11. BARYCENTRIC SUBDVISION

We want to define a pushforward on homology for a continuous map
h between triangulable spaces. We saw in §10 that this exists if h has
a simplicial approximation.

It is not hard to write down triangulations of two simplicial com-
plexes K and £ and a continuous map between them that does not
have a simplicial approximation.

However there is an easy fix for this. We just need to make the
triangulation of IC fine enough so that the star condition holds. This
has the form of an e-0 argument. The triangulation on £ gives us the
e and if we subdivide K finely enough then we can make ¢ sufficiently
small.

Definition 11.1. Let K be a simplicial complex.

A subdivision of KC is a simplicial complex L such that every sim-
plex in L is contained in a simplex of IC and the support of IC is the
same as the support of L,

Kl = 1£].

Given any particular simplicial complex K it is not hard to write
down an appropriate subdivision. However we need a procedure that
works for any simplicial complex. It is not hard to figure out how to
subdivide a simplex. The only small issue is to make sure we divide all
of the simplices compatibly.

One way to arrange this is to use Barycentric subdivision. The basic
idea is to put a vertex in the middle and subdivide accordingly. Here
is what we mean by the middle:

Definition 11.2. Let

o = <'U0,U1, . ,’Um>
be a simplex. The Barycentre of o is the point
Vg + UL+ + Uy
p+1 '

There are two ways to think of Barycentric subdivision. One way is
as an interative process, that goes from the p-skeleton to the (p + 1)-
skeleton. At each stage we put in the Barycentre of a (p + 1)-simplex
and use this to take the cone over all the simplices we have constructed
so far. This gives a nice intuitive picture of what is going on but after
a while one starts to drown in notation.

The second way is simply to write down all of the simplices in the
Barycentric subdivision at once. This does mean there is more to check
all at once:

o=
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A little bit of notation. Given two simplices 7 and o, we write
T<o
if 7 is a proper face of o.

Definition-Theorem 11.3. Let K be a simplicial complex.
The set

L=A{(60,61,...,0m)| 00 <01 <+ <0y, are simplices in K }

is a simplicial subdivision of IC, called the (first) Barycentric sub-
division of K.

Proof. We first check that 6¢,01,...,0,, span an m-plane. Suppose
not. Then we can find real numbers Ay, A1, ..., A, such that

ZA@-:O and ZAFL

Let j be the largest index such that A; # 0. Let

Solving for o; we get

Ai
&j = Z —>\—jO'i

i<j
= Z O
i<j
Thus ¢; lies in the span of 01, 09,...,0;_1, that is, the space spanned
by a proper face of o;. This is not possible. Hence 6¢,d1,. .., 0, span

an m-plane.
Now we check that £ is a simplicial complex. Suppose that

2: (&0,&1,...,&m> EL

is an m-simplex in £. To get a face of this simplex, we simply omit
some of the simplices from the sequence

og<o1 << 0Op.
This is then a simplex 7" in L.
Now suppose that we are given two simplices in L,
Z:<&0,61,...,&p> and T:<7A'0,7A'1,...,Tq>.
Note that
0; €0; Cop for all 1<p
so that ¥ C o0,. Similarly 7" C 7,. Thus

YXNT CopN1y.
2



But

d=o0,N1,
is a simplex in K. Let ¢ be the largest index so that &; € . Then

21 - <(A70,6'1,...7(A7Z‘> € ﬁ
since we just thinned out the original sequence
00 < 01 < -+ < Opp.

Note that

Y =XnNo.
We can repeat a similar process for T to get a simplex 77 € L such
that

T, =TnNo.

Note that
YXNT =% NT.

Replacing ¥ by >; and 7" by T}, we may assume that > and 7" both

belong to the same simpex § € K. Suppose that § is an m-simplex.
Let M be the (m — 1)-skeleton of §. Then M is a subcomplex of K.

There are two cases. Suppoge that & and 7" both contain 6. Then ¥

and T are cones with vertex 0 over smaller dimensional simplices, 3
and T7. ¥q and 77 lie in M. By induction P, = ¥; N7} is a face of
both i and 7. But then

is a face of both
Y =(5,%) and T =(§T).
Now suppose that > and 7" do not both contain 6. Then ¥ N T lies
in M and we are done by induction. It follows that £ is a simplicial

complex.
Now we show that £ is a subdivision of K. If

2 = (60,61,...,6m) €L

then
X C oy
Now suppose that x € |[K|. Then

x €0 = (vy,v1,...,0,) €K.
It follows that

T = Z AiU; where Z A= 1.
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Reorder the vertices vy, v1, ..., v, so that
A=A > 2> A
In this case

T = AU + A1+ + AU

Vo + v Vg + v + v
= (Ao — M)vo 4+ 2(A1 — M) —~—— 43Ny — \) ———= 31 2+
= [1900 + (101 + f202 + . ...
Note that
~ UO+7)1+'+Up
op =
p+1
is the Barycentre of
op = (U, V1,...,0,) € K.
On the other hand
M0+M1+M2+:()\0—)\1)+2(/\1—/\2)+3()\2—)\3)+
=X+t F+A+...
=1.

Thus

$€E=<5’0,5’1,...,0’m>€£.
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