19. SIMPLY CONNECTED

Theorem 19.1. Let f: X — Y be a homotopy equivalence of two
topological spaces X and Y. Let xqg € X be a base point.
Then

fer (X, 20) — m(Y, f(20))
is an isomorphism (of groups).

We will need a:

Lemma 19.2. Let F': X x I — Y be a homotopy between two con-
tinuous maps f and g. Let xo € X be a base point. Let u be the
path

u:l —Y given by u(t) = F(xo,1).
Then the following diagram commutes

(Y, f(x0))
#
(X, o) - m1(Y, g(x0))-
Proof. We have to show that
Uy O fo = G-
Let v be a loop based at xy. Consider the function
G: I’ —Y
given as the composition of
yxidj: > —XxI and F:XxI-—Y.
We consider two paths in 72 from (0,1) to (1,1). The first is
It I — I? given by s —> (s, 1).
Or one can the long way around [~, the concatenation of three paths
s — (0,1 —15) s — (s,0) and s — (1,s).
We define a homotopy from [T to [~, as paths from (0,1) to (1,1) as
follows
L:I* — I? given by  L(s,t) =t (s) + (1 — )l (s).

Note that this uses the fact that 2 C R? is convex.
It follows that
Golt ~Gol™

as paths from

G(0,1) = F(zo,1) = g(z0) t<1) G(1,1) = F(xo,1) = g(zo).



On the other hand
[Gol™]=[go1]
= g+("]),
and
[Gol7]=[u"(for) 4

= uy([f 01])

= (ug o f)([7]). N
Proof of . By assumption there is a continuous function g: ¥ —
X that is a homotopy inverse to f. This means there are homotopies
F from f o g toidy and G from go f to idy.

Let v be the path
vil — X given by t — G(xo,1 —1).

Then v goes from zq to (g o f)(xy). Now

vy m (X, z0) — m (X, (g0 f)(x0)).
is an isomorphism. On the other hand ((19.2)) implies that

U#:(gof)*:g*of*.
But then f, is injective and

gi: m(Y, f(w0)) — m(X, (g0 f)(w0))
is surjective. If we can show that g, is injective as well, then it is an
isomorphism and it would follow that f. = (g.)™ o vy is an isomor-
phism.
To this end, consider the path u
u:l —Y given by t — F(f(zo),1—1).
Then u goes from f(xy) to (go f)(xo). As before

uy = (fog)s = fuogs: m(Y, f(zo)) — m(X, (gof)(w0)) —> m(Y, ((fogof)(xo)).
It follows that g, is injective as uy is an isomorphism. U

Warning: One can also conclude that f, is surjective. Beware, how-
ever, that the second f, is not the same as the first f,! The problem is
that the base points changed.

Definition 19.3. We say that a topological space is simply con-
nected if if is path connected and the fundamental group, based at
a point, is trivial.

Note that if the fundamental group of a path connected space is

trivial at one point then it is trivial at all points.
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Example 19.4. A contractible space is simply connected.

Indeed a contractible space is surely path connected. implies
that the fundamental group of a contractible space is the same as the
fundamental group of a point. But the fundamental group of a point
is surely trivial.
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