2 ,t = sup

x,z
sup
t1≠t2

|Ψ (t1,x, z) − Ψ (t2,x, z)|

|t1 − t2|
1
2

. (7.3.6)

Theorem 7.3.1 (discretization of backward SDE) Suppose that

i) the coefficients (b, σ) of the dynamics (7.2.7) of X are globally Lipschitz in x and Hölder-
continuous with exponent 1

2  in time: |b|1,x+|σ|1,x+|b| 1
2

,t+|σ| 1
2

,t< +∞;
ii) the functions (f, g) from the non-linear equation in Theorem 7.2.4 are bounded, globally

Lipschitz in (x, u), and Hölder-continuous with exponent 1
2  in time:

|f|1,x+|g|1,x+|g|1,u+|g| 1
2 ,t< +∞;

iii) the value function u in the non-linear problem of Theorem 7.2.4 is Lipschitz in x and
Hölder-continuous8 with exponent 1

2  in time: |u|1,x+|u| 1
2

,t< +∞.

Then, there exists a constant C > 0 (independent of N) such that

sup
0≤i≤N

E Y
(h)
ih

− Yih

2
≤ Ch.

PROOF:

From (7.3.2) and (7.3.3), we deduce, using triangular inequality, that

By combining the convexity inequality

(α + β + γ)2 ≤ (1 + h)α2 + (1 + h−1)(β + γ)2 ≤ (1 + h)α2 + 2 (1 + h−1) (β2 + γ 2)

with the Cauchy-Schwarz inequality, we deduce∣ ∣Y
(h)
ih − Yih ≤ E( Y

(h)
(i+1)h

− Y(i+1)h | |Fti)

+E(h g(ti,X
(h)
ih ,Y (h)

(i+1)h
)− g (ti,Xti ,Yti+1) | |Fti)

+E(∫
ti+1

ti

|g (ti,Xti ,Yti+1) − g (s,Xs,Ys)|ds Fti).∣ ∣ ∣∣ ∣Y
(h)
ih − Yih

2

≤ (1 + h)E( Y
(h)

(i+1)h
− Y(i+1)h

2 Fti)

+ 2 (1 + h−1)E(h2 g(ti,X
(h)
ih ,Y (h)

(i+1)h)− g (ti,Xti ,Yti+1)
2
Fti)

+ 2 (1 + h−1)E(h∫
ti+1

ti

|g (ti,Xti ,Yti+1) − g (s,Xs,Ys)|2ds Fti).∣ ∣ ∣ ∣ ∣∣ ∣ ∣∣



Then, by using Ys = u(s,Xs), the time-space regularity properties for g and u, and the convexity inequalities of type (5.1.3), we get
that

for some constant C > 0 depending on T, Lipschitz and Hölder constants of the functions, and some other universal constants.
The term E(|X (h)

ih − Xti |
2) is related to the strong convergence of the Euler scheme for a diffusion: it is of order O(h), uniformly

in i, owing to Theorem 5.2.1. It is easy to show (using the arguments of the proof of the latter theorem) that the increments of X
are of order 1

2
 with respect to the time step (as for Brownian motion), i.e.,

sup
0≤i≤N

sup
s∈[ti,ti+1]

[E(|Xs − Xti

2

) + E(|Xti+1 − Xs

2

)] = O (h).

Thus we have shown that the error propagates backward according to the inequality

E(|Y (h)
ih − Yih

2
) ≤ (1 + C ′h)E(|Y (h)

(i+1)h
− Y(i+1)h

2) + C ′h2

(7.3.7)

for a new constant C′ > 0. After multiplying this inequality by (1+C′h)i and summing between N−1 and i, a telescoping sum
appears and it remains

Because (1+C′h)N ≤ exp(C′hN) = exp(C′T), we get

E(|Y (h)
ih − Yih

2) ≤exp (C ′T)[E( Y
(h)
Nh − YNh

2)+ h].

Finally, we have E(|Y (h)
T − YT |2) = E(|f(X (h)

T ) − f(XT )|2) = O(h) using again the strong convergence of order 1
2

 of the
Euler scheme and the Lipschitz property of f. ▫

In the previous proof, the order of the strong approximation of X by X(h) plays an important role. In
the case of order greater than 1

2  (even exact simulation as in the case of Brownian motion or

E( Y
(h)
ih − Yih

2)

≤ (1 + h)E( Y
(h)

(i+1)h
− Y(i+1)h

2)

+ 4h2 (1 + h−1)|g|2
1,xE( X

(h)
ih − Xti

2)

+ 4h2 (1 + h−1)|g|2
1,uE( Y

(h)
(i+1)h

− Yti+1
2)

+ 6h (1 + h−1)∫
ti+1

ti

[|g|2
1
2 ,t (s − ti) + E(|g|2

1,x|Xs − Xti |
2 + |g|2

1,|u|Ys − Yti+1 |
2)]ds

≤ (1 + Ch)E( Y
(h)

(i+1)h
− Y(i+1)h

2) + ChE( X
(h)
ih − Xti

2
)

+ Ch sup
s∈[ti,ti+1]

[(s − ti) + E(|Xs − Xti |
2) + (ti+1 − s) + E(|Xti+1 − Xs|2)],∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣ ∣ ∣∣ ∣∣ ∣(1 + C ′h)iE( Y

(h)
ih − Yih

2)

≤ (1 + C ′h)NE( Y
(h)
Nh − YNh

2) + C ′h2
N−1

∑
j=i

(1 + C ′h)
j

≤ (1 + C ′h)NE( Y
(h)
Nh − YNh

2) + C ′h2 (1+C ′h)
N

−1
C ′h .∣ ∣∣ ∣∣ ∣∣ ∣ ∣



Ornstein-Uhlenbeck process), we can improve the order of the approximation of Y by Y(h). Without
going into detail, this shows (without surprise) that a good approximation of the forward SDE X
plays a determinant role in well approximating the backward SDE Y.

7.4 Other Dynamic Programming Equations

⊳ In the equality Y (h)
ti

= E(Y (h)
ti+1

+ hg(ti,X
(h)
ti

,Y (h)
ti+1

) |Fti), if we replace Y (h)
ti+1

 by its formula,

the tower property of the conditional expectation gives

Y
(h)
ti

= E(Y (h)
ti+2

+ hg(ti,X
(h)
ti

,Y (h)
ti+1
)+ hg(ti+1,X (h)

ti+1
,Y (h)

ti+2
) Fti).

We can iterate this procedure until the terminal time where Y (h)
T

= f(X (h)
T

), which leads to a new
dynamic programming equation

Y
(h)
ti

= E(f (X (h)
T
)+ h

N−1

∑
j=i

g(tj,X
(h)
tj

,Y (h)
tj+1
) Fti), i = N − 1, ⋯ , 0.

(7.4.1)

Though the two equations are equivalent so far, differences appear between the dynamic
programming equations (7.3.3) and (7.4.1) when the conditional expectations are calculated
numerically, because the errors will propagate differently. The object of current research is to better
understand which form leads to a better convergence order.

⊳ As the Euler scheme (X (h)
ti

)i forms a Markov chain, it is not difficult to see that the conditional
expectation (7.4.1) is a random variable that depends only on X (h)

ti
 and writes as

Y
(h)
ti

= u(h) (ti,X
(h)
ti
)

(7.4.2)

for some continuous bounded function u(h)(ti, . ) : Rd ↦ R, satisfying the dynamic programming
equation on functions (instead of “on random variables”):

(7.4.3)∣∣



This is a discrete time analog of Theorem 7.2.4. The boundedness of u(h)(ti,.) is obvious to show and
its continuity is easier to prove than in the mentioned theorem: it is enough to iterate backward in
time and to use the continuity (obvious) of x ↦ X

(h),ti,x
tj

. Using the flow property of the Euler
scheme, we can also return to a dynamic programming equation on functions written between two
successive dates:

u(h) (ti,x) = E(u(h) (ti+1,X (h),ti,x
ti+1

)+ hg(ti,x,u(h) (ti+1,X (h),ti,x
ti+1

))).

(7.4.4)

This point of view of the dynamic programming equation on functions shows clearly — once again
— that the simulation of the process Y is not reduced (as in the case of the Euler scheme in Chapter
5) to the simulation of Brownian increments (and thus of X(h)), but it also passes through the
numerical approximation of the function u(h): this is a new problem of functions approximation, but
its form is closely related to a computation on probability distributions, which guides the
probabilistic tools studied in the next chapter.

⊳ The dynamic programming equation (7.3.2) or (7.3.3) appears in a little different form while
modeling optimal stopping problems; see [120, Section VI]. The problem consists of determining
the random moment9τ ∈ {t0,…,ti,…,T} that is the most suitable to stop a random system, which we
represent here as a game: the player receives a reward f(Xti) if he chooses to stop at time ti. The
expected gain at time ti, denoted by Yti, is then the maximum between his immediate gain (if he
stops immediately) and his gain at ti+1 expected from time ti (if he continues): thus

{

(7.4.5)

The process Y is known as the Snell envelope of f(X). and the above recursive equation is the
dynamic programming equation that characterizes it. This type of problem is very popular in
finance and is associated with the Bermudan (or American) options pricing.

⎧⎪⎨⎪⎩u(h) (ti,x) = E(f (X (h),ti,x
T )

+h∑N−1
j=i g(tj,X

(h),ti,x
tj

,u(h) (tj+1,X (h),ti,x
tj+1

))),

X
(h),ti,x
ti

= x,

X
(h),ti,x
tj+1

= X
(h),ti,x
tj

+ b(tj,X
(h),ti,x
tj

)h

+σ(tj,X
(h),ti,x
tj

) (Wtj+1 − Wtj), j ≥ i.

YT = f (XT ),

Yti =max (f (Xti), E (Yti+1 | Fti)), i = N − 1, ⋯ , 0.



The tools for the simulation of conditional expectation developed in the next chapter give
effective schemes for solving these different dynamic programming equations.

7.5 Another Probabilistic Representation via Branching Processes

Some non-linear partial differential equations come from population dynamics modeling [94, 41],
bringing into play the random genealogy phenomena. Thus we are not surprised to see that
processes of birth and death coupled with diffusion processes give probabilistic representations of a
certain class of reaction-diffusion partial differential equations. These ideas were developed in the
middle of the 1960s by Skorokhod [135], and Itô and McKean [79] with the use of branching
diffusions. See also the article [112], and the more recent [126].

Let us define the framework: we consider a diffusion process X with time-homogeneous
coefficients (b,σ), possibly multidimensional, with infinitesimal generator L = L X

b,[σσ]T . A
branching diffusion with branching intensity λ > 0 is built as follows.

– We start from x ∈ Rd at time t. During a random time τ1 with distribution ε xp(λ), the
process follows the dynamics of the stochastic differential equation of X (black trajectory in
Figure 7.1).

– Then, the process dies and gives birth to k new (independent) processes, with probability pk

∈ [0,1], ∑k ≥ 0pk = 1: these are the 3 trajectories, red, blue and green, in Figure 7.1.
– Each child process has a life duration with the distribution ε xp(λ) during which it evolves

under the distribution of X, independently of the others, then gives in turn a birth to a
random number of child processes, etc.

Figure 7.1 Branching diffusion.


Denote by NT the number of children alive at time T and (X t,x,i
T

)1≤i≤NT
 their respective positions.

For a continuous function f with |f|∞ < 110, define

( )

(7.5.1)



u (t,x) := E(
NT

∏
i=1

f (X t,x,i
T

)),

with the convention ∏0
i=1 = 1.

Theorem 7.5.1 Suppose on the one hand the hypotheses of Theorem 4.3.1 about existence and
uniqueness of X, and on the other hand, the hypotheses for the existence of a solution to the non-
linear partial differential equation

(7.5.2)

Then the solution is given by u defined in (7.5.1).

PROOF:

This follows from the strong Markov property applied to the times of birth. Let τ1 be the first time of birth after t and nτ1 be the
corresponding number of children; for each child, labeled with an index k, born at τ1, denote by N k

T  the number of its offspring
alive at date T, as well as their respective positions by
(X t,x,k,i

T )1≤i≤N k
T
. The use of the independence of the children and of their

offspring yields

where we use at the last inequality that τ1
d
= ε xp(λ). We recover the probabilistic representation of Theorem 4.4.3 with k(t,x)

= λ and g(t,x) = λ∑k ≥ 0pkuk(t,x), which finishes the proof. ▫

For this type of non-linearity of polynomial form with positive coefficients, passing through the
discrete time dynamic programming is not necessary to obtain a numerical solution, because the
direct simulation of a branching diffusion process (with time discretization of X by Euler scheme if
necessary) is enough to approximate u(t,x) by the empirical mean of independent realizations of 
∏NT

i=1 f(X t,x,i
T ).

In [126], a similar interpretation is given when the branching rates and probabilities are allowed
to depend on time and space.

⎧⎪⎨⎪⎩∂tv +L v + λ(∑
k≥0

pkv
k − v) = 0, 0 ≤ t < T ,x ∈ Rd,

v(T , ⋅) = f(⋅).

u (t,x) = E(1τ1>Tf (X
t,x,1
T ))+ E 1τ1≤T

nτ1

∏
k=1

N k
T

∏
i=1

f (X t,x,k,i
T )

= E(1τ1>Tf (X
t,x,1
T ))+∑

k≥0

pkE(1τ1≤T [u (τ1,X t,x
τ1
)]

k
)

= E(e−λ(T−t)f (X t,x
T ))+∑

k≥0

pk ∫
T

t

E([u (s,X t,x
s )]

k
)λe−λ(s−t)ds,

⎛

⎝

⎞

⎠



7.6 Exercises

Exercise 7.1 (Pontryagin maximum principle) We investigate furthermore the relation between
stochastic control problems and backward stochastic differential equations (BSDE). The following
exercise generalizes Example 7.1.6.

Let v : [0,T ] → R be an adapted process, square integrable, and let (X v
t )t∈[0,T ] be the solution

to the controlled stochastic differential equation

X v
t = x0 + ∫

t

0
b (X v

s , vs)ds + ∫
t

0
σ (X v

s , vs)dWs,

where the scalar coefficients b,σ are Lipschitz in the two variables:

|b (x, v) − b (x′, v′)|+|σ (x, v) − σ (x′, v′)|≤ L(|x−x′|+|v−v′ |).

We consider the optimal stochastic control problem related to the cost function

J (v) := E(∫
T

0
l (X v

t , vt)dt + f (X v
T ))

where l,f are C 2 functions with bounded second derivatives. The optimal control is the one
minimizing J(v) over all possible controls v: we assume here that it exists, we denote it by v⋆, and
the related SDE is X⋆. Our aim is to characterize the optimal control via the following BSDE (Y,Z):

Yt = f ′ (X ⋆
T ) + ∫

T

t

[Ysb
′
x (X ⋆

s , v⋆
s) + Zsσ

′
x (X ⋆

s , v⋆
s) + l′x (X ⋆

s , v⋆
s)]ds − ∫

T

t

ZsdWs.

Solving this equation gives another method of optimal control.
In the following, consider the perturbed control vεt := v⋆

t + εvt (with ε → 0) and for any quantity
H = H(v) depending on v, set ΔεH(v⋆) = H(vε)−H(v⋆). We assume that the perturbation v satisfies to
the extra condition ∫ T

0 ∥vt∥
4
L4(P)dt < +∞ and that the estimation

sup
0≤t≤T

ΔεX
v⋆

t

4

L4(P)

≤ Cε4 ∫
T

0
∥vt∥

4
L4(P)dt

(7.6.1)



holds (see v) for a proof).

i) Show that

ΔεJ = E(∫
T

0
(l′x (X

v⋆

t , v⋆
t )ΔεX

v⋆

t + l′v (X
v⋆

t , v⋆
t )εvt)dt + f ′ (X v⋆

T )ΔεX
v⋆

T ) + O (ε2).

ii) Write the dynamics of (ΔεX
v⋆

t )t∈[0,T ] and apply the Itô formula to 
f ′(X v⋆

T
)ΔεX

v⋆

T
= YTΔεX

v⋆

T
 in order to show

ΔεJ = εE(∫
T

0
(l′v (X

v⋆

t , v⋆
t ) + Ytb

′
v (X

v⋆

t , v⋆
t ) + Ztσ

′
v (X

v⋆

t , v⋆
t ))vtdt) + O (ε2).

iii) Deduce that necessarily we have

Ytb
′
v (X ⋆

t , v⋆
t ) + Ztσ

′
v (X ⋆

t , v⋆
t ) + l′v (X ⋆

t , v⋆
t ) = 0,

a.s. in (ω,t).
iv) Revisit Example 7.1.6 with the above result.
v) Establish the bound (7.6.1).


Hint: use the Itô formula for decomposing At = ∥ΔεX
v⋆

t ∥4
L4(P), apply the Young inequality

ab ≤ ap/p+bq/q (for any a,b ≥ 0 and 1/p + 1/q = 1) and the Gronwall lemma to conclude.

Exercise 7.2 (linear backward stochastic differential equation and comparison) We study the
solution to the backward stochastic differential equation (BSDE)

Yt = ξ + ∫
T

t

g (Xs,Ys)ds − ∫
T

t

ZsdWs

(7.6.2)

where X is a standard SDE on R. Let (Ft)t≥0 be the associated Brownian filtration.

i) Let (βt)t ∈ [0,T] and (φt)t ∈ [0,T] be two adapted and bounded processes, and let ξ be a bounded
FT -measurable random variable. We assume the existence of an adapted and square
integrable solution (Yt,Zt)t ∈ [0,T] to the linear BSDE

Yt = ξ + ∫
T

t

(φs + βsYs)ds − ∫
T

t

ZsdWs.



Show that

ΓtYt = E(ΓT ξ + ∫
T

t

Γsφsds ∣ Ft)

where Γs = exp(∫ s

0 βrdr) for s ∈ [0,T].
ii) Deduce that if g(x,0) = 0 for any x and if ξ ≥ 0, then

0 ⩽ Yt ⩽ Ŷt

where Ŷ  is the solution to the BSDE with driver ĝ(x, y) = Ly. Hint: write the difference of
two BSDEs as a linear BSDE and apply i).

Exercise 7.3 (discretization of BSDE) We study a variant of the discretization scheme of Theorem
7.3.1, and we consider the same notations and assumptions.

i) Assume the existence of a u ∈ C
1,2
b

([0,T ] × R; R) solution to the non-linear PDE

{

Show that the couple Yt = u(t,Xt) and Zt = σ(t,Xt)∂xu(t,Xt) solves (7.6.2) with ξ = f(XT).
ii) Instead of replacing X by its Euler scheme in (7.3.3), we consider a scheme without

approximation of X, i.e. Y (h)
T = f(XT )
and

Y
(h)
kh = E(Y (h)

(k+1)h ∣ Fkh)+ hg(Xkh,Y (h)
kh ).

Using the above PDE, prove

Ykh − [E (Y(k+1)h ∣ Fkh) + hg (Xkh,Ykh)]|≤ Ch2.

iii) Deduce∣ Y (h)
kh

− Ykh ∣≤ (1 + Ch)E(∣ Y (h)
(k+1)h − Y(k+1)h ∣∣ Fkh)+ Ch2 for some

constant C.

∂u(t,x)
∂t

+ b (t,x) ∂u(t,x)
∂x

+ σ(t,x)2

2
∂ 2u(t,x)

∂x2 + g (x,u (t,x)) = 0,

u(T ,x) = f(x).∣



iv) Conclude that the convergence order of the new scheme is 1 w.r.t. h.

Comment: this proves that the time discretization of the integral of g is responsible for a global error of order h while
the √h-error of Theorem 7.3.1 is mainly due to the strong error of the Euler scheme.

Exercise 7.4 (Optimal stopping problem) We consider the optimal stopping problem in discrete
time and finite horizon N > 0, associated with a Markov chain (Xn)n ≥ 0 with state space E , starting
from a given point x0, and to the reward at time n given by (Zn)n ≥ 0 where Zn is integrable for any n
≥ 0. Let (Fn)n≥0 be the filtration generated by (Xn)n ≥ 0 and TN  the set of stopping times of 
(Fn)n≥0 bounded by N: τ ∈ TN  if and only if τ : Ω → {0,…,N} and {τ ≤ n} ∈ Fn. The reward
process (Zn)n is adapted to (Fn)n. We aim at characterizing the optimal expected reward

J = sup
τ∈TN

E (Zτ),

using different representations, together with an optimal stopping time τ ⋆ ∈ TN  such that 
J = E(Zτ ⋆). In the following, we assume that the state space E  is finite.11

i) Let us define the maximal expected reward Yn at time n ∈ {0,…,N} by

Yn = sup
τ∈TN :τ≥n

E (Zτ ∣ Fn).

Show that (Yn)n ≥ 0 solves the dynamic programming equation

Yn =max (Zn, E (Yn+1 ∣ Fn)), YN = ZN
(7.6.3)

and that J = E(Y0). The process (Yn)0 ≤ n ≤ N is called the Snell envelope of (Zn)0 ≤ n ≤ N. A
particular case is described in (7.4.5). From the algorithmic point of view, (7.6.3) leads to
numerical schemes based on iterations on value functions.

ii) Let τ⋆ = min{n ≥ 0 : Yn = Zn} and define the stopped process Y ⋆
n = Yn∧τ ⋆ . Justify that 

τ ⋆ ∈ TN  and that

Y ⋆
n = E (Y ⋆

n+1 ∣ Fn).

iii) Show that τ⋆ is an optimal stopping time.
iv) Set τ ⋆

n = min{j ≥ n : Yj = Zj} for the optimal stopping time after time n, i.e. 
Yn = E(Zτ ⋆

n
∣ Fn). Prove that the sequence (τ ⋆

n)n solves the following iteration on
policies:

{



τ ⋆
n = {

v) In the case of Markovian reward (Zn : = fn(Xn)) for fn : E → R, show that Yn = yn(Xn) for
some function yn : E → R and give the dynamic programming equation solved by (yn)0 ≤ n ≤

N. Justify that τ⋆ = min{n ≥ 0 : Xn ∈ Dn} for a sequence of domain (Dn)0 ≤ n ≤ N.

These representations involving various dynamic programming equations constitute the basis for
developing numerical schemes for computing J and the optimal stopping strategies.

Notes

1In the historical experiment [78] on the giant squid, the electric currents were due to ions of potassium, sodium, and other residual

currents.

2Options hedging, for example.

3Denoting x+ = max(x,0) and x− = max(−x,0).

4Forward because this time we specify the condition at t = 0.

5In this example, there exists a unique solution due to the convexity and the coercivity of c ↦ J(c).

6Which, as before, stands for the canonical augmented Brownian filtration.

7This principle is natural and standard for solving dynamic control problems.

8The regularity required for u can be obtained either from PDE estimates, using Feynman-Kac representation, or directly by

probabilistic arguments based on stochastic calculus.

9More precisely, the stopping time in the sense of Definition 4.2.2.

10Ensuring that u is well defined.

11So that Ω = E N—the canonical space of (Xn)0 ≤ n ≤ N—is finite as well. It implies that the family TN  is finite, thus countable, so

that we can easily define the supremum of the random variables E(Zτ ∣ Fn); in the general case of an uncountable family, the

right notion is essential supremum; see [120, Section VI].

n if E (Zτ ⋆
n+1

∣ Fn) ≤ Zn,

n + 1 otherwise.



Chapter 8

Simulation by empirical regression

In this chapter we develop and analyze tools for efficient numerical solution of the dynamic programming equation
(7.3.3)

(8.0.1)

The discussion at the end of the previous chapter shows (see equation (7.4.2)) that the discrete time process 
(Y (h)

ti
)0≤i≤N  can also be represented as

Y
(h)
ti

= u(h) (ti,X
(h)
ti
)

for a sequence of functions (u(h)(ti,.))0 ≤ i ≤ N, each of which is written as an expectation that depends on the others
(see (7.4.4)):

u(h) (ti,x) = E(u(h) (ti+1,X (h),ti,x
ti+1

)+ h g(ti,x,u(h) (ti+1,X (h),ti,x
ti+1

))).

(8.0.2)

8.1 The Difficulties of a Naive Approach

Let us quickly discuss some possible ideas for the numerical calculation of u(h), focusing our attention on the
evaluation of the value u(h)(0,x0).

– The distribution of X (h),0,x0

h  is Gaussian, which allows us to write u(h)(0,x0) as a d-dimensional integral of
the function x ↦ u(h)(h,x)+hg(0,x0,u(h)(h,x)) with respect to the corresponding Gaussian probability
measure.

1. The first difficulty is connected to the computation of the d-dimensional integral.
2. The second difficulty arises with the function to integrate: it is necessary to have the unknown

values u(h)(h,x) at each point x (or at many points), which are themselves expressed as integrals
of the functions u(h)(2h,⋅), etc. This creates a cumbersome recursive procedure.

– To overcome the first difficulty, we can discretize the integral by properly choosing M points (x1,1,…,x1,M)
either in a deterministic way (quadrature method), or randomly (Monte-Carlo simulation), that represent

⎧⎪⎨⎪⎩Y
(h)
T

= f (X (h)
T
),

Y
(h)
ti

= E(Y (h)
ti+1

+ h g(ti,X
(h)
ti

,Y (h)
ti+1
) X

(h)
ti
), i = N − 1, ⋯ , 0.∣



well the distribution X (h),0,x0

h
. But the necessity to know u(h)(h,x) at each point x ∈ {x1,1,…,x1,M}

requires that we iterate the procedure at time t1.
– So it turns out to be necessary at each point x1,m to regenerate M candidates representing the distribution of 
X

(h),h,x1,m

2h : starting from M points at time t1, we obtain M2 space points at time t2, ... and finally MN at time
tN = T.

– To sum up, we get a stochastic tree whose size grows exponentially with the number of dates. Furthermore,
the expected error cannot be better than the error of the integral discretization obtained at each date, which
is of order 1/√M  in the case of Monte-Carlo sampling. The complexity/error ratio becomes extremely
poor as soon as the number of dates N exceeds a few units.

Because we are going to study the continuous time limit N → +∞, it is necessary to develop suitable tools,
which are better adapted to pass to the limit.

What are the important issues to consider?

– As the number of dates N goes to infinity, we need to screen how the error in the approximated calculation
of each u(h)(ti,x) is propagated along the iterations.

– In certain cases, the distribution of X(h) will be more complicated than that of the Euler scheme with
Gaussian transition: the density may not exist or not be explicit (if the process X is not discretized or if we
include jumps, for example ). Thus it would be interesting to have robust error estimates with respect to the
distribution of the Markov chain (X (h)

ti
)i. Thus, in the following, we would rather see the model as a black

box, i.e. by supposing that we can generate simulations of X(h) without, however, knowing the model
equation: a dynamic programming algorithm taking as inputs the data f,g and T and just sequences of
independent simulations of X(h) (without other information about the model) will have the advantage of
being very flexible and robust with respect to the distribution of the model. Its adjustment will be made a
priori in a rather universal and automatic way.

– Deriving non-asymptotic error estimates allows us to better understand how to adjust the convergence
parameters, even if sometimes the practical implementation may bring good surprises, i.e. the convergence
may take place more rapidly than predicted by the theory.

The non-parametric regression tools that we study in the following, allow us to work out a numerical scheme
called an empirical regression (or regression Monte-Carlo or empirical least squares) that has a number of
advantages mentioned above.

The curse of dimensionality. When the marginal distributions of X(h) are sampled for calculating the nested
functions in (8.0.2), the estimation of these functions becomes more and more delicate as the dimension d of the
space increases. Indeed, it is increasingly difficult to satisfactorily fill the d-dimensional space (d large) with a
sample of a given size (even large). This is called the curse of dimensionality, illustrated by the following example,
taken from [69, Chapter 2].

Let X,X1,…,XM be independent random variables uniformly distributed on [0,1]d and set

d∞ (d,M) = E[ min
i=1,⋯,M

|X − Xi|∞]

where for x = (x1, … ,xd) ∈ Rd we set |x|∞ = maxj = i,…,d|xj|.
The average distance d∞(d,M) measures how much a new random point X is close to the grid (X1,…,XM), or in

other words, how well
the points (X1,…,XM) fill the cube [0,1]d. From the independence we deduce (for t ≥ 0)

( )



P( min
i=1,⋯,M

|x − Xi|∞ ≤ t) ≤ MP(|x − X1|∞≤ t) = M[P( x1 − X 1
1 ≤ t)]

d
≤ M(2t)d,

then

d∞ (d,M) = ∫
∞

0
(1 − P( min

i=1,⋯,M
|X − Xi|∞ ≤ t))dt ≥ ∫

∞

0
(1 − M(2t)d)

+
dt =

d

2(d + 1)

1

M 1/d
.

As we can see in Table 8.1, the influence of the dimension is very significant for d exceeding ten. The decrease of
the order 1/M1/d is characteristic in this type of problem, namely in the calculation of d-dimensional functions. By
additionally supposing the unknown function to be regular, we can reduce the effect of the dimension. All these
heuristics will be reflected in the subsequent estimates.

Table 8.1 Several values of the lower bound of d∞(d,M).

8.2 Approximation of Conditional Expectations by Least Squares Methods

Before we tackle the most difficult case of the dynamic programming in the form (8.0.1), let us study a simpler
problem with a single date, which will give us an opportunity to introduce adequate terminology and notation.

8.2.1 Empirical regression

Definition 8.2.1 Consider two random variables O and R, with values in Rd and R, respectively. We suppose that
R is square integrable and we denote M(. ) as the regression function defined by

E(R|O) = M(O) a. s. .
(8.2.1)

In other terms, M(. ) is the conditional expectation function.
We adapt the statistical terminology, calling R a response and O an observation: M(O) is the best estimation of

the response R in L2 sense given an observation O (see (8.2.3)).
Given a sample (O(m),R(m))1 ≤ m ≤ M of size M, an empirical regression procedure aims to produce a function 

M̃M(. ) — built from the sample — that approximates (in a certain sense) the unknown regression function M(. ).
In general, the couples (O(m),R(m))m are independent, but this does not happen systematically as we will see in

the numerical calculation of the solution for the dynamic programming equation.

∣ ∣



Many empirical regression methods exist and we refer the reader to the book [69]: here we follow the method of
empirical ordinary least squares, consisting of calculating M̃M(⋅) on a finite-dimensional linear subspace Φ,
generated by K basis functions {φk(.):1 ≤ k ≤ K}:

Φ = Span. (ϕ1, ⋯ ,ϕK) = {φ : Rd ↦ R such that ∃ α ∈ RK and φ (. ) :=
K

∑
k=1

αkϕk (. ) := α ⋅ ϕ (. )}.

(8.

We insist on the latter notation φ = α⋅ϕ, which permits us to have a concise notation in what follows. Without
specifying this later, we will always suppose that all the functions φ ∈ Φ are such that E|φ(O)|2< +∞, or
equivalently E|φk(O)|2< +∞ for any k.

IMPORTANT. We do not suppose that the basis functions (ϕk)k are orthonormal with respect to the scalar
product induced by L2(P ∘ O−1). Indeed, in general, although the Gram-Schmidt orthonormalization is
theoretically possible, it is not always possible numerically because the distribution of O is not known or is
insufficiently tractable.

There are two straightforward heuristics: the greater are K and the space Φ, the better is the approximation; the
larger the sample, the better the estimation of the coefficients in Φ. This will be quantified more precisely in
Theorem 8.2.4, with an optimal balance between K and M. In what follows, we always suppose M ≥ K to avoid the
problem of over-fitting.

Because M(O) minimizes

E(R − MO)2 = E(R − E (R|O))2 + E(E (R|O) − MO)2

(8.2.3)

over all the square integrable and σ(O)-measurable random variables MO, it is natural to take for M̃M(⋅) the
function φ ∈ Φ minimizing the empirical quadratic criteria

1

M

M

∑
m=1

(R(m) − φ(O(m)))
2
.

In fact, this means that we choose basis coefficients that are equal to

αM := arg min
α∈RK

1

M

M

∑
m=1

(R(m) − α ⋅ ϕ(O(m)))
2
,

(8.2.4)

and then to set

M̃M (. ) = αM ⋅ ϕ (⋅).
(8.2.5)

8.2.2 SVD method



The minimization (8.2.4) is a simple least squares problem, which is, in addition, linear (no constraints on the
coefficients). But because of possible collinearities between the basis functions, there may exist several optimal
coefficients that attain the minimum in (8.2.4): this is an embarrassing situation that is generally associated with
instability problems.

To choose a numerical solution, there exist several methods: among others, Singular Value Decomposition and
Normal Equations, see [64, Chapter 5] for the details. These various approaches differ in their performance
concerning the rounding errors (matrix conditioning), the required memory size, the computational cost, and the
conclusions depend on the relative values of K and M. The SVD (Singular Value Decomposition) method is known
to be slightly longer in computational time1 but a little more stable: we explain this method and how to deduce a
minimizer (8.2.4); see [64, Theorems 2.5.2 and 5.5.1].

The Singular Value Decomposition of a matrix

P = (ϕi (O
(m)))

1≤m≤M,1≤i≤K

of size M × K (with M ≥ K) is written as

P = UP ′V ⊤ with P ′ =

where U and V are two orthogonal matrices of size M × M and K × K respectively, and σ1 ≥ … ≥ σK ≥ 0. So, the
quantity to minimize can be written as

M

∑
m=1

(α ⋅ ϕ(O(m))− R(m))
2

= |UP ′V ⊤α − R|2
RM =|P ′V ⊤α − U ⊤R|2

RM (as U is an orthogonal matrix

The set of minimizing coefficients α of (8.2.4) is:

A = α = V ,χi ∈ R .

We easily verify that for all the coefficients α ∈ A , the vector (α⋅ϕ(O(m)))1 ≤ m ≤ M remains the same: thus we have
a unique2 minimizing function

M̃ (⋅) := arg   min
φ=α⋅φ∈ Φ

1

M

M

∑
m=1

(R(m) − φ(O(m)))
2
.

(8.2.6)

⎛⎜⎝σ1 0

⋱

0 σK

0 ⋯ 0

⎞⎟⎠⎧⎪⎨⎪⎩ ⎛⎜⎝ ⋯

1σi>0
(U ⊤R)

i

σi
+ 1σi=0χi

⋯

⎞⎟⎠ ⎫⎪⎬⎪⎭



On the contrary, its representation in the space Φ via its coefficients can be non-unique. If P is of full rank (σK >
0), then A  contains a single element and the coefficient that solves (8.2.4) is unique. If rank(P) < K, the optimal
solution in the SVD sense is associated with the choice χi = 0 for any i, in other words,

αM = V .

(8.2.7)

Proposition 2.2 The optimal solution in the SVD sense is, among all the minimizers of (8.2.4), the one with a
minimal norm. We call it the SVD-optimal coefficient.

PROOF:

We have observed that a minimizer is of the form

α = V .

As V is orthogonal, it preserves the norm, thus we have

|α|2
RK =

K

∑
i=1

1σi>0

(U ⊤R)
i

σi

+ 1σi=0χi
2 =

K

∑
i=1

1σi>0

(U ⊤R)
i

σi

2 +
K

∑
i=1

1σi=0|χi|
2,

from which the proof easily follows. ▫

We give several simple properties of the SVD solution to the least squares problem: the first two properties are
standard and of deterministic nature; the last one is of probabilistic nature.

Proposition 8.2.3 Let αM be the SVD-optimal coefficient associated with the sample (O(m),R(m))1 ≤ m ≤ M and to the
space Φ. Then we have the following properties.

i) Linearity: the map (R(m))1 ≤ m ≤ M ↦ αM is linear.

ii) Non-expanding property: 1
M

M

∑
m=1

(αM ⋅ ϕ(O(m)))
2

≤
1

M

M

∑
m=1

(R(m))
2
.

iii) Solution as conditional expectation: suppose that (φ(O(m)))m = 1,…,M is measurable with respect to the
sigma-algebra Q. Then, the SVD-optimal coefficient associated with the response 
E(R ∣ Q) = (E(R(m) ∣ Q))

m=1,…,M
 is given by E(αM ∣ Q).

PROOF:

The linearity i) obviously follows from (8.2.7), because U,V,(σi)i remain unchanged when the observation (O(m))1 ≤ m ≤ M is the same. Using the same
equation and observing that U,V,(σi)i are Q-measurable, we prove iii). To prove ii), let us use the Pythagoras decomposition: for any α ∈ RK , we
have 1

M
∑M

m=1(α ⋅ ϕ(O(m)) − R(m))2 = 1
M

∑M
m=1(αM ⋅ ϕ(O(m)) − R(m))2 + 1

M
∑M

m=1((αM − α) ⋅ ϕ(O(m)))2. Taking α = 0, we obtain the
stated inequality. ▫

8.2.3 Example of approximation space: the local polynomials

⎛⎜⎝ ⋯

1σi>0
(U ⊤R)

i

σi

⋯

⎞⎟⎠⎛⎜⎝ ⋯

1σi>0
(U ⊤R)

i

σi
+ 1σi=0χi

⋯
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In this example, the functions are defined locally, smooth on disjoint subsets. This local property leads to an easier
numerical implementation.

Definition. For the space Φ, take the local polynomials of degree k, defined locally on cubes 
Ci1,…,id = [i1Δ, (i1 + 1)Δ[× ⋯ × [idΔ, (id + 1)Δ[ for3 ij ∈ {−H/Δ,…,H/Δ−1}, 1 ≤ j ≤ d. Outside the cube
[−H,H]d, the functions of Φ are thus equal to zero (truncation effect at infinity). The number of cubes Ci1,…,id  is
(2H/Δ)d and on each of them, we take all the polynomials of d variables for which the maximal degree in each
variable is k, thus (k+1)d polynomials in total. So, we have

dim (Φ) = K = (2H/Δ)d × (k + 1)d.
(8.2.8)

A function φ ∈ Φ may possibly have discontinuities on the boundary of the cubes; see Figure 8.1.
Implementation. Because the cubes have disjoint supports, the calculation of the solution to the least squares

problem is reduced to a cube-by-cube resolution, which considerably reduces the computational cost. Finally, on a
cube we need to perform a polynomial regression whose parametric dimension remains small (equal to (k + 1)d).

Figure 8.1 A local polynomial function (d = 1, k = 2, H = 1, Δ = 0.5).


As for the evaluation of the value φ(x) = αM⋅ϕ(x) at a point x, its evaluation cost is not K as it might be thought
in view of the K-dimensional representation of Φ, but it is in fact equal to the number of polynomials on a cube,
i.e. (k+1)d: indeed, because of the tensored grid, we have a unitary cost to determine4 the cube containing x, then a
cost (k+1)d to evaluate the polynomial associated with the cube. In general, the number of cubes is large (i.e., 
K ≫ (k + 1)d) and this algorithmic simplification is really important.

8.2.4 Error estimations, robust with respect to the model

We give a first error estimate in the calculation of the empirical regression function. The reader may notice how
weak the hypotheses are regarding the joint distribution of (O,R) or their marginal distributions: indeed, we
suppose only the condition of a bounded conditional expectation. In this sense, estimates are robust w.r.t. the
model. In particular, it is enough for the response R to be a bounded random variable in order to satisfy the
hypothesis v). Furthermore, we do not assume any hypotheses on the basis functions (ϕk)k.

Theorem 8.2.4 (regression error estimates) Consider the following notation and hypotheses:

i) For a random couple (O,R) ∈ Rd × R where R is square integrable, set M(. ) to be the σ(O)-measurable
variable defined by M(o) := E(R|O = o).

ii) Denote by μ the marginal distribution of O and |⋅|L2(μ) the associated L2 norm, i.e., for a function φ

|φ|2
L2(μ) := ∫

Rd

φ2 (o)μ (do).



iii) (O(1),R(1)),⋯,(O(M),R(M)) are independent copies of the couple (O,R);
iv) Denote by |φ|L2(μM) the L2 norm associated with the empirical measure of the sample (O(1),…,O(M)):

|φ|2
L2(μM) :=

1

M

M

∑
m=1

φ2 (O(m)).

v) The conditional variance of R is bounded: σ2 ≔ supo∈Rd V ar(R ∣ O = o) < +∞

vi) Φ = Span. (ϕ1, …ϕK) is a linear subspace with a dimension of less than K.
vii) The empirical regression function is defined as the function in Φ attaining the minimum

M̃M (. ) := arg   min
φ∈Φ

1

M

M

∑
m=1

R(m) − φ(O(m))
2
.

(8.2.9)

Then, the averaged quadratic error is upper bounded as follows:

E( M̃M−M|2
L2(μM)) ≤ σ2 K

M
+ min

φ∈Φ
|φ − M|2

L2(μ).

(8.2.10)

Before we prove this result in the next section, let us make some comments.

⊳ First, this is a non-asymptotic result, which provides control of the error for a fixed computational cost (it does
not require K and M to tend to infinity).

⊳ The quadratic error |M̃M − M|2
L2(μM)

 is stochastic for two reasons: on the one hand, because the estimated

function M̃M  is random, as estimated using a sample; on the other hand, because the norm of the error is taken
with respect to the empirical (random) measure. From this, it is possible to deduce upper bounds for 
E(|M̃M − M|2

L2(μ)
) at the cost of some mathematical complications; see the proof of Proposition 8.3.3. Another

possible extension consists of allowing the space Φ to be adapted to the observations (data-driven function-set),
and the mathematical analysis is very similar.

⊳ The first term σ2 K
M

 of the right-hand side of (8.2.10) is traditionally called the variance term and corresponds
to the statistical error incurred while calculating the coefficients αM using a finite sample: it converges to 0 as the
size M of the sample increases.

The second term is due to the approximation error in the space Φ and is written as the square of the
approximation bias (square of the L2(μ) distance from M to Φ): by making the space of the approximation richer
(K → +∞), we can expect that this term will converge to 0. The decomposition (8.2.10) is called the bias/variance
decomposition.

⊳ The essential point is that the dimension K has two opposite effects: increasing K reduces the approximation
error, but increases the statistical error (over-parameterization problem); conversely, decreasing K makes the
statistical estimation of the approximation coefficients easier, but leads to a bad approximation in Φ. Thus there is
an optimal adjustment between K and M to be determined; see Figure 8.2. Without this, the approximation by

∣ ∣∣



empirical regression may not converge
at all. We give an example of parameter tuning when we have additional
information on M.

Figure 8.2 Empirical regression error for a given M as a function of K.


8.2.5 Adjustment of the parameters in the case of local polynomials

We consider the space of the local polynomials described in Section 8.2.3 and we suppose that M is a bounded
function of class C k+α(Rd, R), with k ∈ N and α ∈ (0,1], having bounded derivatives and α-Hölder continuous
k-th order derivatives.

Keeping the notation of Section 8.2.3, the variance term equals σ2 K
M

= σ2 (2H/Δ)d×(k+1)d

M
. Now let us evaluate

the squared bias term. Using that the cubes have disjoint support and taking on each cube the approximation
polynomial of degree k obtained by a Taylor formula, we obtain a simple upper bound on the error

min
φ∈Φ

|φ − M|2
L2(μ) = E(M

2 (O)1O∉Ci1,⋯,id
:−H/Δ≤i1,⋯,id≤H/Δ−1)+ ∑

−H/Δ≤i1,⋯,id≤H/Δ−1

min
Pol.P: deg(P)≤k

E(|M (O

for a constant CM depending only on M(⋅) and its derivatives.
Suppose moreover that the random variable O has exponential moments: P(|O|∞≥ H) ≤ λ exp(−H/λ) for

any H ≥ 0, for a certain λ > 0. Then taking H = clog(1/Δ) for a large enough constant c — as soon as Δ < 1 — the
term P(|O|∞≥ H) becomes negligible compared to Δ2(k+α) as Δ → 0 (this justifies the truncation at infinity).

Finally, we can re-write the upper bound (8.2.10) (without detailing the constants):

E( M̃M−M|2
L2(μM)) ≤ C

[log (1/Δ)Δ−1]
d

M
+ CΔ2(k+α).

To achieve the magnitude of the error approximation, it is enough to take M ∼
Δ→0

Δ−d−2(k+α)[log(1/Δ)]d.

To better understand the effect of the dimension d, let us express the variables Δ, K, and M as functions of the
global error variable ε2 representing the expected accuracy of the average quadratic error E(|M̃M − M|2

L2(μM)).
Neglecting the logarithmic terms and the constants, we obtain the following heuristics for the order of magnitude
w.r.t. ε:

(8.2.11)∣



⇒ E( M̃M−M|2
L2(μM)) ≤

ε→0
ε2.

We observe a subtle competition between the dimension d and the regularity k+α of the unknown function M. For
a given regularity k+α, the larger is the number d of variables on which depends the estimated function, the more
significant is the computational cost for achieving a given accuracy: this is the famous curse of dimensionality; see
our discussion at the beginning of the chapter.

In practice, knowledge of the parameter k+α often comes from a preliminary analysis, which allows us to
identify the regularity of the problem and its qualitative properties. Once the regularity is identified, the adjustment
of other parameters is easy, at least if we focus on the rate and not on the constants.

In terms of computational cost we get

[E( M̃M−M|2
L2(μM))]

1
2

≤
M→+∞

CM
− (k+α)

2(k+α)+d .

If the regularity is large (k+α → +∞), we get the convergence rate √M  as for the central limit theorem. Otherwise,
the rate is less and strongly depends on the dimension and the regularity of M(⋅).

8.2.6 Proof of the error estimations

PROOF:

We prove Theorem 8.2.4, following [69, Theorem 11.2]. To simplify, denote O(1 : M) : = (O(m))1 ≤ m ≤ M and E(1:M)(⋅) = E(⋅|O(1:M)). Suppose we
already have

E( M̃M−M|2
L2(μM) O

(1:M)) ≤ σ2 K

M
+ min

φ∈Φ
|φ − M|2

L2(μM).

(8.2.12)

Then the advertised upper bound (8.2.10) follows directly, by taking the expectation of (8.2.12) and observing that

E(min
φ∈Φ

|φ − M|2
L2(μM)) ≤min

φ∈Φ
E(|φ − M|2

L2(μM)) =min
φ∈Φ

E(
1

M

M

∑
m=1

φ(O(m))− M(O(m))
2
) =min

φ∈Φ
E(|φ (O) − M (O)|2) =min

φ∈Φ
|φ − M

Now we show (8.2.12). Because the computations are made conditionally on O(1 : M), we can suppose without loss of generality that (ϕ1,...ϕKM) is an
orthonormal family5 in L2(μM), possibly with KM ≤ K:

1

M

M

∑
m=1

φk (O
(m))φl (O

(m)) = δk,l, 1 ≤ k, l ≤ KM .

Consequently, the solution arg min
φ∈Φ

1
M

M

∑
m=1

∣ φ(O(m))− R(m) ∣2 is given by

M̃M (. ) =
KM

∑
j=1

αM
j ϕj (. ) with αM

j =
1

M

M

∑
m=1

ϕj (O
(m))R(m)

⎧⎪⎨⎪⎩Δ ∼
ε→0

ε
1

k+α ,

K ∼
ε→0

ε− d
k+α ,

M ∼
ε→0

ε−2− d
k+α , ∣∣∣ ∣ ∣ ∣



(αM is the SVD-optimal coefficient). Note that E(1:M)(M̃M(. )) = E(M̃M(. )|O(1:M)) is a solution to the least squares problem

min
φ∈Φ

1

M

M

∑
m=1

|φ(O(m))− M(O(m))

2

=min
φ∈Φ

|φ − M|2
L2(μM).

Indeed, by Proposition 8.2.3 applied with Q = σ(O(1:M)), the conditional expectation E(⋅|O(1:M)) of the coefficient αM is the SVD-optimal
coefficient associated with the response (E(R(m)|O(1:M)))1≤m≤M : but the independence of the sample data implies that 
E(R(m)|O(1:M)) = E(R(m)|O(m)); moreover, E(R(m)|O(m)) = M(O(m)) by the definition of the regression function.

Then, using the Pythagoras theorem, we deduce that

(8.2.13)

Because (ϕj)j are orthonormal in L2(μM), we have

M̃M − E(1:M) (M̃M)

2

L2(μM)

=
KM

∑
j=1

αM
j − E(1:M) (αM

j )
2
.

From αM
j − E(1:M)(αM

j ) = 1
M ∑M

m=1 ϕj(O(m))(R(m) − M(O(m))), it follows that

E(1:M)( M̃M − E(1:M) (M̃M)
2

L2(μM)
) =

KM

∑
j=1

1

M 2
E(1:M)(

M

∑
m,m′=1

ϕj (O
(m))φj (O

(m′))× (R(m) − M(O(m)))(R(m′) − M(O(m′)))).

Then, by the independence of the data, we get remarkable simplifications:

Thus the hypothesis of uniform bound on the conditional variance leads to

E(1:M)( M̃M − E(1:M) (M̃M)
2

L2(μM)
) ≤ σ2

KM

∑
j=1

1

M 2

M

∑
m=1

ϕ2
j (O

(m)) = σ2 KM

M
≤ σ2 K

M
,

the above equality coming from the unitary norm of ϕj in L2(μM). Gathering this with (8.2.13) for which we take the conditional expectation 
E(⋅|O(1:M)), we obtain the inequality (8.2.12). ▫

We finish this proof with several remarks. Note that the error concerns the regression function and not the
coefficients: this is of course the relevant target. But there is a deeper reason; we cannot expect equally good
estimates on the error for the coefficients, because of multiple representations of the function M̃M  in Φ when there
are collinearities (which may take place with positive probability).

The reader could easily adapt the previous proof to the case where the functions (ϕj)j are random and chosen
adaptively with respect to the data (O(1),…,O(M)). For example, in the case of local polynomials, by partitioning 
Rd into "cubes" (non-regular) each containing the same number of data, we can better automatically adapt to the

∣M̃M − M
2
L2(μM)

= M̃M − E(1:M) (M̃M) 2
L2(μM)

+ E(1:M) (M̃M)− M
2
L2(μM)

,

= M̃M − E(1:M) (M̃M) 2
L2(μM)

+ min
φ∈Φ

|φ − M|2
L2(μM).∣ ∣∣ ∣ ∣ ∣∣ ∣∣ ∣ ∣ ∣∣ ∣E(1:M) (ϕj (O(m))ϕj (O(m′)) (R(m) − M (O(m))) (R(m′) − M (O(m′))))

= ϕj (O(m))ϕj (O(m′))E(1:M) ((R(m)) − M (O(m))) (R(m′) − M (O(m′)))

= ϕj (O(m))ϕj (O(m′))

× E ((R(m) − M (O(m))) (R(m′) − M (O(m′))) O(m),O(m′))

= { ∣ϕ2
j (O

(m))(R(m) O(m)) if m = m′,

0 otherwise.∣∣ ∣



distribution of O, ensuring that a minimum of information will be available to calculate the local regression
functions.

8.3 Application to the Resolution of the Dynamic Programming Equation by
Empirical Regression

We assume hypotheses from Theorem 7.3.1 concerning the discretization of the backward stochastic differential
equation, leading to the simulation of the dynamic programming equation (8.0.1).

In this framework, the unknown functions u(h) are bounded because f and g are so: this follows from (7.4.1), and
the bound is explicit and given by

sup
0≤i≤N

sup
x∈Rd

u(h) (ti,x)|≤ |f|∞ + T |g|∞ := L.

(8.3.1)

To force the numerical solution to satisfy this bound, we clip the empirical regression functions, obtained in what
follows, at the level L (see Figure 2.4).

8.3.1 Learning sample and approximation space

We will empirically approximate the regression functions (u(h)(ti,.):0 ≤ i ≤ N−1) using the following:

1. A learning sample consisting of M simulated independent trajectories ((X (h,m)
ti

)0≤i≤N : 1 ≤ m ≤ M)

having the same distribution as (X (h)
ti

)0≤i≤N .
2. At each date the approximation space is denoted by Φ. To simplify the presentation (but this is not a

mathematical necessity), we take the same Φ (dictionary) for all the dates, namely we take a vector space

Φ := Span. (φ1, ⋯ ,φK)

of a finite dimension K. The reader could generalize without difficulty the result for Φ(i) depending on ti,
which may be meaningful numerically.

Finally, the approximated solutions are denoted by u(h,M,Φ).

8.3.2 Calculation of the empirical regression functions

To initialize the resolution of the dynamic programming equation, we set

u(h,M,Φ) (T , ⋅) = f (⋅).
(8.3.2)

Suppose that an approximation u(h,M,Φ)(ti+1,⋅) is calculated and now let us construct u(h,M,Φ)(ti,⋅). Set α(M,i), the
SVD-optimal coefficient defined by

∣



α(M,i) := arg   min
α∈RK

1

M

M

∑
m=1

(u(h,M,Φ) (ti+1,X (h,m)
ti+1

) + hg(ti,X
(h,m)
ti

,u(h,M,Φ) (ti+1,X (h,m)
ti+1

)) − α ⋅ ϕ(X (
ti

which allows us to define the clipped function

u(h,M,Φ) (ti, ⋅) := CL [α
(M,i) ⋅ φ] (⋅) = −L ∨ [α(M,i) ⋅ φ (⋅)] ∧ L.

(8.3.4)

This procedure is then iterated backward from i = N−1 to 0; see Algorithm 8.1.
To measure the error on the empirical regression functions, we will (as in Section 8.2.4) use the L2 empirical

norms associated with the simulations: for a function φ : Rd ↦ R depending on the processes at a ti, we define

|φ|L2(μM) := (
1

M

M

∑
m=1

φ2 (X (h,m)
ti

))

1
2

.

More generally, if the function φ : Rd × Rd ↦ R depends on the processes at times ti and ti+1, we set

|φ|L2(μM) := (
1

M

M

∑
m=1

φ2 (X (h,m)
ti

,X (h,m)
ti+1

))

1
2

.

In general, depending on the context of use, there will not be any possible confusion between the two conventions.



Algorithm 8.1: Resolution of the dynamic programming equation by empirical regression.


8.3.3 Equation of the error propagation

We establish an equation between the average empirical quadratic errors at times ti and ti+1, describing how the
errors are locally propagating. The notation is the following.

– In addition to the coefficient α(M,i) calculated using the erroneous function u(h,M,Φ)(ti+1,⋅), we define the
coefficient calculated with the exact function u(h)(ti+1,⋅):

– We denote by μ
X

(h)
ti

 the distribution of X (h)
ih .

We will justify that the error propagation satisfies the following iterative equation.

Proposition 8.3.1 (local error propagation) Under the previous hypotheses and notation, we have for 0 ≤ i ≤ N−1

u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
≤ (1 + N −1)(1 + hLg)

2E u(h,M,Φ) (ti+1, ⋅) − u(h) (ti+1, ⋅)
2

L2(μM)
+ (1 + N)

PROOF:

Because u(h) is bounded by L and because the clipping is a 1-Lipschitz operator, we have

u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
≤ α(M,i) ⋅ φ (⋅) − u(h) (ti, ⋅)

2

L2(μM)
.

(8.3.7)

⊳ Decomposition into three contributions. To simplify the presentation, write X (h,1:M)
ti

= {X (h,m)
ti

: 1 ≤ m ≤ M}.
 By Proposition 8.2.3-iii), 

E(α(M,i)|X
(h,1:M)
ti ) is the SVD-optimal coefficient associated with the observations X (h,1:M)

ti  and with the responses

So, the Pythagoras decomposition provides the equality

α(M,i) ⋅ ϕ (⋅) − u(h) (ti, ⋅)
2

L2(μM)
= inf

φ∈Φ
φ (⋅) − u(h) (ti, ⋅)

2

L2(μM)
+ (α(M,i) − E(α(M,i) X

(h,1:M)
ti )) ⋅ ϕ (⋅)

2

L2(μM)
.

(8.3.8)

Then, using the triangular inequality for the L2(μM) norm and the inequality (a+b)2 ≤ (1+N)a2+(1+N−1)b2, we obtain (combined with (8.3.7))

2

α(M,i) := arg min
α∈RK

1
M

M

∑
m=1

(u(h) (ti+1,X (h,m)
ti+1

)+ hg(ti,X
(h,m)
ti

,u(h) (ti+1,X (h,m)
ti+1

)) − α ⋅ φ(X (h,m)
ti

= arg min
α∈RK

u(h) (ti+1, ⋅) + hgti, ⋅,u(h) (ti+1, ⋅)) − α ⋅ φ (⋅)
2

L2(μM)
.

¯∣ ∣∣ ∣ ∣∣ ∣ ∣ ∣¯

E(u(h) (ti+1,X (h,m)
ti+1

)+ hg(ti,X
(h,m)
ti

,u(h) (ti+1,X (h,m)
ti+1

)) X
(h,1:M)
ti

)

= E(u(h) (ti+1,X (h,m)
ti+1

)+ hg(ti,X
(h,m)
ti

,u(h) (ti+1,X (h,m)
ti+1

)) X
(h,m)
ti

)

= u(h) (ti,X
(h,m)
ti

). ∣ ∣∣ ∣ ∣ ∣ ∣¯∣ ∣



u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
≤ inf

φ∈Φ
φ (⋅) − u(h) (ti, ⋅)

2

L2(μM)
+ (1 + N) (α(M,i) − E(α(M,i) X

(h,1:M)
ti

)) ⋅ ϕ (⋅)
2

L2(μM)
+ (1 + N −1) (α(M

⊳ Estimation of the different terms.
The first term is connected to the approximation of u(h)(ti,⋅) in the space Φ:

E( inf
φ∈Φ

φ (⋅) − u(h) (ti, ⋅)
2

L2(μM)
) ≤ inf

φ∈Φ
E(

1

M

M

∑
m=1

φ(X (h,m)
ti

)− u(h) (ti,X
(h,m)
ti

)
2
) = inf

φ∈Φ
φ (⋅) − u(h) (ti, ⋅)

2

L2(μ
X

(h)
ti

)
.

(8.3.10)

In the second term of (8.3.9), we retrieve the estimation error in the calculation of the regression function u(h)(ti,⋅) given the responses 
(u(h)(ti+1,X (h,m)

ti+1
) + hg(ti,X

(h,m)
ti

,u(h)(ti+1,X (h,m)
ti+1

)))1≤m≤M  and the observations (X (h,m)
ti

)1≤m≤M . As in the proof of Theorem 8.2.4 (first term
on the right of the equality (8.2.13)), we can bound this term from above in expectation:

E( (α(M,i) − E(α(M,i) X
(h,1:M)
ti

)) ⋅ ϕ (⋅)
2

L2(μM)
) ≤ (L + h|g|∞)

2 K

M
(8.3.11)

where (L+h|g|∞)2 is an upper bound, uniform in x, of the variance of u(h)(ti+1,X
(h)
ti+1

) + hg(ti,X
(h)
ti ,u(h)(ti+1,X

(h)
ti+1

)) conditionally on X (h)
ti = x.

Finally, concerning the last term of (8.3.9), we first invoke the non-expanding property of the empirical projection, then the Lipschitz regularity of
g:

(8.3.12)

This upper bound highlights the effects of the error propagation along the dynamic programming equation.

⊳ End of the proof. To sum up, combining the inequalities (8.3.9)-(8.3.10)-(8.3.11)-(8.3.12) and taking the expectation yields

We conclude the result using a rough bound (L+h|g|∞)2 ≤ 4L2. ▫

The previous result provides an iterative relation for the error E u(h,M,Φ)(ti, ⋅) − u(h)(ti, ⋅)
2

L2(μM)
, which

becomes zero for i = N. Using (1 + hLg)2(1 + N −1) ≤ 1 + 1
N

(1 + 2LgT )2 and the same calculation as for
(7.3.7), we easily get the following.

Theorem 8.3.2 (global error measured in empirical norm) With the previous notation and hypotheses, we have
for any 0 ≤ i ≤ N−1

E u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
≤ e(1+2LgT )2

N−1

∑
j=i

[(1 + N)4L2 K

M
+ min

φ∈Φ
φ − u(h) (tj, ⋅)

2

L2(μ
X

(h)
tj

)
].

(8.3

To complete the analysis and to be coherent with the norm used in the quantification of the discretization error
from the previous chapter, we would like to measure the error in norm |⋅|L2(μ

X
(h)
ti

) instead of |⋅|L2(μM). We will use a

∣ ∣ ∣ ∣ ∣¯̄∣ ∣ ∣∣ ∣ ∣ ∣ ∣ ∣∣¯̄∣ ∣(α(M,i) − α(M,i)) ⋅ φ (⋅)
2

L2(μM)

≤ [u(h,M,Φ) (ti+1, ⋅) + hg (ti, ⋅,u(h,M,Φ) (ti+1, ⋅)]

− [u(h) (ti+1, ⋅) + hg (ti, ⋅,u(h) (ti+1, ⋅)] 2
L2(μM)

≤ (1 + hLg)
2
u(h,M,Φ) (ti+1, ⋅) − u(h) (ti+1, ⋅)

2

L2(μM)
.∣¯∣∣ ∣∣ ∣E u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)

2

L2(μM)

≤ inf
φ∈Φ

φ (⋅) − u(h) (ti, ⋅)
2

L2(μ
X

(h)
ti

)
+ (1 + N)(L + h|g|∞)2 K

M

+ (1 + N −1)(1 + hLg)
2
E u(h,M,Φ) (ti+1, ⋅) − u(h) (ti+1, ⋅)

2

L2(μM)
.∣ ∣∣ ∣ ∣ ∣∣ ∣∣ ∣ ∣ ∣



variant of Theorem 4.10 from Chapter 2, which we will prove at the end.

Proposition 8.3.3 (deviation between empirical mean and exact mean) With the previous notation and
hypotheses, we have for 0 ≤ i ≤ N−1

E u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
− u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)

2

L2(μ
X

(h)
ti

)
≤ 101L2√ (K + 1) log (6M

M

By combining Theorem 8.3.2 and Proposition 8.3.3, we deduce the main result quantifying the error of the
empirical regression scheme for solving the dynamic programming equation.

Theorem 8.3.4 (global error of the empirical regression scheme) With the previous notation and hypotheses, we
have for any 0 ≤ i ≤ N−1

E u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μ
X

(h)
ti

)
≤ e(1+2LgT )2

N−1

∑
j=i

[(1 + N)4L2 K

M
+ min

φ∈Φ
φ − u(h) (tj, ⋅)

2

L2(μ
X

(h)
tj

)
]

Two contributions of different nature appear: the first term corresponds to the superposition of the empirical
regression errors incurred at each date after ti; we can observe that with this approach, they are unavoidable. There
is a slight deterioration of the error control due to the factor (1+N). This comes from the structure of the dynamic
programming which involves multiple regression dates and nested regression problems. The second term with
log(⋅) interprets uniform fluctuations between the errors measured with respect to the empirical and the true
distributions.

When M = +∞, the upper bound for the error becomes just (up to a factor) 
N−1

∑
j=1

min
φ∈Φ

φ − u(h)(tj, ⋅)
2

L2(μ
X

(h)
tj

)
,

i.e., the accumulation of the approximation errors in the spaces Φ at each date, which is rather intuitive.
Proof of Proposition 8.3.3. Let us introduce the class of functions Gi = {(CLφ − u(h)(ti, ⋅))2 : φ ∈ Φ} and

denote by Z the random variable for which we calculate the expectation

Z = u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)
2

L2(μM)
− u(h,M,Φ) (ti, ⋅) − u(h) (ti, ⋅)

2

L2(μ
X

(h)
ti

)
.

As u(h,M,Φ)(ti, ⋅) ∈ CLΦ, we can write

E (Z) = ∫
+∞

0
P (Z > ε)dε ≤ ∫

+∞

0
P(∃ψ ∈ Gi :

1

M

M

∑
m=1

ψ(X (h,m)
ti

)− ∫
Rd

ψ (o)μ
X

(h)
ti

(do) > ε)dε.

Let us verify that Gi can be covered in L1 for any probability measure μ. Let ε′ > 0; from Theorem 2.4.6, there
exists {CLφj : 1 ≤ j ≤ n} a ε′

4L -covering of CLΦ and for any (CLφ − u(h)(ti, ⋅))2 ∈ Gi there exists j such that

∣∣ ∣ ∣ ∣ ∣∣ ∣ ∣ ∣∣ ∣∣∣ ∣ ∣ ∣ ∣∣ ∣



(CLφ − u(h) (ti, ⋅))
2

− (CLφj − u(h) (ti, ⋅))
2

L1(μ) = ([CLφ − u(h) (ti, ⋅)]− [CLφj − u(h) (ti, ⋅)]) × (

We have shown the first inequality below:

N1 (ε
′,Gi,μ) ≤ N1(

ε′

4L
,CLΦ,μ) ≤ (

24L2

ε′
)

2(K+1)

,

(8.3.15)

while the second is just the one from Theorem 4.6, valid if 0 < ε′ ≤ 2L2. Plugging this upper bound into the one
from Theorem 2.4.7 (with B = 4L2), we obtain

P(∃ψ ∈ Gi :
1

M

M

∑
m=1

ψ(X (h,m)
ti

)− ∫
Rd

ψ (o)μ
X

(h)
ti

(do) > ε) ≤ 8(
192L2

ε
)

2(K+1)

exp (−
ε2M

2048L4
),

under the condition ε ≤ 16L2; if this condition on ε is not satisfied, the upper bound still remains true since the
probability to bound is then equal to 0 in view of the ψ-bounds equal to 4L2. Plugging this inequality into that for
E(Z), we obtain for any ε0 ≥ 0:

E (Z) ≤ ε0 + 8∫
+∞

ε0

(
192L2

ε
)

2(K+1)

exp (−
ε2M

2048L4
)dε.

For ε0 ≥ 192L2

√6M
, we deduce

E (Z) ≤ ε0 + 8(6M)(K+1) ∫
+∞

ε0

√6Mε

192L2
exp (−

ε2M

2048L4
)dε = ε0 + (6M)(K+1) 128√6L2

3√M
exp (−

ε2
0M

2048L

The choice ε0 = L2

√M
√2048(K + 1) log(6M) verifies (6M)(K+1) exp(−

ε2
0M

2048L4 ) = 1 and ε0 ≥ 192L2

√6M
. The

estimate

E (Z) ≤
L2

√M
√(K + 1) log (6M)(√2048 +

128√6

3√(K + 1) log (6M)
)

readily follows, as well as the one stated in the theorem after some simple bounds. ▫

8.3.4 Optimal adjustment of the convergence parameters in the case of local polynomials

∣ ∣ ∣∣ ∣



We aim at getting an error of order 1/√N  — i.e., E u(h,M,Φ)(ti, ⋅) − u(h)(ti, ⋅)
2

L2(μ
X

(h)
ti

)
= O(N −1) — as the

discretization error from Theorem 7.3.1. As in Section 8.2.5, our attention is focused on the rate of M,K as a
function of N and not on the constants, and we suppose that the unknown functions u(h)(ti,⋅) are C k+α(Rd, R) with
regularity constants uniform in i. The approximation space is that of the local polynomials of degree k, on cubes
with an edge Δ, with a truncation6 beyond the threshold clog(1/Δ) for c large enough.

In this case, K ∼ [log(1/Δ)Δ−1]d and the computations of Section 8.2.5 lead to

N−1

∑
j=i

[(1 + N)4L2 K

M
+ min

φ∈Φ
φ − u(h) (tj, ⋅)

2

L2(μ
X

(h)
tj

)
] ≤ CN[N

[log (1/Δ)Δ−1]
d

M
+ Δ2(k+α)].

To ensure this term is of order 1/N, it is enough to choose
Δ ∼
N→+∞

N
− 1

(k+α)  up to a constant. As for the number

of simulations that allow us to have the statistical error of the same order, we must choose

M ≳
N→+∞

N 3(log (1/Δ)Δ−1)
d

∼ (log (N))dN
d

(k+α)
+3.

We hold the sufficient rule
M ∼ N
d

(k+α) +3+η with η > 0, which we denote simply as M ∼ N
d

(k+α) +3+

. With this
choice, the contribution with the logarithmic term in (8.3.14) is negligible with respect to the sought order N−1:

indeed, we have √ K
M

≲ 1

N
3
2

.

To sum up, we get:

M ∼
N→+∞

N
d

(k+α)
+3+

.

(8.3.16)

Let us count the elementary operations of the algorithm, to analyze its complexity (up to constants):

– Cost M × N to simulate M trajectories of the Euler scheme with step T/N.
– Cost N × M to calculate the N regression coefficients (taking advantage of the algorithmic simplification

about the computation of regressions on local polynomials; see discussion in Section 8.2.3).

Consequently, for a global error E ∼
N→+∞

N − 1
2 , the complexity is

C ∼
N→+∞

MN ∼ N
d

(k+α)
+4+

∼ E
−2 d

(k+α)
−8+

.

(8.3.17)

Without surprise, the algorithm suffers from the curse of dimensionality. The order of convergence is obviously
worse than that of a simple Monte-Carlo evaluation of the expectation (C ∼ E −2), but on the other hand, the
presented algorithm gives much more information because it provides N functions in the whole space Rd, whose
dependencies are non-linear. Here again, the rate (8.3.17) shows a competition between the dimension and the
regularity.

∣ ∣∣ ∣



The interested reader can find more efficient versions of this type of algorithm in [63] (by exploiting the
dynamic programming (7.4.1) to get a to better complexity E − d

(k+α)
−8+

 improving the dependence with respect to
dimension), in [13] (adding control variate) or in [62] (including importance sampling).

8.4 Exercises

Exercise 8.1 (Are polynomials dense in L2?) In Subsection 8.2.5, we have discussed how to tune parameters of
local polynomial basis to obtain a convergent approximation in L2. When we consider a global polynomial basis
(1,x,x2,…), the convergence is a delicate question, especially when the support of the distribution is infinite.

i) Consider a log-normal model, i.e. O = exp(W1) where W is a Brownian motion. Show that

E(Ok sin (2π log (O))) = 0, ∀k ≥ 0.

ii) Deduce that the best approximation (in L2(P ∘ O−1)) of sin(2π log(O)) on a global polynomial basis is 0.

Comment: it shows that we cannot expect a square integrable function (even bounded as above) of log-
normal variables to be well approximated on a global polynomial basis.

iii) A sufficient condition for polynomials to be dense in L2(P ∘ O−1) is that the random variable O has
exponential moments (this is related to the Stieltjes moment problem). In the case of log-normal variable O,
propose a basis for well approximating sin(2π log(O)).

Exercise 8.2 (regression Monte-Carlo versus nested Monte-Carlo) A company wants to evaluate the
opportunity to start at time 1 a new project which will give at time 2 a profit f2(X2) where (X1, X2) is a Markov
chain that describes the evolution of the uncertain economy. The Markov chain starts from a fixed known value X0

= x0. The expected profit at time 1, i.e. u(x) = E(f2(X2) ∣ X1 = x), is compared to a benchmark profit f1(x); the
investment opportunity is then evaluated by measuring the mean profit excess

C = E((u (X1) − f1 (X1))+).

We suppose that f1 and f2 are bounded.

i) Naive Monte-Carlo approach (a.k.a. Monte-Carlo in the Monte-Carlo). We have M i.i.d. simulations of
X1, denoted by (Xm

1 )1≤m≤M , and for each Xm
1  we have M i.i.d. simulations of X2 conditionally to Xm

1 ,
denoted by (Xm,m′

2 )1≤m′≤M .

(a) We set

û (Xm
1 ) :=

1

M

M

∑
m′=1

f2 (X
m,m′

2 ), Ĉ :=
1

M

M

∑
m=1

(û (Xm
1 ) − f1 (Xm

1 ))
+

.

Explain heuristically why Ĉ is a convergent estimator of C as M → +∞. What is the computational
cost of this method?

(b) Prove the bound on the quadratic error:



E((Ĉ − C)
2
) ≤ 2

|u−f1|2
∞

M
+ 2E(

1

M

M

∑
m=1

(û (Xm
1 ) − u (Xm

1 ))
2
).

(c) Deduce that E((Ĉ − C)2) = O(M −1).

ii) Regression Monte-Carlo. We study how the computation of û by empirical regression can significantly
improve the convergence when the function u is smooth enough. For this, consider an i.i.d. sample 
(Xm

1 ,Xm
2 )1≤m≤M  with distribution (X1, X2) and consider a linear approximation space F  spanned by K

basis functions. Set

ũ (. ) :=arg inf
φ∈F

1

M

M

∑
m=1

|φ (Xm
1 ) − f2 (Xm

2 )|2, C̃ :=
1

M

M

∑
m=1

(ũ (Xm
1 ) − f1 (Xm

1 ))+.

(a) As in i), show that (for some constant c > 0)

E((C̃ − C)
2
) ≤ c(

K

M
+ inf

φ∈F
E|u (X1) − φ (X1)|2).

(b) Assume that X1 takes values in D = [−H,H]d, that u ∈ C k
b (D, R), and that F  is spanned by local

polynomials of degree k−1 on cubes with edge δ covering D. Give a bound of the quadratic error 
E(C̃ − C)2.

(c) Optimize δ as a function of M, then deduce a bound on the quadratic error as a function of M.
(d) Compare the two methods and conclude according to the values of k and d.

Exercise 8.3 (exponential deviation bound and expectation) The inequalities below are useful to bound the cost
of switching from L2-norms in empirical measure to those in true measure, and vice versa, like in Proposition
8.3.3.

i) Assume that (ZM)M ≥ 1 is a sequence of non-negative random variables satisfying

P (ZM > ε) ≤ c(
a

ε
)
K

exp (−bMε), ∀ε > 0, ∀M ≥ 1,

for some constants K ≥ 1, a > 0, b > 0, c > 0. Prove the following bound:

E (ZM) ≤
1

bM
(1 + [log (c)]+ + K log [(1 + ab)M]).

Hint: reduce first to c ≥ 1. Then write E(ZM) ≤ ε0 + ∫ +∞
ε0

P(ZM > ε)dε with the choice 

ε0 = 1
bM

log(c((1 + ab)M)K) ≥ a
M(1+ab)

 (the last inequality is proved using log(1 + x) ≥ x
1+x

 for x

≥ 0).
ii) Give a similar bound on E(ZM) where



P (ZM > ε) ≤ c(
a

ε
)K exp (−bMε2), ∀ε > 0, ∀M ≥ 1,

and K ≥ 2, a > 0, b > 0, c > 0.

Exercise 8.4 (regression using local averaging) We study a few bias properties of the local averaging estimator.
Let (Ci : 1 ≤ i ≤ n) be n cells forming a partition of Rd. For a point x ∈ Rd, we write C (x) for the cell
containing x.

Consider an M-sample of the couple (Response, Observation) (R(m),O(m))1 ≤ m ≤ M, considered as independent
random variables with the same distribution; we suppose that the variable R(m) is square integrable. We define the
weight

ωm (x) =
1O(m)∈C (x)

∑M
j=1 1O(j)∈C (x)

(with the convention 0/0 = 0): it is non-zero if and only if the observation O(m) is in the same cell as x, and in that
case, its inverse is equal to the number of observations in this cell. The local averaging estimator of 
M(x) := E(R ∣ O = x) is defined by the average of responses over the observations in the neighborhood of x:

MM (x) =
M

∑
m=1

ωm (x)R(m).

i) Let X
d
= Bin(N , p). Prove that
E ( 1

1+X
) ≤ 1

(N+1)p .

ii) Show that E(MM(x)|O(1:M)) = ∑M
m=1 ωm(x)M(O(m)).

iii) Suppose that M(. ) ≥ 0. Establish the following inequalities:

(a) E(MM(x)) ≤ E(
1O∈C (x)

P(O∈C (x))
M(O)).

(b) For any x ∈ Rd, supy∈C (x) E(MM(y)) ≤ supy∈C (x) M(y).
(c) If O′ is an independent copy of O and independent of the sample, then

E (MM (O′)) ≤ E (M (O)).

Notes

1Its computational cost is 2MK2+11K3.

2Along the (O(m))1 ≤ m ≤ M.

3We do not take into account the rounding effects supposing that H is a multiple of Δ.

4The indices i1,…,id of the cube are given by ij = ⌊
xj

Δ ⌋.

5Removing the elements, collinear in L2(μM), and performing the Gram-Schmidt procedure for the others.



6Valid choice because the Euler scheme has exponential moments.



Chapter 9

Interacting particles and non-linear equations in
the McKean sense

In this last chapter, we study non-linear diffusion processes, introduced in the 1960s by
McKean [111], and we tackle their simulation: processes of this type correspond to
stochastic differential equations in which the distribution of the diffusion process is itself
an unknown of the equation; we talk about non-linear diffusions in the McKean sense.

9.1 Heuristics

9.1.1 Macroscopic scale versus microscopic scale

For a d-dimensional process, the form of the equation is

(9.1.1)

where we use the notation

φν (x) := ∫
Rd

φ (x, y)ν (dy)

(9.1.2)

⎧⎪⎨⎪⎩Xt = X0 +

t

∫
0

b̄μs(Xs)ds +

t

∫
0

σμs(Xs)dWs, t ≥ 0,

μt = distribution of Xt,

¯

¯



for a given probability measure ν on Rd and a measurable function φ : Rd × R
d. Here the

coefficients of X are described by two functions 
b,σ : (x, y) ∈ R

d × R
d ↦ b(x, y),σ(x, y). In Part B, drift and diffusion coefficients do

not depend on the variable y, leading to a standard diffusion process (b̄μ = b and σμ = σ):
here the coefficients depend on the distribution of X and not only on its position. In (9.1.1),
the initial condition X0 is a random variable independent of W.

Taking σ(x,y) = σ(x) and applying the Itô formula (4.4.4) in expectation1 to the function 
f ∈ C 2 with compact support, we obtain that E(f(Xt)) − E(f(X0)) is equal to

where the last equality holds in the sense of distributions. So, the solution process (9.1.1)
gives a probabilistic interpretation to the non-linear partial differential equation written for
the probability measures (μt)t:2

(9.1.3)

A particular case of this equation (when σ ≡ 0) is the Vlasov (1908–1975) kinetic equation,
fundamental in the physics of plasmas: it describes the time evolution of the distribution of
charged particles in a plasma. More generally, these equations are called McKean-Vlasov
equations.

Essentially, the equation (9.1.1) can be seen, under certain conditions, as a mean-field
limit3 of a large number N of stochastic differential equations:

(9.1.4)

¯

∫
Rd

f (x)μt (dx) − ∫
Rd

f (x)μ0 (dx)

= ∫
t

0
(

d

∑
i=1

∫
Rd

∂xi
f (x)b̄

μs

i

(x)μs (dx) +
1

2

d

∑
i,j=1

∫
Rd

∂ 2
xi
f (x) [σσ⊤]

i,j
(x)μs (dx))ds

= ∫
t

0
∫
Rd

f (x)[−
d

∑
i=1

∂xi
(μs (x)b̄μs

i (⋅))+
1

2

d

∑
i,j=1

∂ 2
xi,xj

(μs[σσ⊤]
i,j

(⋅))] (dx)ds

⎧⎪⎨⎪⎩∂tμt =
1

2

d

∑
i,j=1

∂ 2
xi,xj
(μt [σσ

T]
i,j

(x))

−
d

∑
i=1

∂xi
(μt ∫

Rd

bi (x, y)μt (dy)), t ≥ 0,x ∈ R
d,

μ0 given probability measure (distribution of X0).



Here, each stochastic differential equation X(i,N) is driven by a Brownian motion Wi

independent of the others, and the N stochastic differential equations interact through their
coefficients averaged over all the processes. The system (9.1.4) is interpreted as a
description at the microscopic scale of interacting physical particles in the same
environment, while the initial model (9.1.1) gives a macroscopic point of view for a
representative particle.

The different points of view (given by deterministic or stochastic equations (9.1.1-9.1.3-
9.1.4)) are useful and complement each other in applications: either for the numerical
simulation by a Monte-Carlo method of the probability measure μt, the solution of (9.1.3),
or to understand how the microscopic averaging operates at a macroscopic level.

In this chapter, we assume regular interaction hypotheses, which largely simplify the
results of existence and limit proofs. We follow the approach of Sznitman [137]. The
irregular (or singular) case is much more difficult. Furthermore, the dependence of the
averaged coefficients b̄μ and σμ could be non-linear in μ. For extensions and more
complete references, we refer the reader to [137], [12], [65], [83].

9.1.2 Examples and applications

We give several illustrations of the interacting particle phenomena.

⊳ Aggregation phenomena in population dynamics or economics. The aggregation
phenomena in the populations or social networks offer a natural setting for interaction
models. The interactions of the McKean-Vlasov type are studied in [117]; for example, in
[16], it is described how Polyergus rufescens ant-soldiers — each of their N positions
corresponds to a stochastic differential equation X(i,N) — organize themselves and gather in
colonies for looting. For applications in economics, see [40].

⊳ Interbank system stability and systemic risk. Consider a financial system with N banks;
the treasuries of the banks depend on each other because when they need short-term
funding, they can borrow money from each other. Denote by X(i,N) the logarithm of the
monetary reserve of the bank i. Simply modeling the interbank lending system (see [42]),
we get the following dynamics

⎧⎪⎨⎪⎩X
(i,N)
t = X

(i,N)
0 +

1

N

N

∑
j=1

∫
t

0
b(X (i,N)

s ,X
(j,N)
s )ds

+
1

N

N

∑
j=1

∫
t

0
σ(X (i,N)

s ,X
(j,N)
s )dW i

s , t ≥ 0, 1 ≤ i ≤ N .

¯



X
(i,N)
t = X

(i,N)
0 + ∫

t

0

α

N

N

∑
j=1

(X (j,N)
s − X

(i,N)
s )ds + σW i

t , t ≥ 0, 1 ≤ i ≤ N ,

the factor α ≥ 0 is interpreted as an authorized interbank lending rate. This parameter α can
be adjusted by the regulation authorities to guarantee better stability of the system. The
equation above is of the form (9.1.4).

⊳ Random matrices. Given an integer N ≥ 1 and standard independent Brownian motions
(Wi,j, 1 ≤ i < j ≤ N) and (Wi, 1 ≤ i ≤ N), let us define a symmetric random matrix A of size
N:

Ai,i (t) = W i
t /√N/2 and Ai,j (t) = Aj,i (t) = W

i,j
t /√N .

Its N real-valued increasing eigenvalues λ1(t)≤…≤λN(t) are interacting stochastic processes,
because of the re-ordering; by Dyson [34], they satisfy the dynamics

dλi (t) =
1

N
∑
j≠i

1

λi (t) − λj (t)
dt +√ 2

N
dW̃ i

t , 1 ≤ i ≤ N ,

for certain independent Brownian motions (W̃ i)1≤i≤N . We retrieve an equation of the
form (9.1.4). The corresponding solution is called DysonBrownian motion. The drift term
interprets the repulsion between the eigenvalues (see Figure 9.1 on the left). On the right of
the figure, we represent the empirical measure of the eigenvalues (at time 1), which is
known to converge as N → +∞ to the semicircle distribution (Wigner distribution) with
density 1

2π
√4 − x21∣x∣≤2. For more details and references, see [3, Chapter 4].



Figure 9.1 On the left, the trajectories of N = 30 eigenvalues associated with the Dyson Brownian motion. On the right,

the histogram of the eigenvalues for N = 1000 at time 1 with the semicircle distribution.


⊳ Burgers equation. This is a partial differential equation important in fluid mechanics,
introduced by Burgers [23]; it can be applied to the models of gas dynamics, to road traffic,
and this is a simple model of turbulence (considered as a one-dimensional toy model of the
Navier-Stokes equations). The equation takes the form

∂tv =
1

2
σ2∂ 2

xxv − v∂xv,

(9.1.5)

where v represents the speed and ν = 1
2 σ

2 is the viscosity coefficient. Then v is
interpreted as the c.d.f. of the measure μ associated with the non-linear diffusion with d =
1, σ(x,y) = σ and b(x,y) = 1x > y (Heaviside function). Indeed, setting 
u(t,x) = ∫ x

−∞ μt(dy) and starting from (9.1.3), the reader can verify (formally) that u
solves (9.1.5).

In fact, the Burgers equation admits an explicit solution and this can serve as a test for
the numerical solution, before handling more complicated equations. The solution is
obtained thanks to the Cole-Hopf transformation. Starting from the solution w of the heat
equation ∂tw = 1

2 σ
2∂ 2

xxw, which we suppose to be non-zero for any t, we verify that the
function u = −σ2 ∂xw

w
 satisfies (9.1.5).

9.2 Existence and Uniqueness of Non-Linear Diffusions

To simplify the presentation, we suppose in what follows that σ(x, y) = Id.
As in Part B, we work with a filtered probability space, from which we also require to

make the initial condition X0 (with distribution μ0) F0-measurable. Under the assumption
that the coefficients are Lipschitz and bounded, we show the existence and the uniqueness
of (9.1.1).

Theorem 9.2.1 (existence-uniqueness) Suppose that the coefficient b : Rd × R
d ↦ R

d is
bounded and globally Lipschitz, and that σ(x, y) = Id. Then there exists a unique solution
to the non-linear diffusion equation (9.1.1).

PROOF:

As for Theorem 4.3.1, we construct the solution using a fixed point argument. For this, we introduce the Wasserstein
distance DT(⋅,⋅), defined on the set M (CT ) of the probability measures on the continuous trajectories 



CT := C ([0,T ],Rd):

This defines a complete metric on M (CT ), whose topology is that of weak convergence. For ν in M (CT ), let us
associate Φ(ν) the distribution of the solution defined as

Xt = X0 + ∫
t

0
b̄νs (Xs)ds + Wt.

Note that this stochastic differential equation is well defined (Theorem 4.3.1) because 
x ↦ b̄νs(x) = ∫

Rd b(x, y)νs(dy) = ∫
CT

b(x,ωs)ν(dω) is uniformly Lipschitz in x. Given two probability

measures ν1 and ν2 in M (CT ), compare the two stochastic differential equations corresponding to X1 and X2: for any
coupling ν on Ct with marginal distributions ν1 and ν2, we have

where Lb is the Lipschitz constant of b.
Set K = max(Lb,2|b|∞); then, taking the infimum over the couplings ν and using the Gronwall lemma, we get

From this we deduce a precise control of Dt(Φ(ν1),Φ(ν2)) ≤ KeKT ∫ t

0 Ds(ν1, ν2)ds. We can easily conclude

the result: we take ν ∈ M (CT ) and iterating this procedure, we get DT (Φk(ν),Φk+1(ν)) ≤ (KTeKT )k

k! DT (ν,Φ(ν)),
which allows us to prove easily that (Φk(ν))k is a Cauchy sequence, converging to the fixed point of Φ. This implies

DT (ν1, ν2) := inf
ν∈M (CT×CT ) with marginals ν1 and ν2

∫ (sup
s≤T

ω1,s − ω2,s ∧ 1)ν(dω1, dω2) .
⎧
⎨
⎩ ∣ ∣ ⎫

⎬
⎭

sup
s≤t

X1,s − X2,s

≤

t

∫
0

∫
Ct

b(X1,s,ω1,s)ν1(dω1) − ∫
Ct

b(X2,s,ω2,s)ν2(dω2) ds

≤

t

∫
0

Lb X1,s − X2,s + ∫
Ct×Ct

([Lb|ω1,s − ω2,s|] ∧ [2|b|∞])ν(dω1, dω2) ds,∣ ∣∣ ∣⎡⎢⎣ ∣ ∣ ⎤⎥⎦sup
s≤t

X1,s − X2,s ≤ K

t

∫
0

[|X1,s − X2,s| + Ds(ν1, ν2)]ds

≤ KeKT

t

∫
0

Ds(ν1, ν2)ds.∣ ∣



existence and uniqueness. Finally, we verify that the solutions constructed on the intervals [0,T], with arbitrary T, are
consistent in time. ▫

9.3 Convergence of the System of Interacting Diffusions,
Propagation of Chaos and Simulation

Under the same hypotheses, we show that each stochastic differential equation X(i,N) of the
particles system (9.1.4) converges to the stochastic differential equation where the
empirical measure is replaced by the distribution of the process. This is the passage from
the microscopic scale to the macroscopic scale mentioned at the beginning, where one
particle in a much populated environment approximately behaves like in a mean-field
interaction (due to the normalization with the factor 1/N in the equations).

Theorem 9.3.1 (convergence in L1) Consider the hypotheses of Theorem 9.2.1 and denote
μt the common distribution of the (X (i)

t )i, which are the solutions of

X
(i)
t = X

(i)
0 + ∫

t

0
b̄μs (X (i)

s )ds + W i
t , t ≥ 0, 1 ≤ i ≤ N ,

(9.3.1)

where (X (i)
0 )i are independent random variables with a given distribution μ0 and (Wi)i are

independent Brownian motions.
For t ≥ 0 and 1 ≤ i ≤ N, set

X
(i,N)
t = X

(i)
0 +

1

N

N

∑
j=1

∫
t

0
b(X (i,N)

s ,X
(j,N)
s )ds + W i

t .

(9.3.2)

Then, for any T, we have

sup
1≤i≤N

E(sup
t≤T

X
(i,N)
t − X

(i)
t ) = O(N −1/2).

PROOF: ∣ ∣



The rate √N  is not surprising because this is the size of the fluctuations of empirical means associated with
independent random variables (Chapter 2). Here, this is a bit more delicate because all the diffusions interact. By the
triangular inequality, we have

By symmetry of the distributions, E|X (i,N) − X (i)|
*
T  does not depend on i, and applying the Gronwall lemma, we

deduce that

But, by the Cauchy-Schwarz inequality,

X (i,N) − X (i) *
T := sup

t≤T

X
(i,N)
t − X

(i)
t

≤

T

∫
0

1
N
∑

N

j=1
b(X (i,N)

s ,X (j,N)
s ) − b(X (i)

s ,X (j,N)
s ) ds

+

T

∫
0

1
N
∑

N

j=1
b(X (i)

s ,X (j,N)
s ) − b(X (i)

s ,X (j)
s ) ds

+

T

∫
0

1
N
∑

N

j=1
b(X (i)

s ,X (j)
s ) − b̄μs(X (i)

s ) ds

≤ Lb

T

∫
0

X
(i,N)
s − X

(i)
s ds + Lb

T

∫
0

1
N
∑

N

j=1
X

(j,N)
s − X

(j)
s ds

+

T

∫
0

1
N
∑

N

j=1
b(X (i)

s ,X (j)
s ) − b̄μs(X (i)

s ) ds.∣ ∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣ ∣ ∣∣ ∣E X (1,N) − X (1) *
T = 1

N

N

∑
i=1

E|X (i,N) − X (i) *
T∣ ∣ ∣≤ 2Lb ∫

T

0

1

N

N

∑
j=1

E X
(j,N)
s − X

(j)
s ds∣ ∣+ ∫

T

0
E

1

N

N

∑
j=1

b(X (1)
s ,X (j)

s )− b̄μs (X (1)
s ) ds∣ ∣≤ e2LbT ∫

T

0
E

1

N

N

∑
j=1

b(X (1)
s ,X (j)

s )− b̄μs (X (1)
s ) ds.∣ ∣2



Remark that the terms for j ≠ k and j ≠ 1 are zero in expectation, because on the one hand the common distribution of 
X

(j)
s  is μs and b̄μs  is the average of b with respect to the second variable (i.e. E(b(x,X (j)

s )) = b̄μs(x)), and on the
other hand X(1) and X(j) are independent. The terms for j ≠ k and k ≠ 1 equal zero for the same reason. Thus, the only
N remaining terms are for j = k ; owing to b bounded, we deduce

1

N 2
E(

N

∑
j,k=1

(b(X (1)
s ,X (j)

s )− b̄μs (X (1)
s ))

T

(b(X (1)
s ,X (k)

s )− b̄μs (X (1)
s ))) ≤

4|b|2
∞

N

and we conclude

E|X (i,N) − X (i)

*

T

≤ Te2LbT
2|b|∞

√N
.

▫

Actually, beyond the behavior of a specific particle, we can describe the asymptotic
dependence of a group of n particles when the total number N of particles of the
environment goes to infinity. Though being in interaction, at the limit, the diffusions
behave independently.

Theorem 9.3.2 (propagation of chaos) Under the hypotheses of Theorem 9.3.1, the
distribution of (X(i1,N),…,X(in,N)) (for any n-tuple 1 ≤ i1 < … < in ≤ N ) is asymptotically (as
N → +∞) that of an n-tuple of independent particles.

We admit this result whose proof is beyond the scope of this book, and we refer the reader
to [137].

The terminology propagation of chaos was introduced by Kac [85] to describe the
equations of statistical physics starting from microscopic equations.

Here, the result is in agreement with the intuition that we may have when the
interactions are regular and bounded: as N → +∞, the influence of a particle on another one
decreases rapidly, although without disappearing completely. When the interaction
potentials are irregular (Burgers equation with the Heaviside function) or singular (very
localized interactions in turbulence models), the limit may become significantly more
delicate to obtain. In the simulation of (9.1.1), we may also be interested in the effects of

(E 1
N

N

∑
j=1

b(X
(1)
s ,X

(j)
s )− b̄μs (X

(1)
s ) )

2

≤ 1
N 2 E(

N

∑
j,k=1

(b(X (1)
s ,X (j)

s )− b̄μs (X (1)
s ))

⊤
(b(X (1)

s ,X (k)
s )− b̄μs (X (1)

s ))).∣ ∣∣



the time discretization of the process, and of finite approximation of the initial distribution;
see [17].

⊳ Simulation algorithm. The simulation of the solution of a non-linear diffusion in the
McKean sense

can be performed by simulating a system of N interacting particles, given by (9.3.2): this
provides the empirical measure

μN
t (dx) =

1

N

N

∑
i=1

δ
X

(i,N)
t

(dx)

(9.3.3)

which will approximate the unknown distribution μt, as N → +∞. If necessary, we can then
generate simulations of X by simulating a standard diffusion (as in Chapter 5) given by

XN
t = X0 + ∫

t

0
b̄μ

N
s (XN

s )ds + Wt, t ≥ 0.

(9.3.4)

Indeed, the previous results give us the convergence of μN
t  to μt.

Theorem 9.3.3 (convergence of the empirical measure) Under the hypotheses and
notation of Theorem 9.3.1, for any t and any continuous function f with compact support,
we have

∫
Rd

f (x)μN
t (dx)

L1

N→+∞
∫
Rd

f (x)μt (dx).

PROOF:

⎧⎪⎨⎪⎩Xt = X0 + ∫
t

0
b̄μs (Xs)ds + Wt, t ≥ 0,

μt = distribution of Xt,

−→



For any ε > 0, there exists a Lipschitz function fε such that |f − fε|∞ ≤ ε/3. Thus, because μt is the common distribution
of the (X(i))i, we have

where for the last term, we have used an upper-bound on the variance as in the proof of Theorem 9.3.1. Taking N
large enough, the upper-bound becomes smaller than ε, which finishes the proof.

The reader may notice that the previous arguments can be applied to the trajectories and not only to their marginals.
▫

Notes

1Supposing that the conditions letting the stochastic integral contribution disappear are satisfied.

2The PDE is in the sense of distributions, i.e., calculated by integrating with respect to smooth test functions f.

3In Theorem 9.3.1, we prove this limit and give an estimation of the speed of convergence.

E ∫
Rd

f (x)μN
t (dx) − ∫

Rd

f (x)μt (dx)

≤ 2ε
3

+ E ∫
Rd

fε (x)μN
t (dx) − ∫

Rd

fε (x)μt (dx)

≤ 2ε
3 + E

1
N

N

∑
i=1

(fε (X
(i,N)
t )− fε (X

(i)
t ))

+ E
1
N

N

∑
i=1

(fε (X
(i)
t )− E(fε (X

(i)
t )))

≤ 2ε
3 + Lfε sup

1≤i≤N

E X
(i,N)
t − X

(i)
t + |fε|∞

√N∣ ∣∣ ∣∣ ∣∣ ∣∣ ∣



Appendix A

Reminders and complementary results

In this appendix we gather several results throughout the book.

A.1 About Convergences

A.1.1 Convergence a.s., in probability and in L1

The Borel-Cantelli "lemma" is a powerful tool for a.s. asymptotic analysis
of events.

Theorem A.1.1 (Borel-Cantelli lemma [80, Chapter 10]) Let (An)n ≥ 1 be
a sequence of events in Ω.

a) If ∑n≥1 P(An) < +∞, then P(lim supn→+∞An) = 0, i.e. a.s. at
most a finite number of (An)n occurs.

b) Suppose that the events (An)n are independent.

If P(lim supn→+∞An) = 0, then ∑n≥1 P(An) < +∞.

The result below is useful for deducing the L1 convergence from the
convergence in probability, under uniform integrability conditions.

Theorem A.1.2 ([80, Chapter 27]) Let (Xn)n ≥ 1 be a sequence of real-
valued random variables. Suppose that



a) Xn converges in probability to X, and
b) supn≥1 E(|Xn|p) < +∞ for a certain p > 1.

Then Xn converges to X in L1 and in particular E(Xn) → E(X).

A.1.2 Convergence in distribution

We recall that if X is a random variable with values in Rd, the characteristic
function u ∈ R

d ↦ ΦX(u) = E(eiu⋅X) uniquely characterizes the
distribution of X. For example, ΦX(u) = eium− 1

2 u⋅Ku, with m ∈ Rd and K
a symmetric non-negative matrix of size d, is the characteristic function of a

d-dimensional Gaussian random variable X
d
= N (m,K) (Gaussian

vector).

Theorem A.1.3 (Lévy theorem, [80, Chapter 19]) Let (Xn)n be random
variables with values in Rd.

a) If Xn converges in distribution to X as n → +∞, then ΦXn(u)
converges to ΦX(u) for any u ∈ Rd.

b) Conversely, if for any u ∈ Rd ΦXn(u) converges to Φ(u) as n → +∞
and if Φ is continuous at 0, then this is the characteristic function of
a random variable X (Φ = ΦX) and Xn converges in distribution to
X.

It is remarkable that for Gaussian variables, the convergence in distribution
is equivalent to the convergence of mean and variance parameters.

Lemma A.1.4 (convergence of Gaussian random variables) Consider a
sequence (Xn)n of real-valued random variables such that 

Xn

d
= N (μn,σ2

n). Then Xn converges in distribution as n → +∞ if and
only if the sequence of the parameters (μn,σ2

n)n converges.



In the case of convergence, the limit distribution of Xn is Gaussian, with
parameters (limn μn, limn σ

2
n).

PROOF:

⇒) Part a) of Theorem A.1.3 implies that the characteristic function of Xn, 
ΦXn

(u) = exp(iuμn − 1
2
u2σ2

n), converges for any u ∈ R: it remains to deduce from this the
convergence of μn and σ2

n.
The absolute value of ΦXn(u) equals exp(− 1

2 u
2σ2

n) and converges: taking u ≠ 0, we deduce
the convergence of σ2

n. It follows that exp(iuμn) converges for any u, as well as

∫
∞

0

exp (iuμn) exp (−u)du =
1

1 − iμn

by an application of the dominated convergence theorem. The convergence of μn is proved.
⇐) If (μn,σ2

n) → (μ,σ2),

ΦXn
(u) = eiuμn− 1

2 u
2σ2

n → eiuμ− 1
2 u

2σ2
:= Φ (u).

Therefore, Φ is continuous at u = 0, and this is the characteristic function of a random variable
with the distribution N (μ,σ2). We conclude by b) of Theorem A.1.3. ▫

Theorem A.1.5 (of Slutsky [80, Chapter 18]) Let (Xn)n be a sequence of d-
dimensional random variables such that Xn converges in distribution to X.

a) If Yn is such that |Xn−Yn| converges to 0 in probability, then Yn

converges in distribution to X.
b) If Zn converges in probability to a constant matrix c (with d

columns), then ZnXn converges in distribution to cX.

A.2 Several Useful Inequalities

A.2.1 Inequalities for moments



We start by very standard inequalities, see [80, Chapter 23] for example.

– Jensen inequality: if X is a d-dimensional random variable and 
φ : Rd ↦ R is a continuous convex function, if X and φ(X) are
integrable, then

φ(E(X)) ≤ E(φ(X)).
(A.2.1)

– Hölder inequality: if X and Y are (multidimensional) random
variables having moments of order p > 1 and q > 1, respectively, for
some conjugate exponents p and q (i.e. 1/p+1/q = 1), then



E (|X||Y |) ≤ E(|X|p)1/p
E(|Y |q)1/q.

(A.2.2)



The most famous case is the Cauchy-Schwarz inequality for p = q =
2.

– Minkowski inequality: if X and Y are d-dimensional random
variables having finite moments of order p ≥ 1, then

E(|X + Y |p)1/p ≤ E(|X|p)1/p + E(|Y |p)1/p.
(A.2.3)

– Growth of Lp norms (p ≥ 1): we denote by |X|p:=E(|X|p)1/p the
Lp norm of a random variable X (possibly multidimensional), so that
(A.2.3) can be seen as the triangular inequality for this norm. If 1 ≤
q ≤ p, then



|X|q ≤ |X|p.
(A.2.4)





This follows from the Jensen inequality, applied to the random
variable |X|q and to the convex function φ(x) = xp/q. When q = 1, this
is also written in the form


(E|X|)p ≤ E(|X|p),



proving the non-expanding property of expectation.

It is known that E(X) is the best quadratic approximation of X, meaning
that E|X − E(X)|2= infx E|X − x|2. The next result (apparently not very
well known) shows that this is also true in Lp, up to a factor 2.

Proposition A.2.1 (the best approximation in Lp) Let X be a d-
dimensional random variable which is in Lp (p ≥ 1). Then

inf
x∈Rd

|X − x|p ≤ |X − E (X)|p ≤ 2 inf
x∈Rd

|X − x|p.

(A.2.5)

PROOF:

The left-hand side inequality is obvious. For the right-hand side, let us use (A.2.3) and (A.2.4) to
write, that for any x:

|X − E (X)|p ≤ |X − x|p + |E (x − X)|p ≤ |X − x|p+|x − X|p = 2|X − x|p.

We can then minimize the above inequality in x and conclude. ▫

Proposition A.2.2 (Lp upper bound for a bounded real-valued random
variable) Let X be a real-valued random variable such that 



P(X ∈ [a, b]) = 1 for −∞ < a < b < +∞. Then, for p ≥ 1,

inf
x∈Rd

|X − x|p ≤
b − a

2
.

(A.2.6)

In particular, the standard deviation of X is upper bounded by b−a
2 .

PROOF:

It is enough to take x = a+b
2  and observe that |X − x|≤ b−a

2 . In the case p = 2, the left-hand
side term is √Var(X), which allows us to conclude the result. ▫

Proposition A.2.3 (upper bound for exponential moments of a real-
valued bounded random variable) With the same notation and hypotheses
as in Proposition A.2.2, for any s ≥ 0 we have

E(es(X−E(X))) ≤ es
2(b−a)2/8.

(A.2.7)

PROOF:

We suppose E(X) = 0, otherwise we can recenter X.
The convexity of the exponential function gives esX ≤ X−a

b−a esb + b−X
b−a e

sa because X ∈ [a,b]
a.s. Taking the expectation and setting p = −a/(b−a) and u = s(b−a), we obtain

E (esX) ≤
−a

b − a
esb +

b

b − a
esa = (1 − p + peu)e−pu :=exp (Φ (u)).

A direct calculation proves that

Φ′ (u) = −p +
p

p + (1 − p)e−u
, Φ′′ (u) =

p (1 − p)e−u

(p + (1 − p)e−u)
2

≤
1

4
,



the upper bound coming from the inequality αβ ≤ 1
4 (α + β)2 for any positive α,β. Finally,

observing that Φ(0) = Φ′(0) = 0, we deduce (for a certain ũ ∈ [0,u])

Φ (u) = Φ (0) + uΦ′ (0) +
u2

2
Φ′′ (ũ) ≤

u2

8
=

s2(b − a)2

8
.

▫

The following result gives a universal estimate of the p-th moment of a
sum of independent random variables, as a function of the moments of each
term in the sum (for a proof, see [125 Theorem 2.9).

Theorem A.2.4 (Rosenthal inequality) Let (X1,…,XM) be a sequence of
independent real-valued random variables, having finite moments of order
p ≥ 2, with E(Xm) = 0. Then there exists a certain universal constant cp,
such that

E(|
M

∑
m=1

Xm|p) ≤ cp(
M

∑
m=1

E(|Xm|p) + (
M

∑
m=1

E(X 2
m))p/2).

A.2.2 Inequalities in the deviation probabilities

To quantify the upper deviations of a real-valued random variable X, the
simplest way is to use the Markov inequality, valid if X ≥ 0 a.s.:

P (X ≥ x) ≤ E(
X

x
1X≥x) ≤

EX

x
, x > 0.

(A.2.8)

For a random variable X that is not sign-constant, we may get a result using
a non-negative increasing function φ : R ↦ R+ and the inclusion



{X ≥ x} ⊂ {φ(X) ≥ φ(x)},

which leads to

P (X ≥ x) ≤
E(φ(X))

φ(x)
.

Taking φ(x) = xq (q > 0) and the random variable |X − E(X)|, we obtain an
estimation of the tail distribution as a function of the moments of X:

P (|X − EX| ≥ x) ≤
E(|X − EX|q)

xq
, x > 0.

(A.2.9)

The case q = 2 is the well-known Chebychev inequality.
The Chernov inequality (or Chebychev exponential inequality) is rather

based on exponential functions φ(x) = esx for s ≥ 0. Here, we get

P (X − EX ≥ x) ≤ e−sx
E(es(X−EX)), x ≥ 0, s ≥ 0.

(A.2.10)

These upper bounds and their different versions have multiple
consequences; we present only one of them which we use a lot. To learn
more, see [18].

Theorem A.2.5 (Hoeffding inequality) Let (X1,…,XM) be a sequence of
independent bounded real-valued random variables such that 
P(Xm ∈ [am, bm]) = 1. Then for any ε > 0 we have



P(|
1

M

M

∑
m=1

(Xm − E (Xm))| > ε) ≤ 2 exp (−
2Mε2

1
M
∑M

m=1 |bm − am|2
).

PROOF:

Let us use the inequality (A.2.10), the independence of (Xm)m, and Proposition A.2.3:

Taking the smallest upper bound, i.e. for s = 4M 2ε

∑M
m=1(bm−am)2

, we get

P(
1

M

M

∑
m=1

(Xm − E (Xm)) > ε) ≤exp (−
2Mε2

1
M
∑M

m=1 |bm − am|2
).

We bound P( 1
M ∑M

m=1(Xm − E(Xm)) < −ε) in the same way, working with −Xm instead

of Xm. This finishes the proof. ▫

P( 1
M

M

∑
m=1

(Xm − E (Xm)) > ε)

≤ e−sεE(exp(s
M

∑
m=1

(Xm − E (Xm))/M))

= e−sε
M

∏
m=1

E (exp (s (Xm − E (Xm))/M))

≤ e−sε
M

∏
m=1

exp(s2 (bm − am)2

8M 2
), s ≥ 0.
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